CORE DECREASING FUNCTIONS

ALEJANDRO SANTACRUZ HIDALGO AND GORD SINNAMON

ABSTRACT. Given a measure space and a totally ordered ordered collection of
measurable sets, called an ordered core, the notion of a core decreasing function
is introduced and used to define the down space of a Banach function space.
This is done using a variant of the Kothe dual restricted to core decreasing
functions. To study down spaces, the least core decreasing majorant construc-
tion and the level function construction, already known for functions on the
real line, are extended to this general setting. These are used to give concrete
descriptions of the duals of the down spaces and, in the case of universally
rearrangement invariant (u.r.i.) spaces, of the down spaces themselves.

The down spaces of L! and L™ are shown to form an exact Calderén couple
with divisibility constant 1; a complete description of the exact interpolation
spaces for the couple is given in terms of level functions; and the down spaces
of u.r.i. spaces are shown to be precisely those interpolation spaces that have
the Fatou property. The dual couple is also an exact Calderén couple with
divisibility constant 1; a complete description of the exact interpolation spaces
for the couple is given in terms of least core decreasing majorants; and the duals
of down spaces of u.r.i. spaces are shown to be precisely those interpolation
spaces that have the Fatou property.

1. INTRODUCTION

Monotone functions on R are very well behaved compared to general measurable
functions. Consequently, a wide variety of techniques and applications are in place
for working with them. Our object is to investigate certain functional analysis
tools involving monotone functions, making them available for functions on general
measure spaces in which a highly customizable notion of order is used to determine
monotonicity.

Let 1 < p<ooand 1/p+1/p’ = 1. If f is a Lebesgue measurable function
on [0,00), there exists a nonnegative, nonincreasing function f°, called the level

function of f, such that
/ |flg < / fog
0 0

holds for all nonnegative, nonincreasing g, and

o0
I f°llzr = sup {/ |flg: gl <1,9>0,9 nonincreasing}.
0

Here || - ||L» denotes the usual LP norm. This improves Holder’s inequality in the
presence of monotonicity since we have [~ [flg < [|f°llzrllgll -+ whenever g is
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nonnegative and nonincreasing. To take advantage of this improvement, we need
to understand f°: For a locally integrable f, the function f° is determined by
requiring that the function x — fom f¢ is the least concave majorant of x — fom If]-
In particular, f is independent of p. The construction of f° is due to Halperin, in
[8], with an alternate proof given by Lorentz, in |13], and their construction applies
to weighted Lebesgue measure as well as to the unweighted case outlined above.

The construction of f° has been extended to functions on (R, \), for a general
Borel measure A, and to function spaces more general than the LP spaces. It has
been applied to give formulas for the dual spaces of Lorentz and Orlicz-Lorentz
spaces, to prove weighted Hardy and Fourier inequalities, to transfer monotonicity
(from kernel to weight) in weighted norm inequalities for general positive integral
operators, and to provide equivalent norms for traditional and abstract Cesaro
spaces that facilitate interpolation of these spaces and of their duals. Another
construction determines the dual spaces of spaces defined by the level function, and
strong interpolation results have been established for both scales of spaces. See, for
example, [9-12}/14H16}/18-22L[24]. Additional references may be found in [6].

These powerful tools are currently available only for functions defined on (R, \),
where the natural order on R determines the collection of nonnegative, nonincreas-
ing functions. (Requiring A to be Borel ensures that such functions are measurable.)
Recently, in |23], the notion of a measure space with an ordered core was introduced
to study abstract Hardy operators. Here we use an ordered core to define a collec-
tion of nonnegative, nonincreasing functions (called core decreasing functions) on
a general measure space and investigate the level function construction, the func-
tion spaces it generates, their dual spaces, and the interpolation properties of both.
The ordered core can be chosen to suit the investigation, and all these tools will be
adapted to that choice.

We will end this introduction by defining, below, the principal objects of study
and mentioning a few easy-to-state results of our investigation. Section [2] sets out
some necessary background and relevant known results. In Section [3] one of the
main tools used to study ordered cores in [23] is extended and adapted to our
purposes. Much of the measure theory needed in the paper is contained in Section
[ where we show how to enrich an ordered core without changing its essential
order properties. Examples to illustrate the flexibility of this notion of order are
included in Section |5 along with pair of key examples that exhibit behaviour quite
unlike the usual situation in which the order is carried on elements of the domain
space instead of subsets of it. Section [6] shows how to make a functional connection
between core decreasing functions and nonnegative, nonincreasing functions on the
half line. In Section [7] we define the level function and least decreasing majorant
constructions in this general setting and the spaces of functions connected with
them. The interpolation theory of these spaces is developed in Section

If (U, X, u) is a o-finite measure space and A C ¥ we let 0(A) be the o-ring gen-
erated by A and let L(.A) be the collection of all [—oco, oo]-valued o (A)-measurable
functions on U. In particular, L(X) is the collection of ¥-measurable functions.
The collection of nonnegative functions in L(.A) is denoted LT (A).

Definition 1.1. Let (U, X, 1) be a o-finite measure space.

(a) An ordered core of (U, %, i) is a totally ordered subset A of ¥, containing
the empty set, that consists of sets of finite y-measure.
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(b) We say an ordered core A is o-bounded if there exists a countable subset
Aq of A such that UA = UAy and we say A is full if it is o-bounded and
UA=U. (If Ais o-bounded, then o(A) is a o-algebra over UA.)

(¢) The relation <4 on U is defined by u <4 v if for all A € A, v € A implies
u € A. We will drop the subscript .A when there is no ambiguity.

(d) A function f : U — [—o0,00] is called decreasing (relative to A) for all
u,v € U, u <4 v implies f(u) > f(v). A nonnegative, o(A)-measurable,
decreasing function is called core decreasing. The collection of core decreas-
ing functions is denoted L*(A).

Observe that the relation “<4” is reflexive and transitive but not antisymmetric
in general. It is total, in the sense that for all u,v € U, u < v or v < u or both.

See Section [o| for examples of ordered cores and their order relations. As we will
see in Example decreasing functions need not be u-measurable and even if they
are p-measurable, they may not be o(A)-measurable. This is why we explicitly
require o(A)-measurability in the collection L*(A) of core decreasing functions.

Teasers: Here is a look ahead at some consequences of the theory to be developed:
Let A be a full ordered core on (U, X, p).

Level Functions: For each py-measurable function f, there is a core decreasing
function f° such that for all core decreasing functions g,

/fogdusup{/ |f|hdu;heL¢(A),/hdug/gdu for allAeA}.
U U A A

D-type Hoélder Inequalities: If 1 < p < oo, then ||f°[[zr < ||f[[zr and for all
core decreasing functions g,

/ Flod < 111zl -
U 13

Calderén Couples: Let || f|lpg = supaca iay J4 || di and Dy be the set of
[ for which it is finite. Then D} is a Banach space, (L}L,Dﬁ") is a Calderén
couple, and Y is an exact interpolation space for the couple if and only if there is
a universally rearrangement invariant space X such that || f|ly = || f°||x, for all f.

2. NOTATION AND BACKGROUND

We use 0 < a;, 1 « to indicate the limit of a nondecreasing sequence in [0, c0].
Expressions that evaluate to 0/0 will be taken to be 0. The sgn function is defined
by sgn(y) = |y|/y when y # 0 and sgn(0) = 0. If 1 < p < oo, and u is a measure,
L7, denotes the usual Lebesgue space of p-measurable functions.

2.1. Universally rearrangement invariant spaces. Let (U, X, 1) be a o-finite
measure space. The distribution function, py, and rearrangement, f*, of f € L(X)
are given by

pp(6) = p{u e U [f(u)] >6}) and  f*(t) = inf{d > 0: pp(d) <t}
for 6,¢ > 0. These take values in [0, 00].
Following [25], a Banach function space over U is a real Banach space X C L(X)
that satisfies the lattice property: If f € L(¥), g € X, and |f| < g p-a.e., then
f e X and ||f|lx < |lgllx. The space X is saturated if every E € ¥ of positive
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measure has a subset F' € ¥ of positive measure such that xyp € X. We say X
has the Fatou property if whenever 0 < f, € X for each n, f, 1T f p-a.e., and
limy, o0 || frllx < o0, it follows that f € X and ||follx T1flx-

The associate space X' of X is the Banach space of all g € L(X) such that

llgllx = sup /|fg|du < 00.
[[fllx <1

A universally rearrangement invariant (u.r.d.) space over U is a Banach function
space over U such that if f € L(2), g € X and fot < fot g* for all ¢ > 0, then
fe X and ||f|lx < |lgllx- A nontrivial u.r.i. space is automatically saturated.

If X is a saturated Banach function space over U, then X' is a saturated Banach
function space over U with the Fatou property. If X has the Fatou property, then
X" = X with identical norms. If X is u.r.i., so is X’. See [2], especially pages 64
and 90, for the close connection between u.r.i. spaces and rearrangement invariant
spaces, but keep in mind that function spaces there are assumed to have additional
properties, including the Fatou property.

2.2. Calderén couples. A pair (Xg, X;) of Banach spaces is a compatible couple if
both spaces can be continuously embedded in a single Hausdorff topological vector
space, thus making sense of the expressions Xy N X; and Xg + X1. An admissible
contraction from (X, X1) to another compatible couple (Yp, Y1), is a linear map W
on X+ X; such that the restriction of W to X is a bounded map from X; to Y}, of
norm at most 1, for j = 0,1. A Banach space X satisfying XoNX; C X C Xo+ X,
is called an ezxact interpolation space for the couple (Xg, X1) if every admissible
contraction from (Xg, X1) to itself maps each element of X into X with no increase
in norm.
The K -functional for a compatible couple (X, X7) is given by

K(f,t; Xo, X1) = inf([[ fol x, + tll f1llx, = fo+ fr = f},

for f € Xo+ X1 and ¢ > 0. We say (Xo, X1) is an ezact Calderdn couple (or exact
Calderén-Mityagin couple) if whenever f,g € Xy + X3 satisfy K(f,t; X0, X1) <
K(g,t; Xo,X1) for all ¢ > 0 there exists an admissible contraction from (Xg, X7)
to itself that maps g to f. Also, (Xo,X1) has divisibility constant 1 if for all
f € Xo + X1 and all nonnegative, concave functions w; on [0, 00), the conditions
Yoy wi(l) < oo and K(f,t; Xo, X1) < 3272, w(t) for all t > 0 imply that there
exist f; € Xo+ X1 such that K(f;,t; Xo, X1) < w;(t), for all j and ¢, and 372, f;
converges to f in Xo+X7. Here, || f]lxo+x, = K(f,1; X0, X1). See [2] for the above
definitions.

A Banach function space ® of functions on the half line with measure dt/t is a
parameter of the K-method if it contains the function ¢ — min(1,¢). If (Xo, X7) is
a compatible couple, then (Xo, X1)e is the space of all f € Xy + X; whose norm,
1K (f,; Xo,X1)||o, is finite. It is an exact interpolation space for (X, X7). If
(X0, X1) is an exact Calderén couple with divisibility constant 1, then every exact
interpolation space for (X, X1) is equal, with identical norms, to (X, X1)e for
some parameter ®. See [4, Theorems 3.3.1 and 4.4.5 and Remark 4.4.4].

For any o-finite measure space (P, P, p), K(f,t;L}),L;O) = fg 5, (L;,L;") is
a Calderdén couple, and the exact interpolation spaces of (L})7 LZO) are exactly the
u.r.i. spaces over P. See [5].
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We will need a couple of standard (easy) results: If W : (Xo, X1) — (Yo,Y1) is
an admissible contraction then

(21) K(Wf,t;YO,Yl) S K(f,t;Xo,Xl).

If (X0, X1) is a compatible couple of Banach function spaces (over the same measure
space,) then

(2.2)  K(f.t; Xo,X1) =inf{| follx, + tllf1llx, : fo+ f1 =f],0 < fo,0 < f1}.

2.3. Spaces defined by nonincreasing functions. Suppose A is a o-finite, Borel
measure on [0, co) satisfying A([0, z]) < oo for each z € R. If X is a u.r.i. space over
([0,00),A), and L* denotes the collection of nonnegative, nonincreasing functions,
let X be the space of A-measurable ¢ such that

lellxy = sup {/[ ) lol dA : o € LY, || x < 1}
0,00

is finite. Then, for each A-measurable ¢ there exists a ¢° € Lt called the level
function of ¢, such that for all £ € L+,

/ <p°§d)\:sup{/ loldX € LY, Pd < fd/\foerO}
[0,00) [0,00) [0,2]

[0,2]
and if 0 < ¢, T ¢ A-a.e., then 2 1 ©° A-a.e. Also, L}]= L3}, with identical norms;
Il 5L = $UDa50 x0T Siow 191 AN K (9,8 LY L)) = [o(#°)%; and (L], LY) is
an exact Calderén couple with divisibility constant 1.

For a A-measurable 1), define 1;(37) to be the essential supremum of 3 on the
interval [z,00). Called the least decreasing majorant of 1, 1Z is in Lt; if £ € LY
and ¢ < &, then QZ < ¢&; and if ¢, T ¢ M-a.e. then % T 1; X-a.e. If X is a Banach
function space of A-measurable functions, that contains all characteristic functions
of sets of finite measure, we let X be the space of functions for which Ifllg = Il x

is finite. Then L = L$°, with identical norms; K (¢,t; LY, L) = [; (¥)"; and

(L}, LY) is an exact Calderén couple with divisibility constant 1.

These results may be found in [20, Proposition 1.5 and Theorem 2.3], |14 Corol-
lary 3.9] and [15, Lemma 3.2, Corollary 4.2 and Theorem 4.2]. In these references,
results are stated for a measure on R, not on [0,00), but we identify A\ with a
measure on R for which A((—o00,0)) = 0 so the results apply.

3. Maprs BETWEEN ORDERED CORES

When measure spaces with ordered cores were introduced in [23], it was shown
that well-behaved maps between measure spaces with o-bounded ordered cores
induce bounded linear operators of functions on these measure spaces. In this
section we take a closer look at these operators and establish additional properties
that we will require later.

Let (P,P,p) and (T, T,7) be o-finite measure spaces and let A be a o-bounded
ordered core of (P, P,p). Let ¢ be a positive constant and r : A — T be a core
map, that is, an order-preserving map satisfying

(3.1) 7(r(A)\r(B)) < cp(A\ B)
for all A, B € A. Note that {r(A)\ r(0): A € A} is an ordered core of (T, T, 7).
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Theorem 3.1. Let V be the vector space of all f € L(T) such that f is integrable
on r(A) for each A € A. Then there is a map R defined on LT (T)UV such that
forall f € LY(TYUV:

(a) Rf € L(A) and Rf =0 off UA;

(b) if f € LT(T) then Rf € LT (A);

(c) if fn € LY(T) for each n and f, T f p-a.e., then Rf, 1 Rf p-a.e.;

(d) R is linear on' V and it is additive and positive homogeneous on Lt (T);

(¢) |IRf| < R|f| p-a.c.;

(f) for all A,B € A,
/ Rfdp = / fdr;
B\A r(B)\r(A)

(9) if f € Ly, then Rf € Ly and || Rf||1s < ||fllrs;

(h) if f € L, then Rf € LYY and ||Rf||rse < c[|fllre;

(i) ifc=1, Ac A and p(A) = 7(r(A)), then Rx,a) = xa p-a.e.

(G) if c =1, p(A) = 7(r(A)) for all A€ A, f € L™(T) and g € L*(r(A)),
then R(fg) = RfRg p-a.e.

Proof. The original map. From Theorem 4.6 of [23] there is a positive, linear
map R : L]+ L® — L, + Ly° that satisfies |(f)} and |(h)| for each f € LL + L.
In the proof of that theorem it is shown that [(a)| is satisfied for each nonnegative
feLl+ L.

The following observation will be needed: If f € L1+L and (f,,) is an increasing
sequence of nonnegative functions in L! 4+ L that converges to f pointwise T-a.e.,
then Rf, converges to Rf pointwise p-a.e. To see this, fix A € A. Since p(A4) < oo
E}I;d Rf € L; + L7, fA Rfdp < oco. By and the Monotone Convergence

eorem,

/Rfdp:/ fdr = lim fndr = lim Rf, dp.

A r(A)\r(0) 0 Jr(A)\r(0) N S A

The positivity of R on L! + L% ensures that Rf, is an increasing sequence bounded
above by Rf. So another application of the Monotone Convergence theorem yields

/Rfdp:/ lim andpg/Rfdp.

Thus, Rf = lim, ,. Rf, p-a.e. on A. By the o-boundedness of A, Rf =
lim,, ,o Rf, p-a.e. on UA. But both Rf and Rf, are zero off UA so Rf,, — Rf
pointwise p-a.e. on P.

Extension to nonnegative functions. With this in hand, we may define
R on L*(T). For each f € LT(T) let Rf be the pointwise limit of Rf,, where
(fn) is an increasing sequence in L™ (7) N LL that converges pointwise to f. The
previous observation ensures that this R agrees with the original R whenever both
are defined.

Since 7 is o-finite, each f € LT(T) can be expressed as the limit of such a
sequence and since R is a positive operator, Rf,, is an increasing sequence in L™ (7))
and hence has a (finite or infinite) pointwise limit. It remains to show that the
definition of Rf on LT(T) does not depend on the choice of (f,). Fix f € LT(T)
and let (f,) and (g,) be two increasing sequences in L*(7) N LL that converge
pointwise to f. For each fixed m, h,, = min(f,, g,,) defines an increasing sequence
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in L*(7T) N LL that converges pointwise to g,,. By the Monotone Convergence
Theorem, h,, — g, in the space Ll. By @, Rh, — Rg,, in L}). But (Rhy,)
is a increasing sequence so the Monotone Convergence Theorem shows that Rh,,
converges to Rg,, pointwise p-a.e. Since h,, < f,, Rh, < Rf, and therefore Rg,, =
lim, o Rh, < lim,_, Rf, for each m. Letting m — oo we get lim,;, oo Rgm <
lim,_, Rf,. Reversing the roles of f and g gives the opposite inequality as well.
Thus Rf is well defined as a map from L1 (T) to L*(T).

Since @ and @ are preserved by limits of sequences, they hold for all f €
LH(T).

To see that also holds, fix f € L™(T) and let (f,,) be an increasing sequence
in LT(T) that converges pointwise to f. Take (¢,,) to be an increasing sequence in
LT (T)NLL that converges pointwise to f. By definition, Rg,, converges pointwise
to Rf. For each fixed m, h, = min(f,,gm) defines an increasing sequence in
LT (T)NLL that converges pointwise to g,, so Rh,, converges pointwise to Rg,,. For
each n, h, < f, so Rh, < Rf, <limy,_.s fn. It follows that Rg,, < lim, . Rfn.
Letting m — oo, we get

Rf = lim Rg, < lim Rf, < Rf.
m—0o0 n—oo

For @ suppose f,g € L*T(T) and « € [0,00). Let (f,,) and (g,) be increasing
sequences in LT (7) N L that converge pointwise to f and g respectively. Then
(afn) and (f, +gn) are increasing sequences in L+ (7)NLL that converge pointwise
to af and f + g respectively. Since R is linear on L1, R(af) = lim, o R(af,) =
R(gn) = Rf + Rg.

In this case, |(e)| is trivial, is a consequence of the Monotone Convergence
Theorem and nd are unchanged.

Extension to the vector space. Next we define R on V. For each f € V|,
define Rf to be Rf* — Rf~, where f* = (|f|+ f)/2 and f~ = (|f| — f)/2 as usual.
Linearity of the original R implies that this R agrees with the original R whenever
both are defined.

Since f is integrable on r(A) for each A € A, both f* and f~ are integrable on
each r(A). But f*, f~ € LI sol(f)|implies that Rf™ and Rf~ are finite p-a.e. on
each A € A. The core A is assumed to be o-bounded so RfT and Rf~ are finite
p-a.e. on UA. Byl@7 RfT and Rf~ are zero off UA so the difference RfT — Rf~
is defined p-a.e. on P.

Taking differences preser so it remains valid on V; @ and involve only
nonnegative functions; and |(d)| is readily extended from L*(7) to V by applying
R to the identities,

(af)T +af” =(af)” +aft for a>0,
(af)t + (—a)ft = (af)” + (~a)f~ for a <0,
(f+o +f +9 =(+9 +fT+g"
For [(e]
[Rf| = |Rf* —Rf™| <Rf"+Rf™ =R(f"+f7) = RIf].

The definition of V' and linearity of the integral gives Again, and are
unchanged.
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The last two properties. Now we turn our attention to and Ife=1
and A € A, taking f = x,(a) in and give

/ Rxy(aydp = 7(r(4)), / Rxraydp < 7(r(A)), and Ry, <1
A P

Since 7(r(A)) < oo, it follows that Rx,4) < xa p-a.e. But fP XA — Rxraydp =
p(A) — 7(r(A)) = 0, which implies

For suppose ¢ = 1 and p(A) = 7(r(A)) for all A € A. First suppose
f € L*(T) is bounded above. By m Rf is also bounded above. Fix a B € A.

Then p(B) < oo and for every E € T, [(b)] and [(h)| show that R(fxg) < Rf and
Ryx g < 1. These observations, combined with |(d)| and . show that the maps

oE) = [ Rikxpdp awd (B)= [ Rixe)dp

define finite measures on the measurable space (T, 7). If E = r(A) for some A € A,
and we let C' denote the smaller of A and B, then r(C') is the smaller of r(A) and

r(B) so, using ()] and [(F)} we get
wr(4) = [ RiRwdo= [ (Rfxado= [ Ridy

and

A)) = | R(fxr(a))dp = r(a) dr = dr = | Rfadp.
¢(r(A)) /B (fxr(a)) dp /T(B)\T(mfx (a) dT /T(C)\T(me /cfp

Thus, n(r(A)) = {(r(A)) for all A € A. Taking differences, we see that the measures
1 and ¢ coincide on the semiring {r(A1)\r(Az2) : A1, Ay € A}, see Lemma 4.3 of |23].
They therefore coincide on the o-ring generated by the semiring, see |17, Corollary
14 on page 357], which is o(r(.A)). So for each E € o(r(A)),

/B RfRyp dp = /B R(fx) dp

By [(&)l Rf, Rxp, and R(fxg) are o(A)-measurable on UA and zero off UA. It
follows that
R(fxr) = RfRxk

p-a.e

If g € LT(r(A)), it can be expressed as the pointwise limit of an increasing
sequence of finite linear combinations, with positive coefficients, of characteristic
functions of sets in o(r(A)). So, by [(d)] and R(fg) = RfRy.

Each f € L™(T) can be expressed as in increasing sequence of bounded functions
in L™ (T) so one more application of completes the proof. O

4. CORE DECREASING FUNCTIONS

Let (U, %, i) be a o-finite measure space and let A be an ordered core.

Many different ordered cores may give rise to the same order on elements and
generate the same o-ring. For our purposes, it will be convenient to enrich our
ordered core A by adding in as many additional sets as we can while ensuring that
neither the order <4 nor the o-ring o(A) is altered. This is done in Theorem
below. First we show that these additional sets can be characterized in three
different ways.

Lemma 4.1. Suppose M € o(A) and u(M) < co. The following are equivalent:
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(a) There is a countable subset C of A such that M =UC or M =NC;
(b) There is a subset C of A such that M = UC or M = NC;
(c) For allu,v €U, ifve M and u <4 v, thenu € M.

In the above, if C = 0 we take UC = 0 and NC = UA.

Proof. If @ holds then so does @ Next suppose that @ holds for a subset C,
that v € M and that u <4 v. We show that u € M in two cases: If M = UC, then
for some A € C, v € A and hence u € A. Thus v € M. If M = NC, then for all
AeC,v e Aand hence u € A. Thus u € M. This proves

Finally, we suppose that holds. First observe that A U {M} remains totally
ordered: If A€ Aand M Z A, choose v € M\ A. Ifu € A, then v L4 usou <4 v
and we have u € M. Thus A C M.

Since M € o(A) we may choose a countable subset .4 of A such that M € o(Ap).
(This is |7, Theorem D on page 21], but readily follows from the observation that
the union of all o-rings generated by countable subsets of A is itself a o-ring.) Now
let Uy = UAo,

L={Ledy:LC M}, N={Nedy:MCN}, C=(N)\ (L),

and
K={Aeco(Ay):CCUy\AorCC A}

Since Ag U {M} is totally ordered, A9 = LUN. L e L, C CUy\ L If N e N,
then C C N. Therefore, Ay C K. To see that o(Ag) C K it is enough to show
that K is a o-algebra of subsets of Uy. Clearly, # € K, Uy € K, and K is closed
under complementation. If A, € K for n = 1,2,..., then either C' C A,, for all n
or C C Up\ A, for some n. In the first case C' C N, A, and in the second case
C CU,(Ug\ An) = Ug \ Ny A,. Thus K is closed under countable intersections.
This shows that K is a o-algebra. But M € o(A), so M € K. It follows that
C CUy\ M or C C M so either M = UL or M = NN Since both £ and N are
countable subsets of A, this establishes @ and completes the proof. O

Now we are ready to produce the enriched core. Although the image of A under
wy e, p(A) = {u(A): A € A}, may not be a closed subset of [0,00), the image of
the enriched core always is.

Theorem 4.2. Let M be the collection of all M € o(A), of finite measure, for
which one, and hence all, of and of Lemma holds. Then M is an
ordered core of U, AC M, (M) = a(A), and the relations <q and <4 coincide.
If A is o-bounded, so is M. If A is full, so is M. In addition, M is closed under
(nonempty) countable intersections and under countable unions provided the result
has finite measure. Finally, p(M) is the closure in [0,00) of u(A).

Proof. Tt is immediate that A C M so § € M and o(A) C o(M). The reverse
inclusion holds by the definition of M. Since every element of o(A) is a subset of
UA, UM = UA. Thus, if A is o-bounded, so is M and if A is full, so is M.

Suppose M, N € M such that N Z M and choose v € N\ M. If u € M then
implies v € 4 u. Thus u <4 v and we conclude that v € N. This shows M C N
so M is totally ordered. Therefore, M is an ordered core of U.

Since A C M, u <4 v holds whenever u <,; v does. On the other hand, if
u <4 v holds and M € M with v € M, thenshows that w € M. So u <p v
holds. Thus the relations <4 and <4 coincide.
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Let M,, € M for all n. If M = N, M,,, then M € o(A) and (M) < co. Ifv € M
and u <4 v, then v € M, for all n so u € M, for all n and therefore u € M. Thus
MeM. U M=U,M,, then M € 0(A). If v € M and u <4 v, then v € M,
for some n so u € M, for some n and therefore v € M. Thus M € M provided
w(M) < oco.

It remains to show that p(M) is the closure of u(A) in [0,00). First suppose
that z is in the closure of u(A). If x € p(A) then z € (M) because A C M. If
x ¢ pu(A) then z can be expressed as the limit of a sequence (z,) in u(A) that is
either strictly increasing or strictly decreasing. For each n choose A,, € A such that
Xy = p(Ay). If 2, is strictly increasing, the total ordering of A ensures that A; C
As C ... 80 = limy oo p(Ayn) = p(UnAy) € u(M). If z, is strictly decreasing,
the total ordering of A ensures that Ay D As D ... and, since pu(A;) < oo, we get
x =lim, oo p(An) = p(NpAy) € p(M).

Conversely, suppose € p(M). Then z = u(M) for some M € M. By [(a)] we
may choose Aq, As,--- € A such that either M = U, A, or M =N, A,. Since A
is totally ordered it is trivially closed under finite unions and finite intersections.
Thus, = lim,, oo (A1 U---UA,) or x = lim, o (A1 N---NA,). Each of these
limits is in the closure of p(.A). This completes the proof. O

We can characterize the collection L*(A) = L¥(M) as increasing limits of simple
functions based on sets in the enriched core M just constructed.

Lemma 4.3. Suppose A is o-bounded. Let f : U — [0,00). Then f € L*(A) if and
only if f is the pointwise limit of an increasing sequence of functions of the form

K
E QX My,
k=1

where a > 0 and My € M for each k.

Proof. It M € M, then M € o(M) = o(A) so xp € LT(A). To see that xps is
core decreasing, let u < wv. If v ¢ M, xar(v) < xar(u) holds trivially and if v € M
then Lemma [4.1f(c)| shows uw € M so again xas(v) < xar(w).

It is routine to verify that L*(A) is closed under the formation of finite linear
combinations with positive coefficients and also under limits of increasing sequences
whose limits are finite p-a.e. Thus, if f is the pointwise limit of an increasing
sequence of functions of the specified form, then f € L¥(A).

For the converse, suppose f € L¥(A) and apply the o-boundedness of A to
choose an increasing sequence A, € A such that U, A, = UA. For each integer
n > 0, set

Myr={ueA,: flu)y>k27"}, k=1,2,...,n2"
Since f is o(A)-measurable, M, ; € o(A). It has finite y-measure because A,, does,
and it satisﬁesbecause f is core decreasing. Thus, M, ;, € M. Define f, by

n2"

Fa(w) =) 27" X, (w) = 27" 2" min(f (w),n) | xa, (u),
k=1

where |y| is the greatest integer less than or equal to y. To see that the two
expressions are equal, suppose the right-hand side evaluates to kg27" > 0. Then
u € A, and kg < n2". Also, u € My if and only if & = 1,2,...,ko. So the
left-hand side also evaluates to ky27 ™.
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The first expression shows that each f,, is of the desired form. The second shows
that f,, increases pointwise to f: Fix u € U. The inequality 2|y| < |2y], y > 0,
shows that f,(u) < fni1(u) and the inequality |y] < y < [y] + 1 shows that
fa(u) < f(u) < fo(u) +27™ for sufficiently large n. O

We record a simple consequence of the previous lemma for future reference.

Corollary 4.4. Let f,h € LY (X) and g € L*(A). If [,, fdu < [, hdp for all
M e M, then [, fgdu < [, hgdpu.

5. EXAMPLES

Using subsets of the o-algebra to carry the order in a measure space gives a great
deal of flexibility when recognizing a class of functions that behave like a class of
decreasing functions. Here we offer a variety of examples.

To begin, we give an ordered core of Borel subsets of R that give rise to the usual
order there. So any results proved for general ordered cores apply to the known
cases.

Example 5.1. Let p be a Borel measure on R such that u((—oo, x]) < oo for each
z € R. Take A = {@} U {(—o0,z] : € R}. Then A is a full ordered core, o(A)
is the Borel o-algebra, z <4 y is the usual order on R, and the core decreasing
functions are just the usual nonnegative, nonincreasing functions. The enriched

core is M = {0} U {(—o00,x), (—00,z] : € R}.

In R™ we introduce a notion of order built on balls centred at zero, with radii in
a fixed closed set.

Example 5.2. Let U = R™ with Lebesgue measure, fix a subset .S of [0, 00), let By
be the open ball of radius s centred at zero, and take A = {#} U{B; : s € S}. Then
A is a o-bounded ordered core, it is full if and only if S is unbounded, u <4 v if
and only if (Jv], Ju|]NS = @, and core decreasing functions are nonnegative, radially
decreasing functions that are constant on annuli corresponding to components of
the complement of S.

In a metric space, the functions that decrease as their distance from a fixed
subset increases behave like a class of decreasing functions. The structure of the
class varies considerably with the choice of the fixed subset.

Example 5.3. Let u be a finite Borel measure on a metric space U. Fix a nonempty
subset Uy and take A = {0, Up} U {{u € U : dist(u,Up) < s},s > 0}. Then A is
a full ordered core and u <4 v depends heavily on the choice Uy. Core decreasing
functions are those that decrease as the distance to Uy increases, they will be
constant on sets of fixed distance to Uy. Interesting choices include taking Uy be
to be (—1,1) on the x-axis when U is the unit sphere in R?; taking Uy = Z"
when U = R™ with a finite measure; taking Uy to be the boundary when U is a
Riemannian manifold with boundary.

The next example is really two examples. Both are based on the o-algebra of
countable and co-countable sets. Both use the total order on ordinals to give an
order on elements of the set. But the choice of ordered core introduces a “phantom
point” by including an uncountable totally ordered set that accumulates from both
sides even though there is no point in the set to accumulate to. These examples
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show that order carried on sets can differ substantially from order carried on points
and that the class of core decreasing functions can behave quite unlike typical
decreasing functions.

Example 5.4. If S is a set, let 0..(5) be the o-algebra of countable subsets of S
together with their complements.

Let U and V be disjoint copies of wy, the uncountable collection of all countable
ordinals ordered by inclusion. Their smallest elements will be denoted Oy and Oy,
respectively. We will work in the disjoint union U UV and express subsets as EUF,
where E C U, F CV. Let

Yo=0,(UUV) and X1 ={EUF:E€0.(U),F €o.(V)}
Both are g-algebras over U UV and ¥y C ;. Define p; on X1 by setting

FE, F countable

U\ E, F countable;
E,V \ F countable;

, U\ E,V\ F countable;

ul(EUF):50U(EUF)+§()V(EUF)+

w NN = O

and letting pg be the restriction of yq to Xo. (Here dg,, and dp,, are Dirac measures
at Uy and Vjp, respectively.) Then ug and py are finite, complete measures on ¥
and X, respectively. Note that po and p; have the same null sets, namely, the
countable subsets of U UV that don’t include Oy or Oy .

We introduce an ordered core that preserves the order on U, reverses the order
on V, and makes every element of U less than every element of V. For each x € U
andy e V,set Uy ={u e U :u<z}and V, = {v eV :v <y} Here “<” is
the strict order on ordinals. (Technically, U, = z, V,, = y, and “<” is just “C”;
the redundant notation is introduced to avoid confusion due to the definition of
ordinals as sets of previous ordinals.) Note that both U, and V}, are countable. Set

A={U,U0:2cUU{UU(V\V,):yeV}

Then A is an ordered core of both (U UV, 3, uo) and (U UV, X1, u1). Note that
UUV € Aso Ais trivially a full ordered core. Clearly, o(A) = 3.

e The function f = xy g is decreasing relative to A. But f is not ¥p-measurable,
so it is not core decreasing. So on (U UV, X, p19) with core A there is a nonmea-
surable, decreasing function.

e The same function f is Xj-measurable, but no function that agrees with f puq-
a.e. is Yg-measurable. So on (U UV, X, 1) with core A there is a measurable,
decreasing function that is not o(A)-measurable.

Let g = 1 — xq0,}- Then g is core decreasing in both measure spaces. For each
w € UUV, let G(w) be the essential supremum of gon W = {w € UUV : w <4 w}.
(Since po and g1 have the same null sets, the definition of G is the same for both.)
If w € U, then g takes the value 1 on the co-countable set (U \ Uy,) U (V \ {0y }),
which has positive pg-measure and is contained in W. Thus G(w) = 1. If w € V,
then W = QU ({w}UV,), a countable set. The value of g is 1 on W \ {Oy }, which
has measure zero, and 0 on {0y}, which has measure 1. Thus G(w) = 0 and we
have G = f. Note that on the @ U (V' \ {0y }), a set of positive p1-measure, f =0
and g = 1.
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e So the essential supremum construction analogous to the one used to define the
least decreasing majorant in Section [2.3] when applied to the core decreasing
function g, produces the pg-nonmeasurable function f. The function f is pi-
measurable, but it is not core decreasing and it is not a majorant of g.

See Lemma [7.6] for a different approach to proving the existence of a least core
decreasing majorant.

In the previous examples, the core has been based on the structure of the under-
lying measure space. Here is an example, on a general measure space, where the
ordered core is defined in terms of a single fixed function. Building an ordered core
in this way recovers the notion of “similarly ordered” functions and may be used
to extend that notion into spaces of functions and interpolation of operators.

Example 5.5. Let (U, X, ) be a o-finite measure space and fix an integrable
ge LX), Set A ={0}Uu{{ueU:gu) <s}:s>0}) Thenu <4 v
means g(u) > g(v) and f € L¥(A) means that f is nonnegative and f and g are
similarly ordered. Since g is automatically core decreasing, we always have the
D-type Holder’s inequality mentioned in the introduction.

6. A TAILORED MEASURE ON THE HALF LINE

Let (U, X, ) be a o-finite measure space with a full ordered core A and let M be
the enriched core of Theorem We will use the results of Section [3] to establish
a two-way relationship between functions on U and functions on [0,00). This will
enable us to take advantage of the familiar order and known results for decreasing
functions in that setting.

Let B = {0} U{[0,z] : z > 0}. Then o(B) is the Borel o-algebra. We will
construct a measure A on [0, 00) such that A(]0,z]) < oo for each z > 0 and B is a
full ordered core on ([0, 00),0(B),A). Clearly, <z is the usual order on [0, c0).

Let I" be the closure in [0, 00) of u(A). Then I' = u(M) by Theorem Note
that 0 € T'. Let

a(z) =sup([0,2] NT) and b(z) = inf([z,00) NT),

where the infimum of the empty set is taken to be oco. Evidently, a and b are
nondecreasing on [0,00), a(z) < = < b(z), and a(z) = z = b(z) when z € T.
Also, if ¢ T then (a(x),b(x)) is the connected component of the complement of
I that contains z. In particular, b(z) = oo if and only if x > supT". Let A denote
the Lebesgue-Stieltjes measure associated to the nondecreasing function b~!, the
generalized inverse of b. If ¢ € LT (B), then

sup I’
(6.1) /[O,Doﬁ"‘“: | etanan = [ o e+ 300 ae)

where the sum is taken over all bounded components (a, b) of the complement of T".

Lemma 6.1. The measure A\ is o-finite and supported on I'. If x > 0, then
A[0,z]) = a(z) € T. In particular, X([0,z]) = = if and only if x € T and N
is a full ordered core on ([0, 00), B, \).
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Proof. For each x > 0 and each z <supT, a(z),b(z) € T so b(z) < z if and only if
b(z) < a(x) if and only if z < a(x). Therefore, x(0,2)(b(2)) = X[0,a(x) () and we get

sup I’ sup I"
)\([0,1‘}) = / X[0,z] dx = / X[0,z] © b= / X[0,a(z)] = a(m),
[0,00) 0 0

which equals z if and only if z € T'. It follows that A is o-finite and A is a full
ordered core. The third expression in (6.1]) shows that A is supported on T ([

Now we apply Theorem twice to make connections in both direction between
p-measurable functions on U and A-measurable functions on [0, c0).

Proposition 6.2. Let V(X) be the vector space of all f € L(X) such that f is u-
integrable on M for each M € M. Then there is a map R defined on LT (X)UV (X)
such that for all f € LT(Z)UV(X):

(a) Rf € L(B);

(b) if f € LT(X) then Rf € LT (B);

(c) if fn € LT(X) for each n and f, 1 f p-a.e., then Rf, T Rf M-a.e.;

(d) R is linear on V(E) and it is additive and positive homogeneous on LT(X);

(¢) |Rf| < R|f| X-a.e.;

(f) ife >0, M eM, andu (M) = X([0,x]), then

/{Om Rfd\ = / £ dy;

(9) if f € L, then Rf € L} and [|[Rf|1 < fllzy:

(h) if f € LY, then Rf € LY and [|Rf||Le < [[fllrge:

(i) if M € M, then Rxnr = X[o,u(ar)] A-a-e.

() if f € LT(X) and g € LT (A), then R(fg) = RfRg A-a.e.

Proof. For each x € T', choose M, € M such that p(M,) = z. In Theorem
take (P, P, p) to be ([0,00),0(B),A) with the core B and (T,7,7) to be (U, X%, pu).
The map r : B — X is defined by r(0) = 0 and ([0, z]) = M. Since u(r(@)) =0
and p(r([0,z])) = a(z) = A([0,z]) < oo, the map r satisfies with equality and
with ¢ = 1.

Parts |(a)H(j)| follow directly from the corresponding conclusion of Theorem
Only and [(i)| require comment. A direct translation of Theorem taking
A = 0, would be above, but with M, in place of M. However, u(My(y)) =
a(x) = pu(M) so the total ordering of M implies that M and M, differ by a set of
p-measure zero. The same issue arises in where a direct translation of Theorem

taking A = [0, u(M)], gives RXM,,rr, = X[0.u(M)] A-a.. We may replace
Vo(u(ary)y by M since the two differ by a set of u-measure zero. |

Proposition 6.3. Let V(B) be the vector space of ¢ € L(B) such that ¢ is \-
integrable on [0, x] for each x > 0. Then there is a map Q defined on LT (B)UV (B)
such that for all ¢ € LT (B) UV (B):

(a) Qp € L(A)

(b) if p € Lt (B) then Qp € LT(A);

(¢c) if on € LT(B) for each n and o, 1 @ X-a.e., then Qo, T Q@ p-a.e.;

(d) Q is linear on V(B) and it is additive and positive homogeneous on LT (B);

(e) Q| < Qlg| p-a.e.;
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(f) for all M € M,

/ Qedp = / pdX;
M [0,(M)]

(9) if p € L}, then Qp € L, and [|Qp| 11 < llollL1;

(h) if o € LY, then Qp € LYY and [|Q¢||Le < [lolloy;

(i) if M € M, then QXjo,u(ar)] = XM f-a.e.

(4) if p € LT(B) and ¢ € L*(B), then Q(p¢) = QpQy p-a.e.

Proof. In Theorem take (P, P, p) to be (U, %, u) with core M and (T, T,7) to
be ([0,00),0(B),\). Replace r by the map q : M — o(B), defined by q(@) = 0
and q(M) = [0, u(M)]. Since A(g(P)) = 0 and A(g(M)) = a(u(M)) = p(M) when
) # M € M, the map ¢ satisfies (3.1) with equality and with ¢ = 1.

Parts [(a)H(j)| follow directly from the corresponding conclusion of Theorem (3.1
Only requires comment. Translating directly from Theorem we get the
statement of but only under the condition that i be measurable in the o-
algebra generated by {[0, z] : « € I'}. This means that ¢ must be constant on every
component of the complement of I'. But A is supported on I' so every ¢ € L(B)
is equal A-a.e. to one that is constant on every component of the complement of
. O

The next result explores the close connections between the maps R and Q.

Theorem 6.4. Let V(X), V(B), R and Q be as in Propositions[6.4 and[6.5 Then:
(a) If o € LT(B)UV(B), then RQp = ¢ A-a.e.;
(b) If f € LT(A)U(L(A) NV (X)), then QRf = f p-a.e.;
(c) If fe LT(X), p € LT(B) and M € M, then

dy = R d\ d du = R d\;
/Mf(Qcp) , /[OW(M)]( Deds an /U £(Qe) du /[Om)< e

(d) If ¢ € L*(B), then Qp € LY(A) and ¢* = (Qp)*;
(e) If f € LY*(A), then Rf € L*(B) and f* = (Rf)*;
(f) If g € L*(A), then

{héL‘L(A): hdug/ gdu for allMGM}
M M

:{Q¢;¢eL¢(B), Pd\ < Rgd\ for alleO}.
[0,z] [0,z]
Proof. Recall that if x € I';, M, is a element of M of measure x. As in the proofs
of Propositions and [6.3] let 7([0, z]) = M, () and ¢(M) = [0, u(M)].
In view of Propositions [6.9(c)] and [6.(c)] it suffices to prove [(a)] for ¢ € V(B).
In that case, we may apply Propositions [6.2ff)| and [6.3(T)] to get, for all 2 > 0,

/ RQud\ = deu=/ pdr= [
[0,2] Mg () [0,a(x)] [0,z]

where the last equation relies on Lemma which implies that A((a(z),z]) =0
when a(z) < z. Since ¢ € V(B), each of the above integrals converges. Since the
sets [0, z], for & > 0, generate o(B), RQy = ¢ A-a.e.

The argument for @ is somewhat similar. In view of Propositions and
it suffices to prove[(b)|for f € L(A)NV (). In that case, since ([0, u(M)]) =
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M)y = M), by the definition of a, we may apply Propositions and
6.3 to get, for all M € M,

(6.2) /M QR dyi = /WM)] Rfd) = /MM fp = /M fdu,

where the last equation relies on pu(M,(ar)) = p(M) and the total order on M,
which together imply that M,y and M differ by a set of y-measure zero. Since
f € V(X), each of the above integrals converges. Both f and QRf are o(A)-
measurable and the set of M € M generate o(A) so QRf = f p-a.e.

To prove let f e LT(A), ¢ € LT(B) and M € M. As we have seen, M, )
and M differ by a set of p-measure zero. Also, Proposition [6.3(b)| shows that
Qy € L*(A) so, applying [(f)| and |(j)| of Proposition followed by L above, we
get

[ faedn=[  RuQaar= [ - (RpEQedr= [ (rp)pdr
M [0, (M) [0, (M) [0, (M)

To get the second statement of recall that A is a full ordered core so U is the
union of A; C Ay C ... with 4, € A C M. For such a sequence [0, yu(4,,)] increases
to [0,supT] or to [0,00). Since A is supported on I', the monotone convergence
theorem implies

/U FQudpi = /[O,M(Rf”d*

Proposition 2.1.7 of [2] shows that if 0 < ¢, T ¢ A-a.e., then 0 < @f 1 ©*.
Every function in L™ (B) is nonnegative and nonincreasing on [0, c0) so it can be
expressed as the limit of functions of the form ¢ = Zszl QEX([0,a,] Where ag > 0
and x; > 0 for k = 1,..., K. Therefore, it suffices to prove @ for this simple
function . Without loss of generality, assume 1 > z9 > -+ > g > xx4+1 = 0.
Since A((a(x),z]) = 0 when a(z) <z, X[0,2,] = X[0,a(zx)] = X[0,1(Mq(ay))) A-a-€. for
each k =1,..., K. Since @ is additive, Proposition shows that

K
Qp = aXatiey
k=1

A-a.e., which is in L¥(A) by Lemma Also, the only nonzero values taken by
¢ and Qg are Z;=1 ag, for ¢ = 1,..., K with ¢ taking that value on the set
(zi41, 2] and Qg taking that value on My(y,) \ My(s,,,). Lemma shows that
(Me(z,)) = a(z;) = A([0, x;]) for each 4, so we have f* = (Rf)*.

In view of Lemma and [2, Proposition 2.1.7], it suffices to prove @ for
functions of the form f = Zle arXm, where ap > 0 and My, € M for k =
1,...,K. Without loss of generality, assume My D My D -+ D Mg O Mgy = 0.
Since R is additive, Proposition shows that Rf = Zszl QEX[0,u(My)] A-2-€.
which is nonincreasing on [0, c0) and hence in L*(B). Also, the only nonzero values
taken by f and Rf are Y, _, oy, for i = 1,..., K with f taking that value on
the set M; \ M;y1 and Rf taking that value on [0, u(M;)] \ [0, u(M;it1)]. Since
w(M;) = A([0, p(M;)]) for each i, it follows that f* = (Rf)*.

Fix g € L*(A). To show that the two sets in|(f)| are equal, we show each contains
the other. Suppose h € L*(A) satisfies [}, hdu < [,, gdu for all M € M. Take
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¢ = Rh and use [(e)] and [(b)] to get ¢ € L*(B) and h = QRh = Q3. For z > 0,
choose M € M such that u(M) = a(x) and apply Proposition [6.2(f)| twice to get

bd\ = M@z/hwg/ng/ Rgd\.
[0,z] [0,2] M M [0,2]

This proves “C”.
For the reverse inclusion, suppose ¢ € L+(B) satisfies f[o 2] Pd\ < f[o 2] Rgd\

for all z > 0 Take h = Q¢ and use |[(d)| to get h € L*(A). For M € M, apply
Proposition and Proposition [6.2{(f)| to get

/ hd,u:/ Qq/}du:/ zpdAg/ RgdA:/ gdu.
M M [0,(M)] [0,u(M)] M
This proves “O” and completes the proof of O

7. SPACES DEFINED BY CORE DECREASING FUNCTIONS

To use the properties of decreasing functions as an effective tool of functional
analysis, we need to relate them to Banach spaces and operators on Banach spaces.
This was done for decreasing functions on R using the level function and least
decreasing majorant constructions. In this section we define the down space of a
Banach function space using a restricted duality approach and give analogues of
these two constructions for core decreasing functions on a measure space.

Let (U, X, u) be a o-finite measure space with a full ordered core A, let M be
the enriched core of Theorem [.2] let A be the measure of Section [6] and let R
and @ be the maps introduced in Propositions and We assume that A is
full to ensure that the spaces we define below will be Banach spaces. Since core
decreasing functions vanish on U \ UA, without fullness the spaces would be only
semi-normed.

Let X be a Banach function space over U and assume that both X and X’ contain
all characteristic functions of sets of finite measure. This assumption ensures that
our spaces have plenty of core decreasing functions. It also ensures that X' is a
normed, not just seminormed. Observe that every nontrivial u.r.i. space satisfies
the assumption.

Definition 7.1. For a p-measurable function f, let

s =sup{ [ 1flgdu € X0 L gl <1
and X]={f € L, : ||fllx; <oco}. We call X| the down space of X.

Definition 7.2. Let f € L(X). We say f° € L*(A) is a level function of f if for
all g € L¥(A),

/ flgdu = sup{/ |flhdup:h e Li(.A),/ hdp < / gdp for all A € A}.
U U A A
Let X° be the collection of f € L(X) such that f has a level function in X.

Definition 7.3. Let g € L(X). We call h a core decreasing majorant of g if
h € L*(A) and |g| < h p-a.e. We call § a least core decreasing magjorant of g if it is
a core decreasing majorant and for every core decreasing majorant h, g < h p-a.e.

Let X be the collection of g € L(X) such that g has a least core decreasing
majorant in X.
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It is evident that a least core decreasing majorant is unique up to equality pu-
a.e., provided it exists. We will prove existence in Lemma |7.6] The existence and
uniqueness of level functions is discussed in Lemma [7.5)

A level function, above, is defined in terms of the original ordered core A, but,
using Theorem and Lemma it is easy to show that it would not change
if defined in terms of the enriched core M. That is, for all g € L+(A),

(7.1)

/fogdu:sup{/ |f|hdu:h€L¢(A),/ hd,ug/ gd,uforallMEM}.
U U M M

Computation of the norms of “endpoint” down spaces will illustrate Definition
They will be key spaces in the interpolation theory of Section

Theorem 7.4. Let f € L(X) and ¢ € L(B). Then

(a) LH: L}N with identical norms;

() 1Fl3s = 5 aca s [ 1] dis = subrre s iy [y 1] s

(c) if § € L2 then Bf € LX) and | RS |1z, < | Fllies:

(d) if o € L) then Qp € Li?) and [|Qe| Ly < 1@l Ly -
Proof. First recall that (L)) = Ly® and (L°) = L},.

If fgllze < 1, then fy [flgd < Iflzy 50 [ fls, < fllz3- On the other hand,

taking g to be the constant function 1, we have g € L*(A) and lgllee < 1, s0

I£11zs, = Jir [flg dp < [1fz3y- This proves(a)}

Theorem and Lemma show that the values of the two suprema in @
coincide. Let v be their common value. Fix M € M with u(M) > 0 and set
g = (1/p(M))xn. Then ||g||zy <1, g € L*(A), and

1
,M/ledu/UIflgdus [T

Take the supremum over all such M to get v < |[/f|[L=,. On the other hand,
Jog | fldp < [y, vdp for all M € M. Corollary [4.4]shows that for all g € L+(A),

[ 1ntgdn< [ vodu=vlglsy.
U U

Take the supremum over all such g with [|g||z; <1 to get || f[|zsey < v. This proves

If fe L], fix x >0 with A([0,z]) > 0, and, by Lemma choose M € M
such that u(M) = A([0,z]). By Proposition [6.2] parts [(e)] and [(T)

1 1 1
— d\ dA\ = —— d o] .
A([0,z]) /[O,z] el = A([0, =]) /[O,:r} Rl (M) /J\/[ [fldp < ||f||LH¢

Take the supremum over such x and use the expression for [|¢[/1se given in Section

EA o gt [0]
If p € LYY, fix M € M with u(M) > 0. By Lemma A0, u(M))]) = p(M)

so, by Proposition parts @ and
1

1 1
w0 /M |Qeldp = i) /MQlcpldu = A([(LM(M)])/[O,M(M)] ol dX < ||l Loy

Take the supremum over such M to get @ [
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Next we show that each f € L(X) has a level function, which is unique if f is
bounded. If f has a level function which takes the value co on a set of positive
p-measure, then one easily verifies that the constant function oo is also a level
function of f, so we can’t expect that every f has a unique level function. The next
lemma shows there is a consistent choice of level function (effectively choosing the
smallest one) that justifies referring to “the” level function of f even when f° takes
infinite values.

Lemma 7.5. There is a unique map f — f° from L(X) to L*(A) such that f° is
a level function of f and if 0 < fp, 1 f p-a.e., then f2 1 f° p-a.e.

Proof. Let f € LT(X), let (Rf)° be the level function from Section and set
o =Q((Rf)°). Since (Rf)° € L*(B), Theoremshows fo € LY(A). Now fix
g € LY(A). Theorem shows Rg € L*(B) and Theorem together with
results of Section [2.3] show

/U fogdp = /[O’OO)(Rf)”RgdA

sup{/ (Rf)yd\: v € LY(B), qu)\g/ Rgd\ foerO}.
[0,00) [0,z]

[0,]
But [, .\ (Rf)¥d\ = [;, fQ dp by Theorem s0 in view of Theorem [6.4[F)
we have

/fogd,u:sup{/fhdu:hELi(A),/ hdug/ gduforallMEM}.
U U M M

By , f° is a level function of f. If f € L(X), set f° = (|f])°. It is immediate
that f° is a level function of f.

If0 < f, 1 f p-a.e., then Proposition [6.2) parts @ and imply that 0 <
Rfn, T Rf A-a.e. and the results of Section [2.3|show that 0 < (Rf,)° T (Rf)° M-a.e.
From Proposition we get (fn)° 1 f° p-a.e.

Suppose f + f* is another map from L(X) to L¥(A) such that f® is a level
function of f and if 0 < f,, 1 f p-a.e., then f2 1 f°® p-a.e. Then, for each f €
L(X)NLye, f* and f° are non-negative, o(M)-measurable and, taking g = xas in
Deﬁnition satisfy [y, f*dp = [y, £ dp <||flleep(M) < o0 for all M € M. Tt
follows that f® = f° u-a.e.

For every f € L(X), |f| can be expressed as the limit of an increasing sequence
of f € LY(X)N LY. Since fo 1 f*, f7 1 f° p-a.e. and fr = £ p-a.e for all n, we
have f* = f° pu-a.e. This proves uniqueness. (I

As Example shows, if g € L(X), the natural analogue of the definition of v
given in Section 2.3 may fail to give a least core decreasing majorant of g. The next
lemma takes a different approach.

Lemma 7.6. Every g € L(X) has a least core decreasing majorant g, which is
unique up to equality p-a.e. If g, € LY(X) and g, 1 g p-a.e., then g, 1§ p-a.c.

Proof. Let g € L(X). Choose an increasing sequence of core sets A, such that
U = U521 A,. Thisis possible because A is a full ordered core. The functions g and
|g| have the same core decreasing majorants so we may assume g is non-negative.
First suppose ¢ is bounded above so g has a finite core decreasing majorant. For
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each n, let 3, = inf [ A, hdu < oo, where the infimum is taken over all core de-
creasing majorants h of g, and choose a core decreasing majorant h,, of g such that
/ A, hndu < Bp + 1/n. Since the minimum of two core decreasing majorants of g
is again a core decreasing majorant of g, we may assume that hy > ho > .... The
limit of h,,, call it h, exists and is a core decreasing majorant of g. If f is a core
decreasing majorant of g, so is min(f, ). Thus, for each n,

1 1
/ hdug/ hndu<ﬁn+f§/ min(f, h) du + — < 0.
An A, n A, n

Thus
1
/ h —min(f, h)dp < —.
Ay n

The function A — min(f, k) is nonnegative and, letting n — oo we see that its
integral on U is zero. Therefore f > h p-a.e. This shows that h is a least core
decreasing majorant of g.

If g is not bounded above, let hy, be a least core decreasing majorant of min(g, k)
for Kk =1,2,.... Then hj is an increasing sequence and it is easy to see that its
limit is a least core decreasing majorant of g.

Uniqueness, up to equality p-a.e., is clear. Finally, if 0 < g, T g p-a.e., it
is immediate that g, increases with n p-a.e. Moreover, its limit is a least core
decreasing majorant of g. Uniqueness shows that the limit is equal to g p-a.e. [

With our two constructions in place, we give some properties of the down space
and its associate space X’. In Theorem we will get a stronger conclusion for
X| and X° when X is assumed to be u.r.i.

Theorem 7.7. The set X, equipped with the norm || - ||x;, is a Banach function
space with the Fatou property. If f € X", then ||fllx, < |fllx~ and, if f° € X",
then || fllx, < 1/°]1x. k

The map g +— g is sublinear. The set X, equipped with the norm, | - || is a

Banach function space. It has the Fatou property if X does. Also, X|= (X’)/, with

identical norms, and X|'= X', with identical norms.

Finally, L = L5

s with identical norms.

Proof. The map f + || f|lx, is nonnegative, positive homogeneous, and satisfies the
triangle inequality. This ensures that X is a real vector space. The lattice property
and the Fatou property of X |, which implies completeness, follow by standard
arguments, the same as those that prove the associate space of a saturated Banach
function space is a Banach function space with the Fatou property.

Now suppose that ||f]lx, = 0. If M € M and p(M) > 0, then xp € X’ and
0< ||XM||X’ < 00. But xyu € Li(.A) SO

0= 17l = [0 dp= o |l
v Il x Ixamll xS
Since A is a full ordered core, this implies fU |f|dp =0so f =0 p-a.e. This proves
that X| is a Banach function space with the Fatou property.
Dropping the condition g € L*(A), in the definition of || f||| x|, gives the definition
of [[fl[x+. Thus [[f[lxy < [[fllx.
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If g € LY(A) and ||g][x: < 1 then, taking h = g in the definition of a level
function, [, |flgdp < [;; f°gdp < | f°[|x~. Taking the supremum over all such g,
we have [[£]lx, < [1f°]x".

The map g — g is clearly positive homogeneous and is also subadditive: If
f =g+ h, then |f| < |g| + |h] < §+E which is core decreasing, so fv< §+E
Thus the map is sublinear. This makes it easy to verify that g — ||g||X is a norm.
If | f| < g then f < gso X satisfies the lattice property. To prove X is complete,
we will prove that it has the Riesz-Fischer property, that is, if 0 < g,, € X satisfy
S llgallg < 00, then |32 gallg < 5300, llgnllg. See 25, 15.64.2]. For
such functions g,, let G = > | g,, and observe that Y, g, is a core decreasing
majorant of G and hence majorizes G. Since X is complete, it has the Riesz-Fischer
property, so

161 =[Gl < [ 300 = D lanllx = 3 lalls

n=1 n=1 n=1
Thus, X is a Banach function space. Finally, if X has the Fatou property, and
0 < gn 1T g p-a.e., then g, 1 g p-a.e. so ||gnllx T119]lx. Thus X also has the Fatou
property.

If g € L*(A) and ||g||x» < 1, then g = g so we have ||g|5 < 1 and conclude that
Jo [ fgldp < Hf||(X,), Take the supremum over all such g to get || f||x; < ||f||(X,),.
On the other hand, if ||g|| < 1 then g € L*(A) and [[g]|x < 1 so the definition
of X| gives [, |fgldu < fU |flgdu < ||fllx,. Taking the supremum over all such g

gives ||fH(X, » < || fllxy- This shows that X|= (X’) with identical norms.

It follows that X|'= ()?’ )”, with identical norms. But X’ has the Fatou property,
and therefore so does X’. Thus X|'= ()?7)” = )A(/’, with identical norms.
Since |g| < g p-a.e, ||gl[Le < [lgllz=- But the constant function with value [|g[[ 1
o

is trivially core decreasing and majorizes g so g < [|g||rs. Thus ||gHj::§ < llgllze

as well. So i;’g = L7, with identical norms. O

8. INTERPOLATION

Here we express the K-functional for the couple (L}“ L°]) in terms of the level

function and the K-functional for the couple (L}, L;°) in terms of the least core
decreasing majorant. Then we show that both couples are Calderén couples with
divisibility constant 1. Finally, we describe all the interpolation spaces for both
couples by relating them to u.r.i. spaces.

Let (U,%, u) be a o-finite measure space with a full ordered core A, let M be
the enriched core of Theorem let A be the measure of Section [} and let R and
Q@ be the maps introduced in Propositions and

The mapping properties of () and R show that ) is an admissible contraction
from (L}, L3°) to (L}, L) and R is an admissible contraction from (L, L) to
(L}, L%°). This remains valid for other couples of interest.

Lemma 8.1. The maps Q and R have the following mapping properties:
(a) Q is an admissible contraction from (L3, L)) to (Lh,LlioL),'
(b) R is an admissible contraction from (L,,, L)) to (L}, L3°));
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(c) Q is an admissible contraction from (I:g, L) to (E, Lie);
(d) R is an admissible contraction from (L’l“ L) to (L, L),
Proof. Proposition [6.3(g)| and Theorem [7.4{(d)| prove @ Proposition and

Theorem |7.4(c)| prove |(b)| If1/) € L}\, then \Q1/;| < Qly| < QY € L*(A), by parts
@ and of Proposition It follows that Qw < QTZJ Thus,

1Qulz = 1@¥ley < 1Q9ley < 11y = 9l

This inequality, combined with Proposition ﬁ proves |(c)l If g € E;ll, then

|Rg| < R|g| < Rg € L*(B), by parts and |(d)| of Proposition [6.2} It follows that
Rg < Rg. Thus,

IRgllzy = 1Rglley < I1Rglley < lgllzy = llgllz-
This inequality, combined with Proposition [6.2(h)| proves @ O

If X is u.r.i. and has the Fatou property, the next theorem shows that X° is
a Banach function space by showing that it agrees with X |. It will follow from
Theorem that X° is a Banach function space for any u.r.i. space X.

Theorem 8.2. If X is a u.r.i. space then X|= (X", with identical norms. If X
also has the Fatou property, then X|= X°.

Proof. From Theorem [7.7 we have || f||lx, < [|f°||x~ for all f € (X")°.

If f € X| we can choose non-negative functions f,,, with each one bounded above
and supported on some A, € A, that satisfy f™ 1 |f| and hence (f,)° 1 f° u-a.e.
Since X" and X | have the Fatou property, ||(f,)°|lx~ increases to ||f°||x~ and
|| fnllxy increases to || f]|x;. Therefore, when proving ||f°||x» < || fllx; we are free
to assume that f is nonnegative, bounded above, and supported on some A € A.

Fix such an f and apply Proposition [6.2] E parts @ -, and . to see that
R f is non—negatlve bounded above and supported on some 1nterval [0, 2] for some

€ [0,00). By |20, Proposition 1.5], (Rf)® = Jf(Rf), where the operator Jy is
deﬁned by

Jp(a) = {A(ll)flgod)\, relel;
o(x), z ¢ Urezl;
for some countable collection Z of disjoint subintervals of [0,00) depending on
f. By Proposition 1.4], we see that if ¢,v € L*(B), then f(o,oo] VJppd\ =
f(O,oo] oJpbd\ and if ¢ € LY(B) then Jpp € LY(B). It is clear that el <
[¢llse, and the formal self-adjointness just mentioned implies [|Jol[1 < [l L1
Thus Jy is an admissible contraction on (L3, L3°).

Fix a nonnegative g that is also bounded above and supported on some A € A
and let J; be the corresponding operator for g, so (Rg)° = J4(Rg). Using the
formulas f° = Q((Rf)°) and ¢° = Q((Rg)°) given in the proof of Lemma
we have f°g° = (QJrRf)(QJ,Rg) = Q((JfR[)(J4Rg)), by Proposition [6.3(3)} So
Definition Theorem and formal self-adjointness yield

[ rrans [ roatn- /[O’DO)(JfRf)(JgRg)d)\Z | 113,79
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Since X’ is w.r.i., it is an exact interpolation space for (L, L°). It follows from
Lemma that QJyJyR is an admissible contraction from (L}, L;°) to itself so we

o

have ||QJrJ,Rgllx' < |lgllx/- But QJ¢J,Rg = QJs(Rg)° € L*(A) and therefore,
J#rodns [ rQupaimgar < flxllx-
0,00

For any g € X', with ||g||x» < 1, we can express |g| as the pointwise limit of a
increasing sequence of functions g, of the above form. By the monotone convergence
theorem,

/ 719l du < 11l
U

Taking the supremum over all such g proves || f°| x» = || f|lx;-
If X has the Fatou property, then X" = X and the last statement follows. [

Next, to help with the K-functional for (L}L, Liel), we build a family of decom-
positions for functions in LllL + L7l
Lemma 8.3. For 0 < f € L, + L°| there is a map Dy : [0,00) — L*(A) such
that: 0 < Dy(y) < 1 for all v > 0; if [, 9du = [,, fdp for all M € M, then
Dy =Dy p-a.e.; and if f = f1 + foo with 0 < f1 € LL and 0 < foo € L7, then
I1Ds(M ey, < falley,  and (|1 = Dyp(y))fllLz < |l fsol
when v = |1y

Proof. For each map © : M — [0,00) and each x € ©(M) chose an N, € M
such that ©(N,) = x. This a priori choice of N, will avoid issues with possible
incompatible choices later.

Fix a nonnegative f € L}, + L°| and suppose 0 < f; € L}, and 0 < fo € L]
such that f = f1 + foo. For each M € M,

(8.1) /MfdMZ/Mﬁdqu/MfooduS 1Al

Set ©(M) = [,, fdp and let N,, for z € ©(M), be those determined above. By
Theorem [4:2] M is closed under countable unions and intersections, showing that
O(M) = { [y, |fldp : M € M} is a closed subset of [0, 00) containing 0. For each
v >0, set

Leol

s+ 1 fooll ey (M) < o0

ay =sup[0,7]NO(M) and b, = inf[y,c0) NO(M),

where inf ) = co. Then a,, b, € ©(M) and either a, =~ = b, or a, < < by < c0.
Ifa, <vy<b, <oo,set
by —v YOy

D = .
f(fy) b’y _ a’y XNa,y + b'y _ a’y XNb.Y

Otherwise, set Dy¢(y) = xn,, . Evidently, Ds(vy) € LY(A) and 0 < Dy(y) < 1. If
0<gelL,+Lyland [,,gdu= [, fdu forall M € M, then f and g give rise
to the same ©, the same N, and the same a., and b,. Therefore Dy = D,,.

To prove the last statement of the lemma, we let v = || f1]] L and, for convenience,
write a = ay and b = by. First we show that [ Dy(v)flly < [Ifillry: If Dy(y) =
XN, then

1.
L,

15 () flley, = /N fdp=a<y=fl



24 ALEJANDRO SANTACRUZ HIDALGO AND GORD SINNAMON
Otherwise,
b—~ y—a
D =— dp + —— du=r~= .
1Dy =y [ S 3= [ fan=r =15l

On the way to proving that ||(1 — Ds(7))
MeM,

(82) /M frdp < /M Dy(v) [ dp.

Fix M € M. The definition of ©(M) ensures that [,, fdu <aor [, fdu>b.
Case 1. a <y <b<oo: If [,, fdu < a, then

[ tans [ gdus [ sawso [ au=[ gau=[ au
M Ng Ny M MNN, MNN,
because M is totally ordered. Thus,

b— —a
[onans [ pan=7=2 [ pausZ=2 [ pa= [ pyo)ran
M M —a Jymnn, - MNN, M
Iffoduzb, then

/ fdu < fduﬁ/ fdp.
N, N, M
Since M is totally ordered,

a:/ fd,u:/ fdp and b= fd,uz/ fdu.
N, MNN, Ne MNN,
Therefore,

a
[ opdwsy=i=2 [ gawe =t pae= [ Disan
MAN, —a Junn, M

Case 2. a <y <b < oo fails: If [, fdu < a, then

/Mfdu</Nufdu 0 /Mfdu:/mNafdu,

because M is totally ordered. Thus,

[ sans [ an= [ ran= [ Diesan

If fM fdu > b, then a =~ = b so, because M is totally ordered,

/Mf1du§7=/NafdMZ/MmNafdMZ/MDf(w)fdu.

This completes the proof of (8.2]).
Using (8.2)), we get

/M(l—Df(v))fduZ/Mfdu—/MDf(W)fduS/Mfdu—/MﬁduS/Mfoodu

for each M € M and it follows that
[(L=Dr(v)) flleeer < N foollLsey-
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The properties of Dy(vy) are the key to proving a formula for the K-functional
of (L, L)),

Theorem 8.4. Let 0 < f € L}L + L7l andt > 0. Then

t
K(f,t; L, L)L) = K(QRf,t; Ly, LYl) = K(Rf,t; L}, L)) = / (f2)"
0
Proof. Tt follows from and Lemma that
(8.3) K(ft;L, +Lyl) = mf 1D (Mllzy + A = D) F g

By (6.2), [,, QRfdp = [y, fdp for all M € M. So by Lemma [8.3, Dors = Dy
and Dy € LT (A). It follows that (1 — Dy)xn € LT (A) so, by Propositions

and 6.3(c)l and Theorem [6.4(b)]
/Df("/)QRdeZ/ fQR(Df(W))d/i:/ JD¢(y) dp
U U U

and, for each M € M,

[ a=Ds)xaQRsdu= [ JQR(U-Dyan)du= [ F(1-Dsa))ar i
U U U
We conclude that

1D (MQRFILs = 1D fllzs  and

[(1=Dy(M)QRflLzes = (1 = Dy() fllLee-
Using these in the right-hand side of (8.3]), we get
K(fit; Ly, Li2)) = K(QRS, 45 Ly, Lydl).
Using Lemma two applications of , yield
K(QRf,t; Ly, Li*)) < K(Rf t; L3, LY°L) < K(f t; Ly, LYL)

so we have equality throughout.

Since f € L*(X), Rf € LT (B) by Proposition [6.4(b)l Let (Rf)° € L+(B) be the
level function of Section From the proof of Lemma|7.5] f° = Q((Rf)°) € L*(A)
is a level function of f. By Theorem [6.4(d)] ((Rf)°)* = (f°)*, so from Section [2.3]

we have
t t
K(RLELLL30 = [ () = [
0 0
This completes the proof. ([l

Calculation of the K-functional for (LN}H ij’) relies on properties of the rearrange-
ment.

Theorem 8.5. If 0 < g € Z’E + LY andt >0, then
_ __ N t
K(QRg,t; L}, LY) < K(Rg,t; L}, L) < K(g,t; L}, LyY) =/ 9)",
0

with equality throughout when g € LT (A).
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Proof. Let 0 < g € E;IL + Lj7. Using Lemma two applications of (2.1, yield the
first two inequalities above. They hold with equality if g € L(.A), because Theorem

@ applies and we have QRg = g. It remains to prove that K(g,t; L}N LZO) =
@ N

Suppose 0 < g1 € L}H 0 < goo € L7, and g = g1 + goo. Sublinearity of the
least core decreasing majorant, see Theorem shows that § < ¢1 + goo- By
[2, Proposition 2.1.7], for every € € (0,1),

/0 @7 (s)ds < / (G + §)" () ds < / (G (1 — €)s) ds + / (§)" (e5) ds.

Now

t 1 (1—e)t 1 1
71)" (1 — ds = 71) (s)ds < —— | Giduy= —— _
[@r-agas= = [ @< = [ @a-laly

and

t
/ (§)"(e5) ds < tgoc 1
0

Letting € — 0 we get

t
[ @ s <l + ol
0

and, taking the infimum over all such decompositions of g, we conclude that

t o~
/0 ) < K(g,t; 1, L),

For the reverse inequality, fix ¢ > 0 and set y = (g)*(¢). Let g1 = max(0,g — y).
Since g < g € LY A), g1 < max(0,§ —y) € LY(A). If 1 < h € L¥(A), then
g < h+y¢c LY A)sog < h+y. This shows that g = max(0,§—y). Since (§)* >y
on [0,¢] and (g)* <y on [t,00), we can apply [2, Exercise 2.1], to get

lorllg = [ max0.3 =) du = [ max(0. @ =) = [ @ .

Evidently, g — g1 = min(g,y) < y so [[g — g1z < y and we conclude that

K(g,t;f,i,LzC)g/O(@)*—y>+ty:/0 @".
O

The next two theorems show that both (L, L® ]) and (EE,L;O) are exact
Calderén couples.

Theorem 8.6. (LL,LZ%) 15 an ezact Calderén couple.

Proof. Suppose f,g € L, + L | satisty K(f,t; L), L;°)) < K(g,t;L},, L)) for
all ¢ > 0. To show that (L}H Li2l) is an exact Calderén couple we need to find an
admissible contraction from (L}A, Lgel) to itself that sends g to f.

Write f = (sgn f)|f| and |g| = (sgn g)g and observe that the maps h +— (sgng)h
and h — (sgn f)h are both admissible contractions from (L}, L°|) to itself. The
first takes g — |g| and the second takes |f| — f. It remains to find an admissible
contraction that sends |g| to |f|. This reduces the problem to the case f > 0 and

g > 0, which we assume in what follows.
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We will exhibit three admissible contractions, mapping g to Rg, then Rg to Rf,
and finally Rf to f. By Lemma R is an admissible contraction from (L}L, Lff’i)
to (L3, L)) so the step that maps g to Rg just uses R.

By Theorem 8.4

K(Rf,t; L}, L)) < K(Rg,t; L}, L))

But (L}\,Lio 1) is a Calderén couple, see Section so there is an admissible
contraction H from (L}, L)) to itself such that HRg = Rf, and the second step
is complete.

By Proposition [6.(b)}] Rf > 0. For z > 0, let w(z) = 1/Rf(z) when Rf(z) # 0
and w(z) = 0 when Rf(xz) = 0. Set Wiy = fQ(wv) for all nonnegative ¢ €
L}\ + L. Evidently, W is additive and positive homogeneous. For each M € M,

/ Wd)d,u:/ (Rf)w¢dA§/ V.
M [0,1(M)] [0,(M)]

Since A is a full ordered core, the monotone convergence theorem shows
(8.4) Wl < 9llLs-

By Section Theorem and by Lemma which shows A([0, u(M)]) =
w(M), we also have

(8.5) WLy < [l

A standard argument shows that W extends to be a linear operator from L} 4+ L3°]
to L}L + Lg°d, and the norm inequalities (8.4) and (8.5 remain valid. The extended
W is an admissible contraction from (L}, L3°}) to (L,,, L;°]). To see that WRf = f

we observe that wRf < 1so W(Rf) = fQ(wRf) < f by Proposition [6.3(h)l Also
for each M € M,

WRfdy = Rf)wRf d\ = Rfd\= dp.
O L L

Since A is a full ordered core, it follows that WRf = f, p-a.e. Thus, the third step
uses the extended map W.

Composing these maps, we see that WHR is an admissible contraction from
(L, Ly2)) to itself such that WHRg = f. O

Theorem 8.7. (L}“Lff) is an exact Calderdn couple.

Proof. Suppose f,g € L}L + L2 satisfy K(f, t;ﬁ,Lfﬁ) < K(g,t;ivb,Lff) for all
t > 0. To show that (L}, L7°) is an exact Calderén couple we need to find an

admissible contraction from (L}, L7°) to itself that sends g to f.
As in the proof of Theorem we may assume that f and g are nonnegative.

Since g € L(A), f=7F and E =g, Theorem 8.5 shows that
— t t —
KRF6IL ) = [0 < [ @ = KRgsIL00)
0 0

From Section (IT}\,LKO) is a Calderén couple so there exists an admissible
contraction H from (L}, L$°) to itself such that HRg = Rf. Lemma implies
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that QH R is an admissible contraction from (ZE, L?) to itself and, since fe LA,
Theorem shows that QH Rg = QRf: f

It remains to find admissible contractions W; and W, from (LN}L, LY to itself,
such that WQf: f gnd Wig :~§, since then WoQH RW; will be the desired map.

Let 0(s) = f(s)/f(s) when f(s) # 0 and 6(s) = 0 otherwise. Then let Wah = 6h
and note that Wg]? = f. Since |f| < 1, W5 is an admissible contraction from
(LL, L) to itself.

The map Wj is constructed in the same way as the map Wi in the proof of
[15, Theorem 2.3]. The argument is short so we repeat it here. On the one-
dimensional subspace Rg of i; + LiY the map Wi(ag) = ag is trivially linear
and satisfies W1h < hfor h € Rg. Theorem shows that h — h is sublinear
so we may apply the Hahn-Banach-Kantorovich theorem, [1, Theorem 1.25], to
extend W; to be linear on EE + Lff’ so that Wih < h remains valid. At —h it
gives —Wih < —h = h so [Wih| < h. Thus [Wih|ze < [[Al|e = ||hl|Le and
[Wih| = < ||7L||i7 = ||h|| 77, so W1 is an admissible contraction from (EE,LEO) to

w W W

itself that maps ¢g to g. This completes the proof. O

To get the best result from the fact that (L}“Lff J) is a Calderén couple, we
need to find the divisibility constant for the couple.

Lemma 8.8. The divisibility constant of (L}” L) is 1.

Proof. Suppose 0 < f € L}L + Ly | and w; are nonnegative, concave functions on
(0,00) that satisfy > 77, w;(1) < oo and K(f,t; Ly, Lo ) < 3277, w;(t), for all

t > 0. By Proposition Lemma and Theorem we have 0 < Rf €
L} + LY and

K(Rf, LY, L)) = K(f.t: Ly, L)) <) wj(t).
j=1

By [14, Corollaries 3.9 and 4.7], (L}, L$])) has divisibility constant 1. So, there
exist functions p; € L} + L] such that K(pj,t; L, L)) < wj(t), for all j and
t, and Z;il @, converges to Rf in L}\ + L. Because Rf is nonnegative, we
may assume that ¢; > 0 for all j, since otherwise we can replace them with 1,
defined by ¢ = min(|e1, Rf) and ¢p1 = min(|pni1|, Bf — (1 + -+ +¢y,)) for
n=12,.... By (6.2) and (8.1)),

/MQRfd,uz/Mfdu<oo

for all M € M. Since QRS is o(A)-measurable, {u € U : QRf(u) = 0} is o(A)-
measurable and hence

QRfdn= [ dp.
{ueU:QRf(u)=0}
whence {u € U : QRf(u) = 0} is p-almost contained in {u € U : f(u) = 0}.
Set f; = (fQe¢;)/QRf when QRS is nonzero and f; = 0 otherwise. Then

0= /
{ueU:QRf(u)=0}

(8.6) > fi=(fQRf)/QRf = f
j=1
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p-a.e. In particular, 0 < f; < f p-a.e for all j. Now fix j. The definition of

f; implies that fQe; = (QRf)f; p-a.e. and we get QRf, Qp; € LT(A) from

Proposition so we may use Proposition and Theorem to get
(Rf)RQp; = R(fQp;) = R(QRS)f;) = (RQR[)Rf; = (Rf)R;.

Since f — f; > 0, Rf — Rf; > 0so Rf; = 0 whenever Rf = 0. Therefore, we may

cancel Rf above to get RQy; > Rf;. This inequality, Lemma and (2.1)), give

By Theorem M this gives K(f;,t; L}L,Lff’i) < wj(t). This estimate, along with
and the completeness of L}L + L7, shows that for each n,

n—1 00 00 oo
Hf - Z fj‘ LL+Lse) - H Z fj‘ L1 4Lee) = Z ”fjHLiJFLﬁOi < ij(l)v
j=1 L + j=n I r j=n i=n

where we have used the identity ”fj”L}ﬁLﬁ"i = K(f;,1; L}L, Liel). The right-hand
side above is the tail of a convergent series, so it goes to zero as n — oco. We
conclude that E;‘;l f; converges to f in Li + L7l

To drop the nonnegativity assumption on f, construct the f; for |f|. It is easy
to verify that the functions sgn(f)f; give the required decomposition of f. O

We also need the divisibility constant for (L}, L5°). In [15, Lemma 3.2 and
Theorem 4.3] this is established for the usual order on the half line with Lebesgue
measure and the tools are provided to extend it to o-finite measures. We follow the
method here.

Lemma 8.9. The divisibility constant of (ZE“ Lie) is 1.

Proof. In this paper so far, a Borel function ¢ on [0, 00) is viewed as A-measurable
and ¢* denotes the rearrangement with respect to A. In this proof we will also need
to view such functions as Lebesgue measurable. To avoid confusion, we use ¢# to
denote the rearrangement of ¢ with respect to Lebesgue measure on [0, 00).

Recall the functions a(z) and b(x) introduced in Section [6}

Ifxgy >+ >xg > 21 =0 and ag,...,ax are positive real numbers, then,
for each j, ¢ = Ele OkX[0,0,] takes the value Y7 | ap on (x;41,;], a set of
A-measure a(x;) — a(x; + 1) according to Lemma In the proof of the lemma,
we find that b(z) < z if and only if z < a(x). Therefore, ¢ o b takes that same
value on (a(xj+1),a(z;)], a set of Lebesgue measure a(z;) — a(x; + 1). These are
the only nonzero values the two functions take, so ¢* = (¢ o b)#. Taking limits of
increasing sequences of such functions, and applying [2, Proposition 2.1.7], we see
that this formula remains valid when ¢ is any nonnegative, nonincreasing function
on [0, 00).

Suppose 0 < g € L}, + L and w; are nonnegative, concave functions on [0, o)
such that Z;’;lﬁj(l) < oo and K(g, t;Lb,LE) < Z;‘;l w;(t), for all t. Our object
is to find g; € L}, + Li° such that K(g;,t; L}, L7?)) < w;(t), for all j and ¢, and
> =1 g converges to g in L}, + L.

Since g € L*(A), Rg € L¥(B). Since b is nondecreasing, (Rg) o b is nonnegative
and nonincreasing. For each ¢ > 0, we apply the above rearrangement formula,
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Theorem and Theorem [8.5|to get
t t t N 00
[wpen® = [y = [[@ = K@.6LL12) < S wite
0 0 0

By [3, Theorem 5b] there exist nonnegative, nonincreasing, Lebesgue measurable
functions x; € L' 4+ L> such that fot /ﬁf < wj(t), for all j and ¢, and Z;’il Kj
converges to (Rg) ob in L' + L>. By Lemma x < b(z) and b(b(x)) = b(x) for
all x > 0. Thus

oo

0< ) rj(x) = r;(bx)) = (RG)(b(x)) — (RG)(b(b(x))) = 0

Jj=1

and so k; = k; o b for all j.
Set g; = (9/9)Qk;. Since k; € L¥(B), Theorem [6.4(d)|shows that Qr; € L*(A)

and (Qk;)* = K. But g < gso g; < Qk; and we get g; < Qx; and (g?)* < Kj.

Thus, for all j and ¢, Theorem [8:5] shows

K(gj,t;LTg,L;O)):/ /K; _/0 o b)* /H < w;(t).

By Lemma x = b(z) Mae so (Rg) ob = Rg Ma.e, Theoremgives
Q((Rg) ob) = QRg = g p-a.e. Thus, by the Monotone Convergence Theorem,

Zgj = (9/DQ( D k5) = (9/DQURG) o b) = g

Jj=1

p-a.e. This, and the completeness of iz + L7, shows that for each n,
n—1 foe) 0o oo
EDIC P DIV FNNED DI 1 FANED SOCY
j=1 w I j=n H H j=n j=n

where we have used the identity ngHiEJrLgo = K(gj,1; L}, LyY). The right-hand
side above is the tail of a convergent series so it goes to zero as n — co. We conclude
that Z;‘;l g; converges to g in L, + L7,

To drop the nonnegativity assumption on g, construct the g; for |g|. It is easy
to verify that the functions sgn(g)g; give the required decomposition of g. [

We end by summarizing the interpolation properties of the couples (LL,LZOU

and L1 L) as they relate to the universally rearrangement invariant spaces. See
Sectlon @for terminology.

Theorem 8.10. Let X, Y, and Z be Banach function spaces of A-measurable
functions. Then
(a) X € Inty (L}, L°) if and only if X is w.r.i.;
(b)Y € Intl(LllL, Liel) if and only if Y = X°, with identical norms, for some
u.r.i. space X;
(¢c) Z € Inty (L}, L?) if and only if Y = X, with identical norms, for some
u.r.1. space X.
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(d) If X and X' contain all characteristic functions of sets of finite measure,
then (X1) = X' with identical norms, X |= ()7’)' with identical norms,
XCXCX"CX| and (X")° C X|;

(e) If X is u.r.i., then X|= (X")° with identical norms, and X C X°;

(f) If X is w.r.i. and has the Fatou property, then X |= X° with identical
norms.

Proof. The following diagram may help to clarify the relationships described above.
The proof continues below.

Ly

Inty (L), L))

X1

: u.r.i. spaces
X Int, (L}L, ij’) X
atou ‘

Int (LL, L)

wr

1
L,

X
®

parameters of the K-method

Consider the collection of all triples
((L,lp Lz,o)‘ba (L;l,w LZO\I/)<1>7 (L}u LZO)(I))
as ® runs through all parameters of the K-method. The first entry of each triple
is in Inty (L, L;?), the second entry is in Inty (L, L7°]) and the third entry is in

w?

Intl(iz,Lzo). Part H, above, was proved in [5]. It shows that the collection of
first entries in these triples is exactly the set of u.r.i. spaces over U. Theorems [8.4
and [8.5 show that

K(f.t;L,,, L)) = K(f°,t;L,,,L®) and K(g,t; L}, L") = K(g,t; L,,, L>).

Therefore, every triple is of the form (X, X°, X ) for some u.r.i. space X. Conversely,
every (X, X, X), where X is u.r.i., is in the collection. Since both (L},, L°]) and

(L}, Ly?) are exact Calderén couples with divisibility constant 1, |4, Theorems 3.3.1
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and 4.4.5 and Remark 4.4.4] show that every Y € Intl(L/i, L{r]) is the second entry

in some triple, and every Z € Int1 (L}, L7°) is the third entry in some triple. This

proves [(b)| and |(c)|

The results follow from Theorem and two of the remaining three
statements appear in Theorem [B:2] We show that if X is uwr.i., then X C X
Since || fllzey < [[fllpge for all f, K(f,¢; Ly, Lptl) < K(f,t; Ly, Ly?) for all f and

t. That is, fot(f")* < fg f* for all f and ¢. Since X is u.ri. we get || f|lxo < ||f]lx
for all f. This shows X C X°. (]
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