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1. Introduction and main results

A basic problem in complex analysis is to approximate holomorphic maps by algebraic ones. Classical re-
sults here are the Runge approximation theorem and the Oka—Weil approximation theorem. These theorems
have been generalized in many directions (see [11-14,18-20,25,27| and references therein).

The problem of algebraic approximation of holomorphic maps has a natural generalization in complex
analytic geometry. Namely, one can ask whether a complex analytic set can be approximated by algebraic
sets or by branches of algebraic sets (called Nash sets). In the case when the analytic set under consideration
has only isolated singularities (or, even, is non-singular) the latter question is closely related to the classical
problem of transforming an analytic set onto a Nash one by a biholomorphic map (see [3,11,19,24,26]).

The situation is quite different when the singular locus is of higher dimension. Then there exist germs of
complex analytic sets which are not biholomorphically equivalent to any germ of a Nash set (see [31]). In
general, only topological equivalence of analytic and Nash set germs holds true (cf. [21]). Nevertheless, by
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[5] and [7], every analytic subset X of D x CP of pure dimension n with proper projection onto D, where

D c C™ is a Runge domain, can be approximated by (branches of) algebraic sets of pure dimension n. (This
immediately implies that every analytic set admits a local algebraic approximation.)

The first goal of the present paper is to prove the following fundamental theorem, which strengthens the
approximation results of [5] by showing that it is not necessary to require that X have a proper projection
onto some Runge domain in C™. Moreover, for every Nash subset Y contained in X, the approximating
sequence (X, ), en can be chosen so that Y C X, for all v. (See Section 2 for the definitions and basic
properties of the notions used below.)

Theorem 1.1. Let {2 be a Runge domain in C?, and let X be a complex analytic subset of 2 of pure
dimension n. Let Y be a Nash subset of {2 such that' Y C X. Then, for every open 2y relatively compact
in §2, there exists a sequence (X,),en of Nash subsets of 29 of pure dimension n converging to X N {2y in
the sense of holomorphic chains and such that X, DY N2y for all v.

Given a complex analytic set X in a Runge domain, denote by N A(X) the class of those sets R C X
for which X admits a Nash approximation along R. Theorem 1.1 immediately implies that R € N A(X)
provided R is contained in a Nash set Y with Y C X. A natural question is whether the latter condition
characterizes the class N A(X). In Section 4 we show that this is indeed the case. Moreover, using the results
of [1], we show that the class N A(X) contains all the semialgebraic sets contained in X (a family strictly
larger than that of Nash sets contained in X).

Theorem 1.2. Let (2 be a Runge domain in C?. Let X be a complex analytic subset of 2 of pure dimension n,
and let R be an arbitrary subset of X. The following conditions are equivalent:

(i) For every open §2q relatively compact in §2, there exists a sequence (X, ),en of Nash subsets of £y of
pure dimension n converging to X N {2y in the sense of holomorphic chains and such that X, D RN {2
for all v.

(ii) For every open {2y relatively compact in (2, there exists a sequence (X,),en of Nash subsets of 2y of
pure dimension n converging to X N {2y locally uniformly and such that X, D RN 2y for all v.

(iii) For every open {2y relatively compact in (2, there exists a semialgebraic set S such that RN {2y C
ScCX.

(iv) For every point a in the Euclidean closure of R in {2, there is a semialgebraic germ S, such that
R, CS, CX,.

(v) For every open {2y relatively compact in (2, there exists a Nash set Y in {2y such that RN 2y C
Y CX.

(vi) For every point a in the Euclidean closure of R in (2, there is a Nash germ Y, such that R, C
Y, C X,.

The equivalence of conditions (ii) and (vi) above is related to the so-called holomorphic closure of R at
a point. Holomorphic closure of real analytic and semialgebraic sets has been studied in [1] and [2| and has
been used to develop CR geometry in the singular setting. The above theorem can be regarded as a charac-
terization of germs R, whose holomorphic closure is contained in a Nash subgerm of X,. Namely, the latter
holds precisely when X can be approximated locally uniformly along R by Nash sets in a neighbourhood
of a.

In the following section, we recall basic definitions and facts used throughout the paper. Theorems 1.1
and 1.2 will be proved in Sections 3 and 4, respectively. Results on Nash approximation of analytic sets can
be used, in particular, for approximation of holomorphic functions. We give an application of this kind in
the last section.
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2. Preliminaries
2.1. Analytic subsets of domains of holomorphy

The following proposition is well known (see, e.g., [16, p. 192]).

Proposition 2.1. Let 2 C C? be a domain of holomorphy, let A be an analytic subset of 2, and let a € 2\ A.
Then, there exists f € O(£2) such that A C f~1(0) and f(a) # 0.

As an immediate consequence of Proposition 2.1, one obtains that analytic subsets of a domain of holo-
morphy can be described by global analytic functions.

Theorem 2.2. Let {2 C C? be a domain of holomorphy and let A be an analytic subset of 2. Then, there are
fi,oo s fm € O(2) such that A={z€ 2: f1(2) =...= fi(z) =0}.

2.2. Runge domains and polynomial polyhedra

A domain of holomorphy 2 C C? is called a Runge domain if every function f € O({2) can be uniformly
approximated on every compact subset of 2 by polynomials in g complex variables.

We say that a set P is a polynomial polyhedron in CY if there exist polynomials f1,..., fs € C[Z1,..., Z]
and real constants cy,...,cs such that

P = {z c C?: ‘fl(z)’ <ec, ..., ‘fé(z)’ < cs}.
Let us recall a straightforward consequence of Theorem 2.7.3 and Lemma 2.7.4 from [16].

Theorem 2.3. Let {2 C C? be a Runge domain. Then, for every open 2y € 2 there exists a compact
polynomial polyhedron P C §2 such that {29 C P.

(Here and throughout, we use the shorthand notation A € B to indicate that A is a relatively compact
subset of B.)

2.8. A division theorem

The following result is a simplified version of a division theorem of [17].

Theorem 2.4. (Cf. [17, Cor. 2.10.3].) Let 2 C C? be a domain of holomorphy. Let F = (Fy,...,Fn) :
2 — CX be a holomorphic mapping with F # 0 and let u = min{q, N — 1}. Then, for any G € O(§2) with
1G] - |F|| =¥V 20y < +o0 there exist uy, ..., ux € O(2) such that G = w1 Fy + ... +unFy.

Corollary 2.5. Let D be any domain in C? and let 2 € D be a domain of holomorphy. Let F = (Fy,...,Fn) :
D — CN be a holomorphic mapping with F # 0. Then, for any G € O(D) with {F, = ... = Fy =0} C
{G =0}, there are m € N and uy,...,uy € O(2) such that G™ =u1F} + ...+ unFn on (2.

Proof. The facts that {F; = ... = Fx = 0} C {G = 0} and {2 is relatively compact in D immediately
imply that, for m € N large enough, [||[G™|- || F||~3#* Y| 12() < +o00, where y = min{g, N — 1}. Hence the
assertion follows from Theorem 2.4. O
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2.4. Nash sets

By a Nash set (resp. germ, function, etc.) we shall always mean a complex Nash set (resp. germ, function,
etc.), in the following sense. Let {2 be an open subset of C? and let f be a holomorphic function on 2. We
say that f is a Nash function at ¢ € £2 if there exist an open neighbourhood U of ¢ in {2 and a polynomial
P eClZy,...,Z4,W], P # 0, such that P(z, f(z)) = 0 for z € U. A holomorphic function on {2 is a Nash
function if it is a Nash function at every point of £2. A holomorphic mapping ¢ : 2 — C¥ is a Nash mapping
if each of its components is a Nash function on 2.

A subset X of (2 is called a Nash subset of {2 if for every € {2 there exist an open neighbourhood U of
¢ in 2 and Nash functions fi,..., fs on U, such that X NU = {z € U : fi(z) = --- = fs(z) = 0}. A germ
Xc of aset X at ( € {2 is a Nash germ if there exists an open neighbourhood U of ¢ in {2 such that X N U
is a Nash subset of U. Equivalently, X, is a Nash germ if its defining ideal can be generated by convergent
power series algebraic over the polynomial ring C[Z,...,Z,]. A detailed exposition of complex Nash sets
and mappings can be found in [28]. Let us only recall here a useful characterization of irreducible Nash sets:

Theorem 2.6. (Cf. [28, Thm. 2.10, Thm. 2.11].) Let X be an irreducible Nash subset of an open set £2 C CH.
Then, there exists an algebraic subset Z of C? such that X is an analytic irreducible component of Z N 2.
Conwversely, every analytic irreducible component of Z N 2 is an irreducible Nash subset of (2.

(Since irreducible components of a Nash set are Nash, an irreducible Nash set is simply a Nash set which
is irreducible as a complex analytic set.)

2.5. Semialgebraic sets

Identifying C? with R29, one can speak of semialgebraic sets and functions in CY. Quite generally, let M
be a finite-dimensional R-vector space. A choice of base for M gives a linear isomorphism ¢ : R™ — M,
where m = dim M. We say that a function f : M — R is a polynomial function on M if there exists
P e R[Xy,...,Xn] such that (f o¢)(z) = P(x) for all z = (21,...,2,) € R™. Since linear base change is
a polynomial mapping (with polynomial inverse), it follows that the above definition is independent of the
choice of base for M. We say that a subset S of M is semialgebraic if S is a finite union of sets of the form

{xeM:fl(:c):n-:fT(a:):O, g1(x) >0, ..., gs(:1:)>0}7

where ;s € N and f1,..., fr,g1,-..,9s are polynomial functions on M. One easily checks that the union
and intersection of two semialgebraic sets are semialgebraic, as is the complement of a semialgebraic set.

Let 2 and A be open subsets of finite-dimensional R-vector spaces M and N respectively. A mapping
@ 2 — A is called a semialgebraic mapping if its graph is a semialgebraic subset of M x N. The
Tarski-Seidenberg Theorem (see, e.g., [8, Prop. 2.2.7]) ensures that the image (resp. the inverse image) by
¢ of a semialgebraic subset of M (resp. N) is semialgebraic in N (resp. M). Apart from the above facts, we
will use the following properties of semialgebraic sets:

Remark 2.7.

(1) (See [8, Prop. 2.2.2].) If S is semialgebraic in M, then the topological closure and interior of S in M
are semialgebraic sets.

(2) (See [8, Thm. 2.9.10].) Every semialgebraic subset of M is a disjoint union of a finite family of sets,
each of which is a connected real analytic manifold and a semialgebraic subset of M.

For a concise introduction to semialgebraic geometry, we refer the reader to [8, Ch. 2] and [10].
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2.6. Approzimation of holomorphic maps into algebraic varieties

The following approximation theorem is due to Lempert [19].

Theorem 2.8. (Cf. [19, Thm. 3.2].) Let £2 C C? be a Runge domain and let {29 € 2 be an open set. Let
f: 2 — CP be a holomorphic map that satisfies a system of equations P(z, f(z)) = 0, for every z € (2,
where P : C1 x CP — C* is a polynomial map. Then f|q, can be uniformly approzimated by a Nash map
F: 2y — CP satisfying P(z, F(2)) =0 for every z € §.

2.7. Convergence of closed sets and holomorphic chains

Let U be an open set in C?. By a holomorphic chain in U we mean a formal sum A =, ; a;Cj, where
«a; are nonzero integers and {C}} ;¢ is a locally finite family of pairwise distinct irreducible analytic subsets
of U (see [9,29]; cf. [4]). The set (J;c; C; is called the support of A and is denoted by |A[, whereas the C;
are called the components of A with multiplicities aj. The chain A is called positive if a; > 0 for all j € J.
If all the components of A have the same dimension n then A is called an n-chain.

Below we introduce convergence in the sense of holomorphic chains in U. To do this, we will need first
the notion of the local uniform convergence of closed sets: Let X and {X,},en be closed subsets of U. We

say that the sequence (X,) converges to X locally uniformly when the following two conditions hold:

(11) For every a € X there exists a sequence (a, ) such that a, € X, and a, converges to a in the Euclidean
topology on C?.
(12) For every compact subset K of U such that K N X = &, one has K N X, = & for almost all v.

Then we write X,, — X. (For the topology of local uniform convergence, see [30].)
Let now Z and {Z,},en be positive n-chains in U. We say that the sequence (Z,) converges to Z, when:

(1) 1Z,] - |2, and
(c2) For every regular point a of |Z| and every submanifold T of U of dimension ¢ — n transversal to |Z| at
a and such that T is compact and |Z| N T = {a}, one has deg(Z, - T) = deg(Z - T) for almost all v.

Then we write Z, — Z. (By Z - T we denote the intersection product of Z and T (see, e.g., [29]). Observe
that the chains Z, - T and Z - T for sufficiently large v have finite supports and the degrees are well defined.
Recall that for a chain A = Z?=1 a;{a;}, deg(A) = Z?Zl aj;.)

The following lemma from [29] asserts that if |Z, | — | Z| then for convergence of chains Z,, — Z it suffices

that the condition (c2) be satisfied on a dense subset of the regular locus of |Z].

Lemma 2.9. Let n € N, and let Z and {Z,},en be positive n-chains in U. If |Z,| — |Z|, then the following

conditions are equivalent:

(i) Z, — Z.

(ii) For every point a from a given dense subset of the regular locus Reg(|Z]), there exists a submanifold
T of U of dimension q¢ —n transversal to |Z| at a and such that T is compact, |Z|NT = {a} and
deg(Z, -T) = deg(Z - T) for almost all v.

Let now X and {X,},en be analytic sets of pure dimension n in an open U in C?. We say that the
sequence (X,) converges to X in the sense of (holomorphic) chains when the sequence (Z,) of n-chains
converges to the m-chain Z, where Z and {Z,},cy are obtained by assigning multiplicity 1 to all the
irreducible components of X and {X,},en respectively.



234 J. Adamus, M. Bilski / J. Math. Anal. Appl. 423 (2015) 229-242

2.8. Holomorphic closure

Finally, let us recall the notion of holomorphic closure. Let S be an arbitrary nonempty subset of C? and
let @ € S. By Noetherianity, there exists a smallest (with respect to inclusion) germ of a complex analytic
set at a which contains the germ S,. It is called the holomorphic closure of S at a, and is denoted S, €. For
a systematic study of holomorphic closure of real analytic and semialgebraic sets, see [2] and [1] respectively.
Here, we shall only need the following fundamental observation:

Proposition 2.10. (See /1, Prop. 1].) The holomorphic closure of a semialgebraic set S at a point a € S is
a Nash germ.

3. Approximation of analytic sets by Nash sets

We prove in this section our main result, Theorem 1.1. Let us first comment on the main ideas. Given

holomorphic functions fi,...,fs on 2 such that X = {f; = ... = f, = 0} and an open (2 relatively
compact in {2, it is natural to expect that for some Nash approximations f; , of f; on 29,7 =1,...,s, the set
X, ={fi,=... = fs, = 0} will be an approximation of X N{2y. However, in the case when s > codim(X),

for a random choice of f;, one usually obtains dim(X,) < dim(X). To ensure that the dimension does not
drop we will construct polynomial relations satisfied by f1,..., fs and choose fi ,,..., fs,, which also satisfy
these relations. The idea to control the dimension in this way appears already in [3] (see p. 33).

In order to obtain approximation in the sense of chains, we need to start with a special global description

of X. Namely, we need holomorphic functions ¢1,...,gq—n, P1,..., hp, where ¢ —n is the codimension of X,
such that X = {g1 = ... = gg—n = h1 = ... = hp, = 0}, and every irreducible component of X is a single
(i.e. not multiple) irreducible component of {g1 = ... = g,—, = 0}. Such a description will be provided by

Proposition 3.1 presented below. The main tool that we will use to prove this result is Cartan’s Theorem A.
When specialized to the local case, Proposition 3.1 is closely related to the Riickert Lemma.

Finally, we must define approximations X, of X N {2y in such a way that Y N 2y C X,, which is the
most involved part of the whole proof. To do this, we will construct an analytic subset X of X containing
Y together with defining functions which satisfy certain polynomial relations with functions defining X. It
will turn out that simultaneous approximation of all these functions preserving the relations yields X, with
YNy, CX,.

Proposition 3.1. Let {2 be a domain of holomorphy in C? and let X be a nonempty irreducible analytic subset
of 2 of dimension n < q. Then, there are gi,...,9q—n, P1,...,hp € O(£2) and a nowhere-dense subset E

of X such that the following hold:

i) X={g1=...=¢gq-n=h1=...=h, =0}
(ii) For every a € X \ E there is a neighbourhood U of a in {2 such that

{g1=...=gyn=0}NU=XNU
and (g1,...,9q—n)|U s a submersion.

Proof. First let us prove the following

Claim. If Z is an irreducible analytic subset of 2 such that X G Z, then for every ¢ € Reg(X) N Reg(Z2)
there is g € O(£2) such that X C {g =0} and (d¢g)|1,Reg(z) # 0-
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Fix an arbitrary ¢ € Reg(X) NReg(Z). By irreducibility of the sets X and Z, one has dim, X < dim, Z
for every z € X. Therefore, there are a neighbourhood V of ¢ in {2 and v € O(V) such that XNV C {u = 0}
and (d¢w)| 7, Reg(2) 7 O-

Let J(X) denote the full sheaf of ideals of X on {2 (see, e.g., [15]). By Cartan’s Theorem A, the global
sections HO(£2, 7 (X)) generate J(X), for all z € £2 (cf. [15, p. 243]). Consequently, there are fi,..., fm, €
O(2) with X C {f1 =... = fmn = 0} and there are vy, ..., v, holomorphic in some neighbourhood of ¢ in
§2 such that u¢c = vi¢ fi¢ +- - - + Vm¢ fne- Since (dew)| 1, Reg(z) # 0, there must be g € {f1,..., fm} such that
(d¢g)| T Reg(z) # 0, which completes the proof of the claim.

Let us return to the proof of the proposition. Without loss of generality, one can assume that (2 is con-
nected. Set Z1 = (2. Then, by Claim, there is g1 € O({2) such that X C {g1 = 0} and (d¢, 91)|7., Reg(z,) # 0
for some (; € Reg(X) NReg(Z1). It follows that (; € Reg(X) NReg(Z1 N{g1 = 0}).

Let Zs be the irreducible component of Z; N {g; = 0} containing X. If ¢ — n > 1, then X & Z5 and
Reg(X)NReg(Z2) # @. By Claim, there exists go € O({2) such that X C {g> = 0} and (d¢, 92) |1, Reg(2,) 7# 0
for some (3 € Reg(X) N Reg(Z2). Then, again, (> € Reg(X) N Reg(Z2 N {g2 = 0}), and hence there exists
a unique irreducible component of Z; N {go = 0} containing X; call it Z3. If ¢ — n > 2, then X ¢ Z3
and Reg(X) N Reg(Z3) # @ and Claim can be applied again. We repeat this procedure until we get
21,09,y Lg—yn and 1,92, .., Jg—n-

Clearly, X is the unique irreducible component of Z,_,,N{gq—» = 0} containing X . Moreover, Theorem 2.2
implies that there are hq,...,hy, € O(§2) such that X = {g1 = g2 =... = gg—n = h1 = ... = hp, = 0}. Set
E = Sing(X)UUJZ, (E;NX), where E; = Sing(Z;)U{z € Reg(Z;) : (d.9;)|1.Reg(2;) = 0}. By construction,
g1, --,9q—n and F have all the required properties. O

We are now ready to prove our approximation theorem. Let (2 be a Runge domain in C%, let X be a
complex analytic subset of {2 of pure dimension n, and let Y be a Nash subset of {2 with Y C X.

Proof of Theorem 1.1. Fix an open {2y € 2. We want to find a sequence (X,),en of Nash subsets of 2y of
pure dimension n converging to X N {2 in the sense of chains and such that X, D Y N {2 for all v.

Since irreducible components of X can be approximated separately, X can be assumed irreducible. One
can also assume that X is nonempty and X & 2. The proof will be divided into three steps according to
the properties of Y.

Step 1. First, suppose that Y = @.
By Proposition 3.1, we can fix g1,...,gg—n, 1, ..., hp € O(£2) and a nowhere-dense subset E of X with
the following properties:

e X={gp1=...=¢g¢g-n=h1=...=h, =0}
o For every a € X\ E, there is a neighbourhood U of @ in {2 such that {g1 = ... = g4—n, =0}NU = XNU
and (g1,...,9¢—n)|v is a submersion.
Let © be the union of all irreducible components of {¢1 = ... = g4—n = 0} different from X. By

Proposition 2.1, one can choose f € O({2) such that

O c{f=0} and [ does not vanish identically on X. (3.1)

Let ' € 2 be a Runge domain with 2y € 2'. By Corollary 2.5, there is a positive integer ¢ and there are
a; j € O(£2') such that
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q—n

ftht = Zai’jgj, fori=1,...,p, (3.2)
j=1

on {2'. Theorem 2.8 implies that there are sequences (f.,), (hi), (gj), and (a; ;) of Nash functions on
29 approximating f|a,, hiloy, 950, and «; j|o,, respectively, and such that, for every v € N,

q—n
Ifhiy = Z 0950, fori=1,...,p. (3.3)

j=1
For v € N, define X, = {ny=-.-=9g4-np=h1,=...=hy, =0}, and let X, be the n-dimensional

part of X, (i.e., the union of all the n-dimensional irreducible components of X,,). We shall prove that
(X, )ven converges to X N 2y in the sense of chains.

First let us show that (X,) converges to X N §2y locally uniformly (i.e., that (11) and (12) of Section 2.7
are satisfied). The condition (12) is immediate. Indeed, for any compact K C 2y with K N X = &, we have
infoer (32121 19:(2)] + 32— [h;(2)]) > 0. Consequently, infoer (32{77" 19 (2)| + 327 [ (2)]) > 0 for v
large enough, hence X, N K = @.

As for (11), the density of X \ (F U {f = 0}) in X implies that it suffices to check whether for every
a € X\ (EU{f = 0}) there is a sequence (a,) with a,, € X, and lim,_, a, = a. Fixa € X\ (EU{f =0}),

and set X, := {g1, = ... = gg—n, = 0}, for v € N. Recall that (g1,...,9q—n) is a submersion in some
neighbourhood V of a such that XNV = {g1 = ... = g4q—, = 0} NV Shrinking V' if needed, one can assume
that (g1,0,---,9q—n,»)|v also is a submersion, for almost all v. For such v, X] NV is then an n-dimensional

complex analytic manifold and one can readily find a sequence (a,), a, € X, convergent to a. Notice
however that X, NV = X, NV for v large enough: Clearly, X, NV C X, NV for any v. On the other hand,
it follows from (3.1) that, for v large enough, we have f,|x; # 0. For every such v, the h;, (i =1,...,p)
vanish identically on X/, NV, by (3.3), and hence X, NV C X, NV, as required.

To complete the proof of the theorem in the case when Y = &, it remains to check that XN{2y and (X, ),en
satisfy condition (c2) of Section 2.7. By Lemma 2.9, it suffices to show that, for every a € X \ (EU{f = 0}),
there exists a submanifold T of §2y of dimension ¢ — n transversal to X at a and such that T is compact,
XNT = {a} and X, NT is a singleton for all but finitely many v. Fix a point a € X \ (EU{f = 0}). Choose
a neighbourhood V' of @ in the same way as in the previous paragraph. Let L be the (¢ — n)-dimensional
affine subspace of C? normal to X at a. It is now clear that any sufficiently small open ball T C V N L
centered at a satisfies the above requirements.

Step 2. Suppose now that Y is a Nash set of pure dimension d.

Shrinking 2 if necessary, one can assume that Y has finitely many irreducible components. We shall
construct a system of equations such that if g1 ,,,...,gg—nw, and k1 ,,..., hp,, in addition to (3.3), satisty
that system (together with some other functions), then Y N2y C X,.

By Theorem 2.6, one can choose an algebraic subset Z of C9 of pure dimension d such that Y is the
union of certain analytic irreducible components of Z N (2. Let X' be the union of all analytic irreducible
components of Z N 2 which are not contained in Y. By Proposition 2.1, there is f € O({2) such that

rc{ f= 0} and f does not vanish identically on any irreducible component of Y. (3.4)

Let g1,...,gr be polynomials in ¢ complex variables such that Z = {g1 = ... = g» = 0}. Let g1,..., gg—n,
h1, ..., hp be the functions describing X and let 2’ € 2 be a Runge domain such that {2y € {2/, as in Step 1
of the proof.

Corollary 2.5 implies that there is an integer w and there are Sy ;, vk, € O(£2’) such that, in addition to
(3.2), we have
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T
FU9¥ =" Brjgr, forj=1,....g—n, and
k=1

T
fhi = Z%,zﬁk, fori=1,...,p.
k=1

By Theorem 2.8, there are sequences (f,.), (hi), (9j.)s (i jn)s (f.)s (Br.jw), and (ki) of Nash functions
on {2 approximating f|o,, hilag, 9ila., Qijlags flay, Br.jle,, and yk.ilq,, respectively, such that

.
frgt, = Brjwge, forj=1,....g—n, and
k=1

funy, = kaﬂ-,ygk, fori=1,...,p. (3.5)
k=1

By Step 1, one can also assume that (3.3) holds for every v € N.

Then, as proved in Step 1, the n-dimensional part X, of X',, = {gLV = ... =0ggny = h1, =...=
hp, = 0} approximates X N 2y in the sense of chains. Moreover, by (3.5), Y N 2y C X, but we still do
not know whether Y N 2y € X, for almost all v € N. To ensure the latter inclusion we shall need some
additional polynomial relations fulfilled.

First observe that Y N {2y can be assumed to have a finite number of analytic irreducible components (if
this were not the case, one can replace 2 with a slightly larger polynomial polyhedron which is a relatively
compact subset of (2'). Next, after a linear change of coordinates in C? if needed, one can assume that
Z as a subset of C? = C™ x C?~™ has proper projection onto C", and that for every analytic irreducible
component Y of Y N (2 there is a polydisc D1 x Dy C §29 C C™ x C?4~™ such that YN (D1 x Dy) # @ and
X N (D1 x D9) has proper projection onto Dj.

Let Z denote the image of the projection of Z onto C™. Clearly, Z is an algebraic set of pure dimension
d and there are polynomials wq,...,ws in n complex variables such that 7 = {w; = ... = ws = 0}. Let
X C 02 denote the d-dimensional part of X N (Z x C1~™).

By Step 1 of the proof, we know that X N 2 can be approximated by Nash subsets of 2y of pure

dimension d. More precisely, there are polynomials Q1, ..., Qx and there are Fy, ..., Fy,71,...,7r € O(02)
such that:
o« X = {Fi=...=Fy =0}and Q;(Fy,...,Fy,71,...,7r) =0for j=1,...,N.
o For all sequences (Fi,),...,(Fumy), (T1,0),--.,(7r,) of Nash functions on {2y approximating the
restrictions  Fi|qq, ..., Famlao, Tiloos .-+ Tr|2y, Tespectively, and such that Q;(Fiu,...,Fuy,
Tiwy---,TRy) = 0 for j = 1,..., N, the d-dimensional parts of the sets {Fy, = ... = Fyp, = 0}

approximate X N £ in the sense of chains.

By Proposition 2.1, one can choose F € O(£2) with the following properties: F vanishes identically
on every irreducible component S of X N (Z x C¥™") with S ¢ X, and F does not vanish identically
on any irreducible component of X. Corollary 2.5 then implies that there is an integer v and there are
GlJ, H ;Wi € O(Q/) such that

q—n P s
FUFY = Z G195 + ZHl,ihi + Z Wi gwy, forl=1,..., M.
j=1 i=1 k=1
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By Theorem 2.8, there are Nash approximations of all the functions which we have approximated so
far satisfying (3.3) and (3.5), and there are Nash approximations (F)), (Fi.), (T10), ---, (Trw), (Gijv)s
(Hi;), and (W) of Flay, Filae, Tilae, -5 TR0 Gijlee, Hiiloy, and Wi i|q,, respectively, such that

Qj(Fl,ua---aFM,mTl,ua---;TR,V):0 fOI‘jZl,...,N,

and
— — p i
FYFS, =Y Grjwgiw+ > Hiivhiv+ Y Wikywe, forl=1,... M. (3.6)
j=1 i=1 k=1
We claim now that Y N {2y is contained in the n-dimensional part X, of Xl, ={g1,=...= Jg—np =
hi, = ... = hy, = 0} for v large enough. Suppose that this is not the case. Then, one can choose an

irreducible component Y of Y N 2y which is not contained in X, for infinitely many v € N.

For this f/ choose a polydisc D1 x Dy C 25 € C™ x C4~™ as above. Then YN (D1 X D) # & and
XN (D1 x D3) has proper projection onto D;. Shrinking Dy and Ds if needed, one can additionally assume
that Z N Dy is a connected d-dimensional complex analytic manifold, that X N (Z x CZ~™) N (D; x Dy) =
Y N (D1 x Dy), and that ¥ N (D x D) is a manifold such that over every point in Z N D; there is precisely
one point in Y N (D1 x Ds).

Finally, we may assume that infp, p, |F| > 0. Indeed, since Y N (D; x Ds) is of pure dimension d, it
follows that X N (Z x C9=") N (D; x Dy) = X N (D; x Dy). But F does not vanish identically on any
irreducible component of X, so shrinking Dy x Dy we get infp, xp, |F| > 0.

Set B, := X, N (Z x C1=") N (Dy x Dy). Now, by (3.5), we know that ¥ N (Dy x Dy) C E,, for v large
enough. Note also that each X, (for v large enough) has irreducible components of dimension at most n.
Therefore, if Y ¢ X,,, then over a generic point in Z N Dy there are at least two points in E,.

On the other hand, by the fact that infp xp, |F,| > 0 for v large enough, and by (3.6), we have
E, C {Fi1, =...=Fy, =0} N (D1 x Dy). Consequently, the d-dimensional part of {Fy, =...= Fy, =
0} N (D x D) does not converge to {F; = ... = Fyy = 0} N (D1 x Dy) =Y N (Dy x Dy) in the sense of
chains; a contradiction.

Step 3. Now, let Y be an arbitrary Nash subset of {2 contained in X.

Let Y = Yy U ... U Ygiy(y) be the equidimensional decomposition of Y. Fix j € {0,...,dim(Y)}. By
Step 2 of the proof, there is a system (7}) of polynomial equations satisfied by a system (s) of holomorphic
functions, such that:

o (s) contains the functions g1,. .., gg—n,P1,. .., hp.

» For every system (s,) of Nash functions sufficiently close to those from (s) on (2, and satisfying (1),
the following holds: The n-dimensional part X, of X, = {91, =...=9g-np =M1, =...=hp, =0}
approximates X N {2 and Y; C X, (v € N), where g1.4,.--,9g—nws 1., hp, are Nash functions
from (s, ) approximating g1, ..., Gg—n, 1, - - -, Ry, Tespectively, on (2.

Theorem 2.8 allows one to approximate the systems of functions simultaneously for all j € {0, ...,dim(Y)}

in such a way that the corresponding systems of polynomial equations are satisfied, which implies that we
can obtain the sequence (X, ),cn with all the required properties. O

4. Geometric obstruction to Nash approximation along a subset

In the present section, we study the question of Nash approximation of a complex analytic set along its
arbitrary subset. Our interest originally developed from considerations of pairs (X, R) of a complex analytic
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set X and its real analytic subset R, but it turned out that the approximation question is independent of the
real analytic structure of R. Instead, it depends on the holomorphic closure of R. The following proposition
characterizes a local geometric obstruction to Nash approximation.

Proposition 4.1. Let X be a complex analytic subset of an open set U in C?, and let R be an arbitrary subset
of X. For every point a € R, the following conditions are equivalent:

(i) There is an open neighbourhood V of a in U and a sequence (X)) of Nash sets in V locally uniformly
convergent to X NV and such that X, D RNV for all v.
(ii) There is a semialgebraic germ S, at a such that R, C S, C X,.

(iii) There is a Nash germ Y, at a such that R, CY, C X,.

Proof. For the implication (i) = (iii), suppose that V is an open neighbourhood of a in U and (X,)%2, is
a sequence of Nash sets in V' convergent to X NV locally uniformly on V', and such that X, D RNV for
all v. We will show that there exists a Nash set Y in V such that R, C Y, C X,.

For a proof by contradiction suppose there is no such Y. Then the smallest (with respect to inclusion)
Nash subset of V' containing RNV, call it Z, is not a subset of X N V. On the other hand, for every v,
X, N Z is a Nash subset of V containing R N V. We claim that, for v large enough, X, N Z is a proper
subset of Z, thus contradicting the minimality of Z. Indeed, choose a point b € Z \ X. The set X being
closed in U, there is a positive € such that B.(b) N X = &, where B.(b) denotes the Euclidean ball with
radius € centered at b € C?. The problem being local, one can assume without loss of generality that (X))
converges to X NV in the sense of Hausdorff metric (cf. [22] and Section 2.7). Hence, for v large enough,
the Hausdorff distance between X NV and X, is less than ¢/2, and so B¢ (b) N X,, = @ for all such v. In
particular, b € Z\ X, so that X, N Z & Z.

The implication (iii) = (ii) is immediate, since every Nash germ is a germ of a semialgebraic set, by
[8, Prop. 8.1.8].

As for (ii) = (i), suppose that there is a semialgebraic germ S, at a such that R, C S, C X,. By
Proposition 2.10, the holomorphic closure of S, is a Nash germ, say Y,. Since, by definition, Y, is the
smallest complex analytic germ containing S, it follows that Y, C X,. In other words, locally near a, R is
contained in a Nash subset Y of X. Now, by Theorem 1.1 (in fact, here it suffices to use [6, Thm. 1.1]),
there exists a neighbourhood V of @ in U and a sequence (X, )22, of Nash subsets of V' convergent locally
uniformly to X NV and such that X, D Y NV for all v; hence property (i) holds. O

Let us now turn to the proof of Theorem 1.2. As asserted by the theorem, the global obstruction to Nash
approximation of a complex analytic set along its arbitrary subset is of the same nature as the local one.

Proof of Theorem 1.2. We shall prove that the following sequence of implications holds: (i) = (ii) = (v) =
(vi) = (iv) = (iii) = (i).

The implications (i) = (ii) and (v) = (vi) are trivial. As for (vi) = (iv), it is an immediate consequence
of the fact that every Nash germ is a germ of a semialgebraic set, by [8, Prop. 8.1.8].

For the proof of (iv) = (iii), fix a relatively compact open subset {2y of 2. Under the assumptions of (iv)
one can find a finite open covering {V1,...,V;} of {2y such that, for every j =1,...,s, V; contains a subset
S; semialgebraic and satisfying RNV; C S; C XNV,. Then S =5, U---US; is a required semialgebraic
set.

The implication (iii) = (i) follows from Theorem 1.1 and Proposition 4.2 below. Finally, for the proof of
(ii) = (v), we proceed by contradiction: Suppose that there is an open 2y € {2 such that no Nash subset of
£2p which contains RN {2y is contained in X. Let Z be the smallest (with respect to inclusion) Nash subset
of 2o which contains RN 2. Then Z ¢ X N (2. Now, let (X,)32; be a sequence of Nash subsets of {2y that
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exists by property (ii) of the theorem. As in the proof of Proposition 4.1, one shows that for v large enough
the set X, N Z is a Nash subset of 2y containing RN {2y and properly contained in Z. This contradicts the
choice of Z, which completes the proof of the theorem. O

The following result is a global analogue of Proposition 2.10.

Proposition 4.2. Let {2 be an open subset of C? and let X be complex analytic in §2. For every semialgebraic
S contained in X, there exists a Nash set'Y in {2 such that S CY C X.

Proof. By semialgebraic stratification (Remark 2.7(2)), it suffices to consider the case when S is a semial-
gebraic connected real analytic closed submanifold of an open subset of f2.

Then, by Proposition 2.10, there exist an open set V' C {2 and an irreducible Nash subset N of V, such
that SNV is a nonempty connected manifold and SNV C N C X. By Theorem 2.6, one can choose an
irreducible complex algebraic set Z in C? such that N C Z and dim N = dim Z. By irreducibility of IV, there
exists a unique analytic irreducible component of Z N {2 which contains N; call it Y. Then, by Theorem 2.6
again, Y is a Nash set. Moreover, we have S C Y C X. Indeed, Y is an irreducible complex analytic set
whose nonempty open subset contains a nonempty open subset of .S and is contained in X. The inclusions
thus follow from the Identity Principle. O

Remark 4.3. The above proposition is closely related to the problem of finding a global holomorphic closure
of a given set. It is important to notice that in Proposition 4.2, one cannot expect that S,7¢ =Y, at every
point @ € S. That is, in general, it may happen that S, is a proper subgerm of Y, at some a € S, for
every choice of a Nash set Y satisfying the conclusion of the proposition, as can be seen in the following
example. On the other hand, if in addition S is coherent, then its global holomorphic closure exists in some

neighbourhood of S (that is, possibly after shrinking £2), by [23, Thm. 1.1].

Example 4.4. Let ¢ : C\ {£i} — C? be given as

(-1 221
MO(@H’ (<2+1>2>'

Set §" :={(=a+iy: (x—4/3)2+y* =1/9}, and S := ¢(S’). Then S is a connected irreducible (even
smooth) semialgebraic real analytic set in C?, and since ¢ parametrizes the irreducible algebraic curve

Y ={(z,w) € C*: z* = 22 + w® = 0},

it follows that Y is the smallest Nash subset of 2 = C? that contains S. However, the germ Y(0,0) consists
of two irreducible components and only one of them is the holomorphic closure of S(g,0).

As an example of application of Proposition 4.2 and Theorem 1.2, we give here a criterion for existence
of approximations of a holomorphic map along a given subset of its domain. For w = (w1,...,wy,) € C™,

set [|w|| = maxj—1 __m |w;l.

Theorem 4.5. Let U be a Runge domain in C", let F : U — C™ be a holomorphic mapping, and let A be an
arbitrary subset of U. The following conditions are equivalent:

(i) For every open V. € U and € > 0, there exists a Nash mapping H : V. — C™ which coincides with F
on ANV and such that |H(z) — F(z)|| < e forall z€ V.

(ii) For every open V. € U, there exist a semialgebraic set T with ANV C T C U and a semialgebraic
mapping G : T — C™ such that F|lr = G.
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Proof. Set 2 :=U xC™, X :={(2,F(2)) : z € U}, and R := {(z,F(2)) : z € A}. Clearly, X is of pure
dimension n. Given an open V relatively compact in U, there is My > 0 such that |F(2)|| < My for all
z €V, and so

Oy :=V><{wz(wl,...,wm)ECm:|wj|<MV, j:l,...,m}

is a relatively compact open subset of 2.

With this terminology, condition (ii) of the theorem is now equivalent to saying that for every {2y as
above there is a semialgebraic set S such that RN 2y C S C X. The implication (ii) = (i) thus follows
from Proposition 4.2 and [25, Thm. 3.6]. (Of course, it could be also derived from Theorem 1.1.)

Condition (i), on the other hand, implies that for every open 2y € 2, X N {2y can be approximated
locally uniformly along RN {2 by a sequence (X, ),en of Nash subsets of £2y of pure dimension n. Therefore,
(i) = (ii) is a consequence of the implication (ii) = (iii) in Theorem 1.2. 0O

Theorem 4.5 can be used, in particular, for Nash approximation of holomorphic extensions of a given
map. Indeed, the theorem characterizes those pairs (F, f) of a holomorphic extension F' of a given map f
for which F' can be approximated by Nash mappings each of which extends f.
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