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1. Introduction

The operator R,, is defined by

Raof(r,x) = //f rls|V1 — 2, @+ tr) (1 — t2)*7 121 — $2)* L dt ds

for > 0 and by
Rof(r,z) = /f (rv1—t2, @ +tr)(1 — )2 dt

when a = 0. These operators have been extensively studied in [1] and [6], as well
as in a more general form in [3]. They arise in connection with the system

9 o ai1o @
o2 r  Or 0Ox2

of partial differential operators. The boundedness of integral operators associated
with a related differential operator is studied in [4].

The Lebesgue spaces LP with weights of the form |z|* are a natural collection to
consider when boundedness of integral operators is concerned, see [7, 8, 10]. This
is particularly true when studying integral operators connected with differential
systems. Knowing the range of the parameter o and the index p for which an
operator is bounded on weighted Lebesgue space gives quantitative information
about the rate of growth of the transformed functions, about the operator itself,
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and about the original differential system. For some research in this direction, see
2, 5,9, 11, 12).

In this paper we consider the boundedness of the operators R, on the weighted

Lebesgue spaces LP((0,00) x (—o0,00),7?drdz). For convenience we refer to this
space as Lg and denote its norm by

1/p
| fllp.8 = </ / (r,x) |prﬁ dr dm) .

Here § can be any real number. The space LY = L* does not depend on 3, and

[flloc.s = | Flloo = esssup{|f(r, x)] : (r;2) € (0,00) x (00, 00)}.

Our object is to investigate whether or not R, is a bounded operator on L’ﬁ’,
that is, whether or not there exists a constant C' such that the inequality

[1Bafllpp < Clifllps

holds for all f € L%. This question is completely answered. In addition, we provide
a formula for the least possible constant C' for which the inequality holds. This is
called the operator norm of R, on Lg.

As usual, for p € [1,00] we define p’ by 1/p+1/p' = 1.

2. Determining the Operator Norm
Making the substitution ¢ = sinf and observing that the integral defining R, is

symmetric in s, places the operators R, and Ry in the form that we will use most
often:

9 1
Raf(r,z) = e / / f(rscos®,x + rsinf)(cos§)?*(1 — s2)* L dfds
T —7/2
for o > 0 and

w/2
Rof(r,x) = 1/ f(rcosf,z +rsinf)db.

T J—n/2

It is clear from this form that R f(r, z) is the average of f over the right semicircle
of radius r, centred at (0, z).

To see that R, is also an averaging operator for @ > 0 we make the change of
variable

u=rscosf, v=x+rsinb.
The Jacobian determinant is |0(u,v)/d(6,s)| = r?(cosf)? and the map (6,s) —

(u,v) takes the open rectangle (— 7r/2 m/2) x (0,1) one-to-one and onto the open
half disc D;F(0,7) = {(u,v) : u > 0,u? + (v — x)2 < r?}. We have

7"20‘7T //D+(0I u,v)(r? —u? — (v — 2)*)* " dudv.

Raof(r,z) =
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An easy calculation gives

T2a7r//13+0x 2 —u? — (v —2)>)* L dudv =1

showing that R, is also an averaging operator. Indeed Raf(r,x) 1s the weighted
average of f over D;F(0,x), where the weight (r? —u? — (v — x)?)*"1 is a power of
the distance to the boundary of the disc.

Our first result is an immediate consequence of these observations.

THEOREM 2.1 If a > 0 then R, is a bounded operator on L with operator norm
equal to 1. That is, the inequality ||Raflloc < ||flloc holds for all bounded f and
when C < 1 the inequality ||Rafl|loc < C||flloo fails to hold for some bounded f.

Proof. Let f be a bounded function and view | f|loc as a constant function.
Certainly, f < ||f|loo almost everywhere. Since R, is an averaging operator, for
each (r,x) we have,

[Raf(r;2)] < Ra(llfllec)(r, ) = || fllco-

Taking the essential supremum over all (r,z) proves that ||Raf|lcc < || f]leo and
shows that the operator norm of R, is at most 1. Taking f to be a non-zero constant
function reduces the above inequality to equality, showing that ||Rs f|lcc < C||f|loo
fails when C' < 1 and proving that the operator norm is at least 1. This completes
the proof.

The case p =1 is also treated separately both for technical reasons and because
the operator norm is achieved for all non-negative functions f.

THEOREM 2.2 If a > 0 and B < 0 then Ry is a bounded operator on L}j with
operator norm equal to

If B >0, then R, is not a bounded operator on Lé.

Proof. Suppose f € L/lg. Then

Rofll1,s = / / |Rof(r, :U)]rﬁ dr dx
—00 JO

oo oo q /2
S/ / / |f(rcosf,x + rsinb)|dorP dr da.
—00J0 T J-7/2

Interchanging the order of integration and making the change of variable ¢t = r cos
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and y = x + rsin @ yields

1 w/2 poo  poo
HROleﬂSﬂ/ / / |f(rcos 0, x + rsind)|r’ dr dx do

2
flls
G-

provided 8 < 0. The last integral above diverges when 5 > 0.

Since this inequality reduces to equality when f is non-negative, the constant is
best possible. In particular, when § > 0 the best constant is infinite so R is not
a bounded operator on Lé. This completes the proof in the case a = 0.

When a > 0 we proceed similarly,

1.8 :/ /0 |Reaf(r,x)|r’ dr dx

oo oo g, rl /2
S/ / / / |f(rscos@,x+ rsinf)| x
—oJo T Jo J-x/2

(cos0)2*(1 — s)* "L do dsrP dr d.

[Raf|

Interchanging again and making the change of variable, ¢ = rscosf and y =
T + rsinf, yields

2 1 w/2 poo  poo
HRafHLﬂS/ / / / |f(rscosf,x + rsind)| x
™ Jo J-n/2J-ccJO

P dr dz(cos 0)2%(1 — s2)* 1 db ds

1 pm/2 poo  poo
= 2a/ / / / |f(t,y)|t7 dt dy x
T Jo J-m/2J—c0JO

(cos §)20P=1s=B=1(1 — )21 dp ds
9 1 /2
=22 [ 811 s2)algs (cos )22~ B=1 dg|| f|
T Jo —7/2
[(a+1)0(-52)
Mo+ - 5)0(3)

175

[RAlSwER

provided 8 < 0. The “ds” integral above diverges when § > 0.

Since this inequality also reduces to equality when f is non-negative, the constant
is best possible. In particular, when 8 > 0 the best constant is infinite so R, is not
a bounded operator on L%. This completes the proof.

The next two theorems determine the values of § for which R, is a bounded
operator on L’B2 when 1 < p < co. We begin by looking at the case o = 0.
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THEOREM 2.3 Suppose 1 < p < oco. Then Ry is a bounded operator on Lg if and
only if B < p— 1. Moreover, if 3 < p — 1 then the operator norm is

Proof. Suppose first that 5 > p—1 and define the function f by setting f(¢,y) =
1/t when (t,y) € (0,1) x (—=2,2) and f(¢,y) = 0 otherwise. Then

o0 fe'e) 1
|W%=/ ALWMW%MWA/WWﬁ<m

0

so f € Lg. On the other hand, if 0 < r <1 and —1 < x < 1, then

R L[ 1 do
of (rx) = T /_W/Q reosd

so Rof ¢ Lj. Thus Ry is not a map from Lj to Lj.

When § = p—1 a similar argument shows Ry does not map Lg to Lg. This time,
let f(t,y) =1/(t(1—1logt)) when (¢,y) € (0,1) x (—=2,2) and f(¢,y) = 0 otherwise.
We have

P Py — -
5= [ [ aa =1 [ s <o

sofeLg.But,if0<r<1and—1<x<1,then

R 1 w/2 1 do
of(r,z) = - /—w/2 rcosf(1 — log(rcos)) "

so Rof ¢ L.
Now suppose that 3 < p—1 and fix f € Lg. Let v be a real constant to be
determined later. Then, by Hélder’s inequality,

w/2

1
|R0f(r,x)]§7r/ ) |f(rcos@,x +rsinf)|do
—m/2

<

™ —7/2

v /2 1/p
L / | f(rcosf,x+ rsin@)P(cos0)P7 db ,

where

/2 )
Ch = / (cos@)"P7db.
—7/2
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Using this estimate we get,

Cfif/P/ oo roo  pmw/2
Rof < / / / f(rcosé,z + rsinf)P x
e O A L )

(cos 0)P7 df rP dr da

CP/P w/2 poo oo
/ / |f(rcos@,z 4+ rsinf)P x
—m/2J— 0

P dr dx(cos 0)PY d.

The change of variable t = r cosf and y = x + rsin 6 yields

Cp/p /2
”ROprﬁ = / / f(t,y)|PtP dt dy(cos 0)PY—P~1dg
—7/2

CP/ p 02

1£15,6

where

w/2
Cy = / (cos 0)P7=P=1 qg.
—7/2

If there exists a v that makes both the integrals C7 and C5 finite, then Ry is
a bounded operator on Lg. For Cy to be finite requires that —p’y > —1 and for
C5 to be finite requires that py — 3 — 1 > —1. These reduce to the requirement
that v € (8/p,1/p’), which is a non-empty interval because we have assumed that
B<p-—1.

To obtain a specific upper bound for the operator norm let v = (8 + 1)/(pp’)
and verify that it lies in the above interval. The upper bound obtained is,

el TG -5

T - Ehr)

To get a lower bound for the operator norm we fix n > 0 and M > 1, and define
f by setting f(t,y) = t"B=D/P when (t,y) € (0,1) x (=M, M) and f(t,y) = 0
otherwise. The norm of f in Lg is

M 1 » 1/p
o= ([ [ (o) Pavay) = g
—M JO

On the other hand, if 0 < r < 1 and 1 — M < x < M — 1 then for any 6 €
(—m/2,m/2), we have 0 < rcosf <1 and —M <z +rsinf < M so

/2 T 1 + n—p-1
Rof(r,x) = 1/ (rcos 0)(1=A=D/P gp = p(1=B=1)/p & 5t )1 :
T J-x/2 L1 +15-)0(3)
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It follows that

(i n=6=1 M-1 1 1/p
IRofllp.s = G _ﬁjp )1 < (r(n—ﬁ—l)/p> Tﬁdrdx>
P(l + 1 )P(§) 1-M JO
I‘( + n—p— 1)
= et (2 = 1) /)
I(1+ 2 )T'(3)

For each n and M the ratio |Rof|p.8/]|fllp,5 is a lower bound for the operator
norm of Ry. Letting M — oo first and then letting 7 — 0 gives the lower bound,

r(s -5
r(1-5r3)

N[ =

as required. The upper and lower bounds coincide so the operator norm is deter-
mined.

THEOREM 2.4 Suppose 1 < p < oo. Then Ry is a bounded operator on Lg if and
only if B < p—1. Moreover, if 3 < p — 1 then the operator norm is

Proof. Suppose that 3 > p — 1 and define the function f by setting f(¢,y) = 1/t
when (t,y) € (0,1) x (—2,2) and f(t,y) = 0 otherwise. Then

1
11, /’/ HNWﬁ@—4AW”ﬁ<m

so f € Lg. On the other hand, if 0 < r <1 and —1 < x < 1, then

/2
Raf(r,x) = 2a/ ! (cos §)** d9/ shyel s _ 00

7/2 T COS s

so Raf ¢ Lg. Thus R, is not a map from Lzﬁ’ to Lg.
When 8 = p—1 a similar argument shows R, does not map Lg to Lg. This time,
let f(t,y) =1/(t(1 —logt)) when (¢,y) € (0,1) x (—2,2) and f(¢,y) = 0 otherwise.

We have
8 ' 1
= f(t,y)[Pt” dt dy = dt < 0o
Hprﬂ / / )| v /o t(1 —logt)p =

sofGLg.But,if0<7‘<1and—1<:n<1,then

/2 200 (1 _ -1
Raf(r, ) = 2a/ / (cos0)2%(1 — s2) dsdd — oo
0

x/2.Jo rscosf(1 —log(rscosf))

so Rof & L.
Now suppose that 6 < p—1 and fix f € Lg. Let v, §, and & be real constants to
be determined later. Clearly, |Rqf(r, )| < Ralf|(r,x) and by Holder’s inequality
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this is no greater than

2aC’11/p/

1 pr/2 1/p
<// |f<rscosﬂaw+rsin9>|”<cose>wsép<1—szf”d@“) ,
0 J—m/2
where

/2 , 1 , ,
Cq :/ (cos §)2a=P d@/ sTOP' (1 — g%)lam1=ar g,
—7/2 0

Using this estimate we get,

2 pCp/P/ 0o 00 1 /2
IRafllp 5 < (20)°Cy / / / / |f(rscos®,x + rsinf)P x
P —00 J0 0 J—m/2

(cos 0)PsP(1 — %) df ds P dr da

p 0/’ /2
(22) C // / / f(rscosf,xz+ rsinf)|P x
w/2

P dr daz(cos 0) PP (1 — s)°P df ds.

The change of variable t = rscosf and y = x + rsin 6 yields

2apCP/P w/2
IRafll, < GG / / . | [t day

(cose)vp—ﬂ—lsép—ﬂ— (1 — %P df ds

CP/
A Gy

TP

where

w/2 1
Cy = / (cos @) P=A~1 d@/ sP=B=1(1 — §%)°P (s,
0

—7/2

If there exist v, 9, and € that make the four integrals in C7 and C5 all finite, then
R is a bounded operator on Lg. The requirements are that

(2a—~)p', —0p', (a=1—e)p', wp—pB—1,p—B—1, ep

all be greater than —1. These conditions reduce to

€ (B/p,2a+1/p), 6<€(B/p,1/p), ec(-1/p,a—1/p).

Since o > 0 and 8 < p — 1 all three intervals are non-empty so it is possible to
choose v, §, and ¢ that make C7 and Cs finite. Thus R, is a bounded operator on
12,

To obtain a specific upper bound for the operator norm let v = (2ap’ + 3 +
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1)/(pp'), 6 = (B8+1)/(pp’) and € = (a — 1) /p. The upper bound obtained is,

‘Q

20017y Tla+1I(5 - 550

" Mo+t 0D

To get a lower bound for the operator norm we fix n > 0 and M > 1, and define
f by setting f(t,y) = t"=#=D/P when (t,y) € (0,1) x (=M, M) and f(t,y) = 0
otherwise. The norm of f in Lg is

M 1 » 1/p
o= ([ [ () P avay) = .
—M JO

On the other hand, if 0 <r <1 and 1 — M < x < M — 1 then for any s € (0,1)
and 0 € (—7/2,7/2), we have 0 < rscosf <1 and —M < z+rsinf < M so

1 ™
Raof(r,z) = 2:/ / /2(7"3 cos 0)1=F=1/P (cos 0)2%(1 — s2)* 1 df ds

T(a+ DT+ 221

— p=B=-1)/p )
Do+ 1+ -HT(3)

It follows that

Mla+ 1)L+ 2= 5 Ly /M1 1 s t\P s U
HRaprﬁf F( + 14 1=8=L ﬁ )F(%) < o (7" ) r drdx>

F(a+1) (2 +nﬁpl) 1/p

F(a—i— 1+ 1= i‘l)r(%) (2(M —1)/n)

For each  and M the ratio ||Raf|p.3/|fllp, is & lower bound for the operator
norm of R,. Letting M — oo first and then letting n — 0 gives the lower bound,

as required.
In is important to point out the operator norms calculated in the previous four
theorems are all related. We do this in the following summary.

THEOREM 2.5 Suppose 1 < p < oo and o > 0. The operator R, is a bounded map
on LIE, if and only if B < p — 1. In this case the operator norm is

Earlier work suggests that L 41 1s a natural space for the operator R,. In a
final corollary we restrict our attention to the case 8 = 2a + 1.
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COROLLARY 2.6 Suppose 1 < p < oo and a > 0. The operator R, is a bounded
map on Lgaﬂ if and only if o < (p/2) — 1. In this case the operator norm is
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