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ABSTRACT. A question about comparing norms of difference operators that was
raised in [1] and presented at the Fourth ISAAC Congress is answered in the af-
firmative.

Let 1 < p < oo and suppose f : [0,00) — R. For h > 0, set

h 1/p
F(h) = |Anflleon = (/0 |f(z+h) — f(z)]P daz)

and
1/p

3h
G(h) = |AnfllLrnsn = (/h |f(z+h) — f(a:)\pda:>

We wish to compare F' and G as functions of h. It is easy to see that pointwise
comparisons of F and G are impossible for arbitrary f as F' depends on values of
f on the interval [0,2h] but G depends on values of f on the interval [h,4h]. It is
possible to compare the functions F' and G in norm, however. A special case of [1,
Corollary 2] shows that there is a constant A such that

0 L dh\ 0 an)’
(/0 F(h)’h 197> gA(/O G(h)’h 197>

holds for all measurable f. Here [ > 0, 0 < < oo, and 1 < 6 < oo.
It does not follow from the results of [1] that this inequality still holds if the
constant 3 in the definition of G is replaced by a smaller number. That is the
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substance of the question raised in [1, Remark 3]. Corollary 4, below, shows that
the above inequality holds when 3 is replaced by any 5 > 1.

The key is the following lemma comparing terms of the form [|A f| v (bh,ch)
where as usual

¢ 1/p .
||f||L,,(b,c):{(fb F@)Pde)", 0<p<oo

essSupy<<. | f(2)], p=oc.

Lemma 1. Suppose 1 <p <oo. Ifb, c, t, B, C, and T are positive real numbers
with b < ¢ and B < C then there exists a finite sequence s1,Ss2,...,SN of positive
real numbers such that

N
AL f Lo @b.e) < Z |1As, 7 fllLr (s, B.sno)
n=1
for all measurable f : [0,00) — R. The s, can be chosen so that

c+t
B+T

(1) Sp <

form=1,2,...,N.

Proof. We begin by supposing that we have a solution to the following problem:
Find positive integers M and K and real numbers ¢,,,, by, and r,,, p form =1,..., M
and k =1,..., K such that

(2) O=to<t1 < - <ty =1,

(3) b:b0<"'<bK_1<C§bK,

(4) bk+rm,k _ tm—l —Tm,k tm — Tm,k _ bkz—l +Tm,k
C T T B ’

An application of Minkowski’s inequality gives

K
AN Lobey < NALF Lo o) S D IALF I Lo by b0)
k=1

and, since

M M
Aif(z) = Z fl@+tn) = f(x+tm) = Z Aty s [T+ 1),

m=1 m=1
another application yields

M
AN Loy by < D 1ty Lo (st 1 bt 1)

m=1
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for each k. To reach the conclusion of the lemma it is enough to show that for each
m and k,

(5) A, s FILP (i st —1 bt —1)

can be dominated by a sum of terms of the form

(6) |Ast fllzr(sB,scy, for s > 0.

Fix m and k and write r = 7, ;. Rearranging terms in (4) gives
bp—1+7=(tm +bp_1)/(1+T/B) >0

and we see that x +r > 0 for all x € (bg—1,b). Thus we may write

Atm—tm—lf(x + tm—l) = f(.CL’ + tm) - f(I‘ + tm—l)
=fl@+tn) = flz+r)+ flz+7r)— f@+ln1)
=Ay, o flx+r)=Ay, _—rflx+T)

for such z. A third application of Minkowski’s inequality shows that (5) is no
greater than

||Atm*7“f||Lp(bk_1+7’,bk+7”) + “Atm—l*T’f||Lp(bk_1+7‘,bk+T)'

Using (4), with s’ = (¢, — r)/T and s = (t,,—1 — r)/T, we can dominate the last
expression by
||A3’Tf||LP(s’B,s’C) + ||A8Tf||LP(sB,sC)7

which is a sum of terms of the form (6) as required.
To complete the proof we provide a solution to the problem (2)—(4) and verify
that s and s’ satisfy the upper bound (1). Since 0 < B < C, both

C(B+T) and by = C+T
B(C+T) - B+T

L

are greater than 1. Choose a positive integer M so that t < b(u™ — 1) and set
e =t/(u™ —1). For each m and k define

tm =e(u™ —1) and by =1v"0b—¢) +e.

Evidently, (2) is satisfied. The choice of M ensures that 0 < & < b so the by’s are
increasing and unbounded. Therefore we can choose K to satisfy (3).
The inequality in (4) is automatically satisfied and the two equations in (4)

reduce to
_ Ctpyq —Thy, Bt,, — Tb;._1

m,k — d m,k —
T Jk C+T an T k B+T
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A routine calculation shows that these two expressions coincide so that either may

be used to define ry, ; so that (4) is satisfied. Finally, we estimate s and s’ (for
fixed m and k) by

tm_r_bk—1+tm c+t

I = — .
§<S8 =77 BiT “B4T

This completes the proof.

Lemma 1 remains valid with the LP-norm replaced by any Banach function space
norm since only the triangle inequality is needed. Moreover, it is easily extended to
quasinormed function spaces at the expense of an additional constant. In particular,
if 0 < p < 1 one obtains

N
||AtfHIZ,P(b,0) S Z HASanHiP(SnB,an)'
n=1

and hence

N
1A f ooy < NPT T IAG 2 fll Lo s, Bosnc)-

n=1

Our main result shows that the norms of F' and GG and other similar expressions
are all comparable in great generality. For convenience we introduce notation for
the following weighted Lebesgue norms of functions of the variable h.

(J2 lgmien=an/m) " 1< 6 < oo
lgM)llzo0. = \° N
esssupg<p<s Pt g(h)], 0 = occ.

Here g(h) is understood to be formula involving the variable h rather than a function
name. In addition to homogeneity, the triangle inequality, and the Fatou property
of these norms we will need the following dilation property, easily proved by a
change of variable. For any s > 0,

(7) lg(P)ll 2o 0,5 = Sng(h/S)HLl@(O,aﬁ)'

Note also that [|g(R)[1e(0,5,) < l9(R)[|Lo(0,5,) Whenever 61 < ds.
Theorem 2. Suppose 1 < p<oo, 1<0<o00,l>0,aceR, and0 < <oo. If
t>0,0<b<c¢,T>0, and0< B < C then, for all measurable f : [a,00) — R,

(&) NlIAmfllzr@rsnaren | o s < AlllATaf \|Lp<a+3h,a+0h>IIL?(O,gm) .

The constant A above depends only ont, b, ¢, T, B, C and .

Proof. By translating the function f the theorem is easily reduced to the case a = 0
so we assume a = (0 henceforth.
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We first prove the theorem in the case that b and B are positive. Lemma 1 yields
S$1,82,...,5n such that s, < (¢c+1t)/(B+T) for all n and

N
(9) [A¢fllLe(b,e) < Z 1As, 7 fllLr (s, B.sn0)

n=1

for all f. For each h, define the dilation f, by fn(x) = f(hx) and observe that
Ay fn(z) = Ay, f(hz). Changes of variable show that

1A full Lo,y = 2P| Avn fll Lo (ohcn)
and
1As, 7 fullLo(snB.sncy = B PN A mh fll Lo (50 Bhosn )

so inequality (9), applied to f, implies

N
| Atn fll e oh,en) < Z |As, 70 fllLr (s, Bh,s,Ch)-

n=1

It is important to point out that N and sq, S2,...,sy do not depend on h. We use
the triangle inequality and property (7) to get

WE

1A fI Lo (bh,ch) HL?(M) <Y | As. 1 Le (5 BRyswon) HL?(M)

n=1

I
WE

st HHATthLp(Bh,Ch)HLle(o,sné)

1
N
< (Z s@) HIATRfl| e (h,0n) HLg(o,gjﬂTé)

n=1

This proves the theorem in the case that b and B are positive and it is a simple
matter to show that it remains valid when B = 0 since replacing B by zero only
makes the right hand side of (8) larger.

The case b = 0 requires some additional argument. For each integer 57 > 0, apply
(7) with s = 1/2 to get

_ —
(10) N; = ”||Athf||LP(2—jch,ch)||Lle(075) =2 ||||A2thf||Lp(21—a‘ch,2ch)HLle(O,(;/Q) :
Note that Ny = 0. To estimate N; for j > 1 we break up Ao, f as

Aoin f(z) = Apn f(x +th) + A f(2) X (ch,00) (T) + Aen f(T) X (0,en) (T)
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and use Minkowski’s inequality to obtain
(11) ”A2thf“Lp(21*jch,20h)
<Al e 2r-schttn,2chttn) + 1 Den fll Lo eh,2en) + [[Aenf | Le (21— ch,ch)-
Using the first part of the proof we get constants A; and A, such that
WAL f | 2o 20 chth 2eh+20) ||Lle(075/2) < | 1Aw Il Le (th,2eh+tn) HLf(o,é/a)
< A Iz flzrnomll oo s

and

H ||Athf||Lp(Ch,20h) HL?(O,5/2) S A2 H ||AThf||Lp(Bh,Ch) ||ng(0’ ]236_:’12 g)

< 4 HHATthLP(Bh,Ch)||Lle(073071_tT5) :

With K = (41 + As) HHAThf”LT’(Bh,Ch)HLf(o,%(s) we use the estimate (11) in
(10) to get

N; <27 (K + H||Athf||LP(21—jch,ch)HL?(O’(g/Q)) <27Y(K + Nj ).

A simple induction, starting with Ny = 0, shows that N; < K /(2! —1) for all j > 0
and by the Fatou property we have

A A
1A zrenll o o5 = Jim Ny < S22

00 I _1 HHATthL”(Bh,Ch)HL?(O,g—ﬁé) :
This completes the proof.
If § = oo Theorem 2 becomes a general equivalence.

Corollary 3. Suppose 1 < p < o0, 1 <60 < 00,1 >0, anda € R. Ift > 0,
0<b<ec,T>0,and0< B <C(C then

for all measurable f : [a,00) — R. The constants in this equivalence depend only
ont,b,c, T, B, C and]l.

The answer to the question raised in [1, Remark 3] is the special case b = 0,
c=t=B=T=1,C = of Theorem 2.

Corollary 4. Suppose 1 <p<oo,1<0<o00,l>0,aceR, and0 < <oo. If
(B > 1 then there exists a constant A depending only on | and 3 such that

| Ath fl e (atbh,atch) HL?(O’OO) ~ ||HAThf||LP(a+Bh,a+Ch)||Ll9(0700)

130N twasmll g0y < AMARSTustasnarsn g
for all measurable f : [a,00) — R.

The techniques used in this paper do not seem to extend to higher order differ-
ences. It is natural to ask whether or not Theorem 2 holds with A replaced by AF
for k > 1.

The author would like to thank Professor Victor Burenkov for comments that
greatly improved the proof of Theorem 2.
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