BLEI’'S INEQUALITY AND COORDINATEWISE MULTIPLE
SUMMING OPERATORS

DUMITRU POPA AND GORD SINNAMON

ABSTRACT. Two inequalities resembling the multilinear Holder inequality for
mixed-norm Lebesgue spaces are proved. When specialized to single-function
inequalities they include a pair of inequalities due to Blei and a recent extension
of Blei’s inequality. The first of these inequalities is applied to give explicit
indices in a known result for coordinatewise multiple summing operators. The
second is used to prove a complementary result to the known one, again with
explicit indices. As an application of the complementary result, a sufficient
condition is given for a composition of operators to be multiple summing,.

1. INTRODUCTION

A mixed-norm Lebesgue space is a space of complex-valued p X v-measurable
functions defined on the product of two measure spaces (X, 1) and (Y, v) and sat-
isfying

1/q

([ 1 du<m>)q/p vy <oo

for given indices p > 1 and ¢ > 1. These spaces and the closely related amalgam
spaces have a prominent place in harmonic analysis. For example, the Littlewood
4/3 theorem is proved in [1] using two mixed-norm inequalities for matrices. (To
get mixed norms on matrices simply take p and v above to be counting measures
on finite sets.) The multilinear Holder inequality for mixed-norm spaces follows
easily by iterating the usual one, so

JE ey ﬁ/(/lfj|pjdu>qj/pjdy

provided 1/py +---+ 1/p, = 1/q1 + -+ + 1/¢, = 1. Tt is important to note that
the order of integration is the same in each factor. In [1], Lemma 2 on Page 430,
two mixed-norm inequalities appear in which the order of integration differs in the
factors. They are expressed as matrix inequalities:

o (gme)"= (2R ) (B () )
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(o) < (S (L))
(S (Sm) ) (5 () )"

Jik

(1.2)

In Theorem 2.1 we present a pair of multilinear Holder-type inequalities in which
the order of integration differs in the mixed-norm factors. When specialized to
single function inequalities, they include the two inequalities above, and a recent
generalization from [8]. It appears that investigation of such inequalities in the
past has been mostly restricted to the single-function case, see [2], [3], [11] and [14].
In [11], the author introduces permuted mixed norms and proves a Minkowski-
type inequality for them. Although still a single-function result, this inequality
is applicable to our situation and may be used to give alternative proofs of our
Theorem 2.1. We prefer to present the concrete, elementary proof given in the next
section.

The motivation for extending Blei’s inequalities from [1] comes from the theory
of multiple summing operators, which began with the comparison between uncon-
ditional and absolute convergence in Banach spaces and developed into an essential
tool of functional analysis. Bohnenblust and Hille, in Theorem I of their ingenious
1931 paper [4], proved that for each natural number m there exists a constant BH,,
such that for every N and every m-linear mapping U : /Y x ... x N — C

NN a1
2m_
(Z 2D |U<e¢1,-.-,eim>|m+l) < BH,|U|,
=1 =1
and, moreover, proved that the exponent % is optimal. Here eq,...,en denote

the standard basis vectors in ¢Y. The case m = 2 is Littlewood’s famous 4/3-
inequality from [12] and is closely connected with (1.1). In modern terminology,
see [15, Corollary 3.20], the Bohnenblust-Hille theorem may be stated as follows:
For each natural number m there exists a constant BH,, such that if X1,..., X,
are Banach spaces and ¢ : X1 X -+ X X,;;;, — C is bounded and multilinear, then ¢

is multiple (77217111’ 1)-summing, and

5 (@) < BHp|lo|.-

m+17

For definitions and basic results, including the definition of Wf}flt, see Section 3.

In [8], coordinatewise multiple summing operators were introduced and studied,
then applied to give a multilinear extension of Kwapieri’s theorem, a multivariate
polynomial version of the same result, and a theorem on products of vector-valued
Dirichlet series. Their main result on coordinatewise multiple summing operators,
Theorem 5.1 of [8], shows that if an operator is coordinatewise multiple summing
in each subset of some partition of the coordinate set, then the operator is mul-
tiple summing. Unfortunately, the indices in this result are recursively defined,
making them difficult to handle except in special cases. In Theorem 3.2, below,
we prove a version of Theorem 5.1 from [8], giving explicit values for the indices,
and simplifying its proof by applying Theorem 2.1. The simplification comes at the
expense of the careful control of the constants established in [8]. Theorem 3.2 also



BLEI’'S INEQUALITY AND COORDINATEWISE MULTIPLE SUMMING OPERATORS 3

includes a companion result, which involves operators that are coordinatewise mul-
tiple summing in the complement of each subset of the partition. As an application
of the companion result, it is combined with the Bohnenblust-Hille theorem to give
a sufficient condition for a composition of operators to be multiple summing, see
Theorem 3.5.

2. MULTILINEAR BLEI'S INEQUALITIES

Let (M;j, ;) be o-finite measure spaces for j = 1,2,...,n, and introduce the
product measure spaces (M", u") and (M, uj}) by

n n n n
M =] Me, " =]]me Mj=T]Me 15 =]]
k=1 k=1 k=1 k=1
k#j k#j
Note that M7 = M"~1.
The following two theorems give complementary inequalities for functions defined
on the product space M™. Observe that, except for the names of the indices, each

reduces to the same inequality in the case n = 2. This case is proved separately
below. Note that for p > 1, p’ is defined by 1/p+ 1/p’ = 1.

Theorem 2.1. If n > 2 and positive indices qi,...,q, satisfy 2;21 % < 1 then
J

for any non-negative pu"-measurable functions f1, fa,..., fn,

n

v P;/ a5 1/p;
(2.) niee g <TL( [ ([ gpan) ) ana
M T\ NS

J

n s;/4; 1/s;
. o fadu < L R
(22) Fifa... fudp <j1_11(/w(/M_fj w) )

n
M 3 j

1 _ 1 ,1_yn 1 1_ 1, 1 (1_yn 1
Here - = - +1 Dohe1 g andsj—qj+n71(1 Zk:lqk)‘

Proof. If n = 2 then M2 = My, M2 = My, p; = 51 = ¢4 and ps = 55 = ¢}. Two
applications of Hélder’s inequality give

/ f1f2du2:/ / fifodpa dpy
M?2 My J M2

/@ , 1/qy
</ ( fon dm) ( s duz) dpi
M] M2 M2

9 /a1 /43 , a2/4 1/g2
< </ ( i d#2) dﬂl) (/ < f3 dﬂz) dm) .
M1 M2 Ml M2

Since ¢2/¢}) > 1, Minkowski’s integral inequality shows that the second factor in
the last expression is no greater than

q1/4q2 1/q;
( / ( / s dm) dm)
Mo M,

and establishes the case n = 2 of both (2.1) and (2.2).
Next we prove the remaining cases of (2.1) by induction on n. First observe
that 1 < p; < ¢; < oo for each j. For the induction step we suppose n > 3 and
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deduce the result from the case n — 1. Fix qi,...,¢, such that 377 | i <1 and
set Q; =q;/q, for j =1,2,...,n— 1. Observe that

n—1 n—1
Zézqulgq;(l—l>=1.
j=1 "7

=1 q; dn

Thus, by the inductive hypothesis,

n—1 o P;/Q; 1/P;
n—1 j n—1
/Mnil FF. . Fy 1dp < H </M (/M’?"l F duj ) duj) )

Jj=1 J :

for non-negative p"!

cause,

-measurable functions Fi,..., F,_1, where P; = p;/q,, be-

n—1 n—1
1 1 1 11 q
1——: —_—= ! _——= ! 1———— = ——n
P; ZQk %Z q"( j > j

bj

We apply this inequality to the functions F; = f]q;ﬂ with the nth variable of
fi,--.y fn1 fixed, to get,

, ey,
( / (flfz...fn_l)qndu“)
Mn—1

n—1 . ) Pi/ 1/p;
< £ duy™ > du-) :
jE(/MJ(/M?_l Y ’
For convenience, set

Pn/dn 1/pn
C=( / ( / fZ"dMi) dun) |
Mn—l

n

Then Holder’s inequality, used twice, and the inequality above yield,

f1f2---fndun:/ / fifeoo fodp™ tduy
M M, Jan—1

1/an / e
< / (/ fgn d“n—1> (/ (f1f2 . fnfl)q" d,u"_1> dyu,
M, Mn—1 [P
) Ph/4n 1/p),
=¢ ( / ( / (o faor) de) du”)
My, Mn—1
n—1 . L P;/45 Pl /p; 1/v,
= / L (/ (/ f'jd“n> du‘) dun) .
< M Mj M1 J J J

n =1 J

Since Z;:ll Z—? = 1, Holder’s inequality with indices g1 /p),, ..., qn—1/p), implies,
J

fife ... fadp™
M’Vl

n—1 . . i/ qj q;/Pj 1/q;
<oTL(f, (f, (L mam) ™ ) am)
]1;[1 M, M; Py st / !

J J
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and since ¢;/p; > 1, Minkowski’s integral inequality gives,

n—1 A P/ 4 1/p;
[ onpesar<eIL([ ([ [ mragan) " a)
Mn j=1 \JM; My JMP!
n o P/ 1/pj
SIS, (L) )
J=1 J

i
(Note that M™~! = M™.) This completes the proof of (2.1).

The induction step to prove (2.2) is similar but there are some notable differences
so we give the details. Note that 1 < s; < g; < oo for each j. Fix q1,...,¢g, such
that Z?Zl q% <1 and set Q; =g;/s), for j =1,2,...,n— 1. Observe that,

n—1 n n
1 1 1 1 1 1 n—2 1
— E - = — 1—§ — | = E — <1,
sn+ ‘4 -+n—1< ) n—1+n—1j: P

SO

Thus, by the inductive hypothesis,

3, 5;/Q; . 1/8;
(/M" ) </M Fj J dﬂj) dﬂj ) )

J

/M RB Ry < 10

j=1

for non-negative u"~!-measurable functions Fy,..., F,_1, where S; = s;/s!, be-
cause,

k=1
(1 1 1 1
=S, — 4+ - = —
a; n—2\s, k:lqk
n n—1
1 1 1 1 1 1
e l- -5 5)
qG n—2 G n—1 —a) =4
et 1 1 "1
=s,| —+ 1-— 1-— —
g n-—2 n—1 =
1 1 1 !
(el -
g n-—1 = 5

s’
n

We apply this inequality with F; = (fM fsJ dun> for j=12...,n—1.

Note that the integration with respect to the nth variable produces non—negative
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"—l_measurable functions Fy, Fs, ..., F,_1. We get,

n—1 st /85 1/s!,
( [ 1 ( | & dun) du”‘1>
A4n71.j21 A4n
n—1 a5/s5 55/4; ) 1/s;
< I d;m) du’) duf;~ ) :
jI;[l (/M;‘l (/MJ (/Mn J ! /

For convenience, set

- Sn/Qn 1/3n
(o (o)
Mn—1 M,

Then Holder’s inequality, used three times, and the inequality above yield,

W

flfa---fndu"=/ / Fifa e o dpn dp" !
M M1 J M,

1/an ) 1/q,
<[ () ) ([ et i) e
A{n—l AJn AJn
- , sn./45, 1/s,
SC(/ (/ (f1f2-~fn1>""dun> dﬂ"_l)
Mn—1 M,

-1

. n 3 /5 1/s,,
<O(f TL(, o) i)
M j=1 My,
_n—l /55 55/45 ) 1/s;
([, (] (o) ) o)
H Mj*l M; M, / " ! J

Note that the third application of Hélder’s inequality above uses the indices s;/q/,
for 5 =1,...,n — 1. This valid because

n—lq, n—ll n 1
LA EEE SRS ESE
j=1 "7 = % =%

Since g¢;/s; > 1, Minkowski’s integral inequality gives,

n-t 85/4; 1/s;
fufooo fudpt < CT] </ / (/ fy du]) dpin, du;"—1>
Mn =1 Mjn—l M, M;

n

II

. 53/ 1/s;
(L, ()" w)
i1 \mp N

This completes the proof. O
The above theorem gives a useful corollary in the special case when the functions
f1, f2,. .., [n are taken to be a powers of a single function.
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Corollary 2.2. Suppose ¢ > 0, n > 2 and r1,...,7 € (0,q). If h > 0 is pu"-

measurable, then
ri/q 1/(R(q—r;))
(L (L) )™
1 NIy NSy

1/Q
(2.3) (/ th,ﬂ)
" j
/s n rilq 1/(R(g—75))
(2.4) (/ h%;ﬂ) < (/ (/ thuj) du?) .
n My M;

Here R=Y"

IA

=

=qR/(1+ R) and S =qR/(n — 1+ R).

qu

Proof. For the first inequality, let ¢; = (1 + R)(¢ — r;)/r; and f; = ha/9 for

j=1,2,...,n. Then
YRS
i 1+R

=1 b
and
1 "1 1
1f7:27:if7:1f+
Dj @ 1+R g (1+R)(q—rj)

sop; = (1+R)(¢—rj)/q for j = 1,2,...,n. With these substitutions, the inequality
(2.1), raised to the power (14 R)/(¢R), gives (2.3).
For the second inequality, let ¢; = (n — 1 + R)(q — r;)/r; and f; = h?/% for

7=1,2,...,n. Then
1
> iR
=G +

oy 1 1 _q 1

N q—rjn—1+R+n—1—|—R g-rjn—1+R
sos; = (n—1+R)(g—rj)/q for j =1,2,...,n. With these substitutions, the
inequality (2.2), raised to the power (n — 1+ R)/(gR), gives (2.4). O

Inequality (2.3), with n = 2, p; and ps taken to be counting measure on the
positive integers, ¢ = 2, and 7y = ro = 1 becomes (1.1).

Also with n = 2 and counting measures, but with general ¢, r; and 79, (2.3) gives
Lemma 3.1 from [8], providing explicit values for the recursively defined exponents
in that result.

In the case ¢ = 2,7y = -+ = r,, = 1, n > 2, inequality (2.3) gives a variant of
Blei’s inequality which is used in [9] (Lemma 1) as an ingredient in the proof that
the Bohnenblust-Hille inequality for polynomials is hypercontractive.

With counting measure, and 71 = --- = 7, (2.3) reduces to Lemma 5.1 of [7].

With counting measure, but with general ¢, r1,...,7,, (2.3) gives Lemma 2.3
from [17], providing explicit values for the recursively defined exponents.

Inequality (2.4) with n = 3, p1, 2, and ps taken to be counting measure on the
positive integers, ¢ = 2, and 7y = ro = r3 = 1 becomes (1.2).

The inequalities (2.1) and (2.2) of Theorem 2.1 can be used to prove the bound-
edness of a certain multilinear functional. In the next theorem we establish the
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norm of this functional. For 1 < p < oo, the space Lf is the collection of all
complex-valued p-measurable functions f for which

1/p
Il = [157an) <o

Theorem 2.3. Suppose n > 2 and positive real numbers qi,qz,...,qn Satisfy
Dokt qik <1 for j = 1,2,...,n. Fiz complez-valued functions ¢; € L} and
set

T(fi,fay- s fn) = f1o1f202 . fupndu™.

]\/ TI
Then T is a well-defined, bounded multilinear functional on H;'L=1 LZ];_L and its norm
J

is ol Ioallss - lpull g - Here s, is defined by,

11 1 "1
(2.5) —=—+ 1-> —.
s; g mn-—1 —

Proof. For each j, 1 < ¢; < oo. But—<zk 1—<1+f o)

n—21 1 1 n—21
7<7

0<

<1

n—1gqg; s; n-1 n—lq7

Therefore, 1 < s; < oo for each j. Also, we may sum (2.5) to get
"1
2.6 - = il
(2.6) Dt Z
k=1

and conclude that

11 n I 1 1 1
27 —==+(1- - =) l==+[1->—|.

q; 5; n—1 n-—1 = 55 — Sk

Now suppose f; € L cforj=1,...,n. If >, 1. <1 then (2.2) implies,

n 85/45 1/s;
|fie1fapz .. faspn|dp™ < H | 519 ;]9 dp; dpff .
n : mr \Jum

Jj=1 J J

If 37p_, o= > 1 then (2.6) implies Y23, - < 1 and (2.7) shows that (2.1) holds
with g; replaced by s; and p; replaced by qj That is,

n q;j /55 1/q;
/ |f1so1f2902~.fn<pn|du"SH(/ </ fjlsflsojlsfdu}-‘> duj) :
Mn j=1 \JM; Mr

J

But ¢; is constant on M} and f; is constant on M; so the inequality given in the
case >, _ 173 i S 1 and the inequality given in the case Y ,_ 173 = 1 both reduce to

H||¢J||qu)<lj[1fj| 2 )

Jj=1
Since the right-hand side above is finite, the integral defining 1" converges absolutely
so T is well defined. It is clear that T" is multilinear. Moreover, if || f;] my <1

/ |frp1fop2 ... fapn| du” <<
Mn
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for each j, the above calculation shows that

I T(f1s fas- - o)l < /M’ \fio1fapa . faenldu” <[] ||¢j||Lz§~

j=1

Thus 7' is bounded and the norm is at most |1/ o2/ 22

that the norm is attained, first observe that if ¢; = 0 uj-a.e. for some j then T" = 0.

Otherwise, set
(el
k
it \lewll Lo
k#j

for j = 1,2,...,n, where ¢; = sgn(p;j41) for j =1,2,...,n—1 and €, = sgn(p1).

- llenllLan . To show

Then | fj|l;¢; <1 for each j, and a calculation shows that
wy
el N
Pk
f1f2---fn:5152--~€nH<””> .
k=1 \IPRILIE
But €541 = |@j+1] for j=1,...,n—1 and €,1 = |p1] so,

n
|k
Jiprfapz . faon = H T ae—1

k=1 HSO]C ||LZIZ
and we have

T(flvf%"'?fn) = ||§01HL(11

M1

pallpeg - llenllogn -

K2 Hn

3. COORDINATEWISE MULTIPLE SUMMING OPERATORS

To begin, we recall some known definitions and results for easy reference. For
details see [6], [10] and [16]. If 1 < r < oo, Z and Y are Banach spaces and
T:7Z — Y is linear, we say T is r-summing provided there exists a constant C' > 0
such that for any finite sequence z1,...,2zy5 in Z,

N , 1/r N . , 1/r
(;nT(znny) <C|zfﬁl5’s1(;Z l)

The least constant C is denoted m,.(T').
Let N be a positive integer. The weak £*-norm of x € XV is

N N
@)= swp 3|t = sup{H S
i=1

lz* [l x+ <157

:|ai<1,i:1,...,N}.
X

Let X1, Xs,...,X,, and Y be Banach spaces and U : X; x --- x X,,, = Y be
multilinear. For 1 < r < oo we say U is multiple (r,1)-summing provided there
exists a constant C' > 0 such that for every choice of positive integers Ny, ..., N,
and xp = (zk(1),...,25(Ng)) € X,JCV’”” fork=1,...,m,

(

Ny Ny, 1/r
DS U(:cl(il),...,xm(im))|’{/) < Cwi(21) ... w1 (Em).

i1=1 im=1
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The least constant C' for which the inequality holds is denoted mP'(U). It is easy
to verify that F;,?iﬂt gives a norm on the space Hﬂ}f“(Xl X oo X X3 Y), of all
multiple (7, 1)-summing operators from X7 x -+ x X,,, to Y.

The concept of multiple summing operators was introduced independently in [5]
and [13], although as we have mentioned it has its beginning in the classical paper
of Bohnenblust and Hille from 1931. (When we wish to emphasize that U is linear
rather than multilinear, we drop the “multiple” before (r,1)-summing, and write
7r,1(U) for the best constant.)

Let 2 < ¢ < oco. A Banach space Y has cotype ¢q provided there exists a constant
C > 0 such that for each positive integer N and each y € YV,

N 1/q 1., N 9 1/2

(Swiy) e [ mou],a)
The least constant C' for which the inequality holds is denoted Cy(Y"), see [6] and
[10]. Here r1,73,... denote the Rademacher functions on [0, 1].

We will need the following special case of Kahane’s inequality, see [10]: For each
positive 7 there is a positive constant K. 2 such that for any Banach space X, any
positive integer N, and all z € XV,

r 1/r
dt) |
X

(/:Hin(t)xi idt)l/Q SKT-g(/Ol Hé”(”xi

Coordinatewise multiple summing operators were first defined in [8]. Our defini-
tion agrees, but with some minor changes in notation to simplify our presentation.
For Banach spaces X1, Xs,..., X, m > 2, and a proper subset C of {1,...,m},
that is C' # 0 and C # {1,...,m}, we write X¢ = [, X and identify, in the
obvious way, the space X x --- x X, with X% x X, where C denotes the com-
plement of C in {1,...,m}. With this identification if z € X and z € X, then
(z,2) € X1 x -+ x Xp,. We take the norm on finite products of Banach spaces to
be the maximum of the component norms so the identification is isometric.

IfU : Xy x---xX,, — Y is multilinear, then U® is defined by U (2)(x) = U(z, 2)
for all z € X9 and 2z € X©. Cleatly, if 2 € X¢ is fixed, U%(2) : X - YV is a
multilinear map. Let 1 < 7 < oo. If U%(2) € I (X YY) for each z € X we
say that U is multiple (r,1)-summing in the coordinates of C. In this case we view

UC as a map from X© to H‘Tf‘flt(XC; Y') and denote its (coordinatewise) norm by,

10 ow ) = U : X9 = (X Y) | = sup{ri™ (UC (2) 2]l go < 13-

To introduce multi-indices for summation, fix positive integers Ny, ..., N, and
write N9 = [T co{1,..., Ni}. For zp, = (zx(1),...,25(Np)) € XV k=1,...,m,
and i € N we set (i) = (21 (ix))rec and obtain z(i) € X©. The identification
made above gives (2(i),z(j)) € X1 x -+ x X,, whenever i € N® and j € N¢.

The first statement of Theorem 3.2 below is based on Theorem 5.1 of [8] but
is considerably simpler because explicit formulas for the indices are provided. The
proof is based on Corollary 2.2. The key lemma, Lemma 3.1 below, is essentially
given in the proof of Theorem 4.1 from [8] but is isolated here for easy reference.
This lemma is used again in proof of the second statement of Theorem 3.2, which
is complementary to the first.
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Lemma 3.1. Let Y be a Banach space of cotype ¢ > 2 and 1 <r <q. If m>2,C
is a proper subset of {1,...,m}, U: X1 x---x X, = Y is multiple (r,1)-summing
in the coordinates of C, and x), = (x(1),...,2x(Ng)) € X} satisfy wi(zy) <1 for
k=1,...,m, then

r/q\ 1/7 _
< > ( > U Y) ) < (Cq(Y)Er2) “NU [ ow 1)
iENC *jeNC

Proof. Fix zx = (zr(1),...,2x(Ng)) € X,iv"' satisfying wy(xg) < 1 for k =
1,...,m. Fix i € N°. By Lemma 2.2 of [8] and the multilinearity of U,

(3 1w >||y)1/q

JENC

< (€4)2) /

NSV
S | DL )

jENC keC

_ _ 1/r
=@M ( [ 066,70 dt) ,

),11¢

where

— Nk
keC

Je=1
Since each |rj, (tx)] < 1,
N
H > (tk)xk(jk)Hx <wy(zy) <1
Jr=1 k

for each k € C and hence ||R6(t)||X5 < 1. But U is multiple (r, 1)-summing in the
coordinates of C' so, summing over all i € N¢, we have

(Z (X we >||Y)T/q)m

iENC *jeNT

_ 1/r
< (Cy(¥) ) ( /[ o X G >||ydt)

i€ENC
< (CoM) K ) NUC | ew 1)
O

Theorem 3.2. Let m > 2, let {1,...,m} be the disjoint union of n > 2 non-
empty subsets Cq,...,Cy, let Y be a Banach space with cotype q > 2, and let
T1,...,"n €[1,q). Set

RZZTj/(q—rj), Q=qR/(1+R) and S=qR/(n—1+R).
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IfU: X1 x -+ x Xpn = Y is multiple (rg, 1)-summing in the coordinates of Cy, for
each k=1,...,n, then U is multiple (Q, 1)-summing, and

)Tk/(R(qfrk))

s

33 ) < IT ((CaV) K 2) U o,y

>
Il
—

IfV: Xy x -+ x X,, = Y is multiple (11, 1)-summing in the coordinates of Cy, for
each k=1,...,n, then V is multiple (S, 1)-summing, and

s

rr/(R(g—7k))
(V) < ) .

((Cq(Y)Krm)'Ck‘ IV lew (re 1)

>
Il
—

Proof. Suppose zy, = (21(1),...,7x(Ni)) € Xi* satisfy wy(zy) < 1 for k =
1,...m. Inequality 2.3 and Lemma 3.1 give,

(= ||U<a:<z'>>|8)1/Q

iENC1x...x NCn

( > (= ||U<x<z'>,x<j>>|%)m/q)wq_m»

iENCE N jeNTR

IN

k

IN
=

— i/ (R(q—Tk)
((Co) K 2) U o,y .

=
Il
—

Inequality (2.4) and Lemma 3.1 give,

1/8
3 ||V<w<z’>>||€)

iENC1 XX NCn

H( %: < Z |V (2(3), (j))||qy)”/q>1/(3(q”))

JENCk

/\

- e/ (R(g—rx)
< I1 (€K ) IV T v :

The conclusion follows. O

These results are of particular interest in the special case when Cj, = {k} for
eachk=1,....m

Corollary 3.3. Let m > 2, let Y be a Banach space with cotype q > 2, and let
T1,..,"m € [1,9). Define R, Q, and S as in Theorem 3.2. IfU : X1 x-+-xX,;, =Y
is (1, 1)-summing in the k coordinate for k =1,...,m, then U is multiple (Q,1)-
summing, and

(3.1)

. NS N i/ (R(a=7x))
) < (G HKT:Q )T (10w .

k=1
IfV: Xy x--x Xy — Y is multiple (g, 1)-summing in all coordinates except k,
fork=1,...,m, then V is multiple (S,1)-summing, and

(3.2) ngilt( ( H KTk/(R(q Tk))) H <||V{k}||CW(rk,l)

)rk,/(R(qu))
k=1
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If m > 2, the two parts of Corollary 3.3 can be used one after the other to

give an estimate of ﬂg,ullt(U ) with a somewhat different constant. The idea is to

apply inequality (3.1) with U replaced by U} (x;) to show that the hypotheses of
inequality (3.2) are satisfied. We state and prove it in a form that is easily compared
with the first statement of Corollary 3.3. Observe that only the factors arising from
Kahane’s inequality differ. It can be shown that the constant is improved by this
process. We leave it to the interested reader to compare the constants arising in
Corollaries 3.3, 3.4 and, in the case 1y = --- = r,, Corollary 5.2 of [8].

Corollary 3.4. Let m > 2, let Y be a Banach space with cotype q > 2, and let
Ty sTm €11,q). IfU: X1 x+--x Xy, = Y is (rg, 1)-summing in the k coordinate
fork=1,....m, then U is multiple (Q,1)-summing, where Q = qR/(1 4+ R) with
R=32" r;/(qg—rj). Moreover,

m—1 m
mu r R r
(1) < ( HKrfé (4= ’~”) H<||U{k}||cvv(rk,1)
k=1

where

) ri/(R(g—7rk))

/(R T =/ Ra—ron ) Y
A= (TDmzsme) (T o)

k=1
anko:q(R e ""k) (1—|—R - Tk)—l.

Proof. For j = 1,...,m and ||z;||x, < 1, let U; = UU}(x;). Since U is (ry, 1)-
summing in the k coordinate for each k it is easily verified that U; is (7, 1)-summing
in the k£ coordinate for each k # j. Moreover,

k
1055 low ety = 0 {mr /(U (2)) ¢ ol <1}
< sup {mr /(U ) s el <1} = 10 ow,n.
We apply inequality (3.1) to see that each U; is multiple (Q;, 1)-summing, where
Tk Tj

qR;
R; = =R-— d R bt/
? g — Ty -, M@

It also shows that

m—2 n
m i/ (R; T
5, (Uj) < HKrZ,/ " k))) 11 (”Ui{k}ﬂcwm,l)

)Tk/(Rj(q_Tk))

k=1
7 k]

T/ BT k e/ (Rj(a=7))

< (Oq(Y) [ &/t ) II <||U{ }|CW(W)> .
2 i

But U; = Um(a:j) so, taking the supremum over all 2; € X such that ||z x, <1,
we have

1T ow ;1)

m—2 n
re/(Rj(g—r
( H Kr:/Q( (@ k”) 1T (HU{k}”CW(rk,l)

)Tk/(Rj(qu))
k=1
k;ﬁj k#j
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Since Uj is multiple (Q;,1)-summing for each z; with [z;][x, < 1 it follows
that U is multiple (Q;,1)-summing in the coordinates of {j}. Thus we may apply
inequality (3.2) (with V replaced by U) to conclude that U is multiple (S5,1)-
summing, where

m qR; m

Q TfR;
R-3 QS TS -
=4 7o =197 TR, j=1
and

m—14+4R 1+R
Thus U is multiple (@, 1)-summing as stated. Moreover,

mu . R 1y
i (07) < H K /Rl QJ>>> 11 (”U{J}”CW(Qj,l)

j=1

1 R/((m Hr)\ T Sy R;/((m—1)R)
< n1lxg )H(lU“}CW(Qj,I)) ,

j=1 j=1

)Qj/(R(qu))

But S = @ and we have already established estimates for HUWHCW(QJJ) S0,

rk2

m—2
,n_gullt(U) < C m 1( K’”k/(R(q 7"k)))

)rk/(R(q—m))

m R . 1 R m
(H KQ:,/ ) )) H <||U{k}||cvv(rk,1)

k=1
This may be rearranged to yield the estimate given. (I
Combining inequality (3.2) with the Bohnenblust-Hille theorem, we show that

the composition of a bounded m-linear operator and a W

with a cotype ¢ codomain is multiple summing.

-summing operator

Theorem 3.5. Let Xy,...,X.,,Y,Z be Banach spaces, m > 2, and suppose Y
has cotype q > 2. IfU : X1 X --- X X, = Z is a bounded multilinear map and

T:7 =Y is 2 1)—summmg, then T o U is multiple (;_f;fq,

1)-summing and

igult (T oU) < Cy(Y)K 20 57 2tm-n) (T)BHp1 | U]

2+mq’

Proof. Let r = w and note that 1 < r < 2 < ¢q. Our first step is to show

that T'oU is multiple (r, 1)-summing in the coordinates ofm foreachk=1,...,m
Fix a k and an z; € X, and suppose that z; = (z;(1),...,z;(N;)) € XJN’ satisty
wiy(x;) <1 for j # k. Since T is r-summing,

(Y Imevem.eoly) <m@m sw (Y UEE@))

g+ < —
ieNTEY [lz* )|z« <1 ieNTFY

1/r

The Bohnenblust-Hille theorem can be applied to the multilinear functional ¢ :
x> 25 (U(x,z1)) for x € X1k} to see that ¢ is multiple (7, 1)-summing, and

T (@) < BHpa|loll < BHpoa|2"]

2 U ||k x, -
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Thus,

) , 1/r .
(Y ImouE@ely)” <m(T) sup BHuoallz |20 |2l x..

ic NTEY [z z» <1

It follows that T o U is multiple (r,1)-summing in all coordinates except k, for
k=1,...,m, and

TkY
(T o U) ™ ewr1) < 7 (T)BHy 4 ||U].

mgq

22+ . We conclude
mq

Take ry = --- =1y, = r in inequality (3.2) and verify that S =

that T o U is multiple (;_”:gq, 1)-summing and

™ (ToU) < Cy(Y)K, o (T)BH -1 |U.

2+mq’
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