THE WEIGHTED HARDY INEQUALITY:
NEW PROOFS AND THE CASE P=1

GORD SINNAMON and VLADIMIR D. STEPANOV

ABSTRACT

An elementary proof is given of the weight characterisation for the Hardy inequality

(/OOO(/Omf>qv(:1:)dx)1/qgC(/Ooofpu>l/p, f>0, (1.1)

in the case 0 < ¢ < p, 1 < p < co. It is also shown that certain weighted inequalities
with monotone kernels are equivalent to inequalities in which one of the weights is monotone.
Using this, a characterisation of those weights for which (1.1) holds with 0 < ¢ < 1 = p is
given. Results for (1.1), considered as an inequality over monotone functions f are presented.

1. Introduction

To ask whether or not the inequality (1.1) holds is a question about a vast class of
objects—every non-negative, measurable function f on (0, 00)—and the inequality must
be true for each one. Moreover, there is a vast class of such questions, one for every choice of
p, ¢, u and v. It is somewhat surprising that simple answers are available. Muckenhoupt
[6] and Bradley [1] showed that if 1 < p < ¢ < oo then each such question may be
answered by calculating a one parameter supremum and Maz’ja [5] and Sinnamon [10)]
showed that if 0 < ¢ < p, 1 < p < oo then the answer reduces to the finiteness of a single
integral. The techniques used to prove these weighted Hardy inequalities have opened up

the study of inequalities for operators with positive kernels and the simple answers to the
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2 GORD SINNAMON AND VLADIMIR D. STEPANOV
above questions have provided a standard against which to measure the results obtained.
Extensions have been made in many directions. There are results for more general kernels,

higher dimensions, more general spaces, and different classes of functions. References may

be found in [7].

In this paper we return to the weighted Hardy inequality with only brief excursions to
results for more general kernels. In Section 2, we give a simple, elementary proof of the
known characterisation in the case 0 < ¢ < p, 1 < p < co. Then we restrict our attention
to the case p = 1. When p = 1 < ¢ < oo, standard techniques may be used but the
standard approach fails when 0 < ¢ < 1 = p. We are able to characterise the weights
for which the Hardy inequality holds in this case by exploiting the monotonicity of the
kernel. This is done in Section 3. In Section 4 we constrain the functions f in (1.1) to be
non-increasing and give a weight characterisation. Some results are also given in the case
that f is constrained to be non-decreasing.

The notation used is standard. xg will be used to denote the function whose value on
the set E' is 1 and whose value off the set F is 0. If 0 < ¢ < oo, ¢’ will denote the conjugate
exponent of ¢ defined by 1/¢+ 1/¢' = 1. Note that 1 and oo are conjugate exponents
and that ¢’ < 0 when ¢ < 1. Similarly, p’ will denote the conjugate exponent of p. Any
expression of the form 0/0, co/o0, or 0 - oo is taken to be 0. Non-negative functions are

permitted to take the value oc.

2. An Elementary Proof

The purpose of this section is to give a new proof of the weight characterisation for

the Hardy inequality (1.1) in the case 0 < ¢ < p, 1 < p < oo. The result was originally
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proved by Mazja [5] in the case 1 < ¢ < p < oo and by Sinnamon [10] in the case
0 < g<1<p< oo Sinnamon’s proof of sufficiency involved the level function of I.
Halperin [2], an object which is complicated to construct. Proofs of necessity given by
Mazja and Sinnamon were also complicated and relied on the division of the index range
into two cases. The proof given here does not split the index range 0 < ¢ < p into two

cases, sufficiency does not rely on the level function and necessity is much simplified.

To emphasize that our argument is elementary, we have made this section largely self-
contained at the minor expense of including two arguments that already appear in the
literature. They appear here as Propositions 2.2 and 2.3. The main result is contained in

Theorem 2.4. We begin with a simple lemma.

LEMMA 2.1. Suppose o, 3 and v are non-negative functions and 7y s non-decreasing.
If [“a< [8 forall z, then foooya < fooo’yﬁ.

Since 7 is non-decreasing there exists a non-negative constant ¢ and a non-negative,

Borel measure p such that v(t) = ¢ + fg dp almost everywhere. (See, for example [8,

p262].) Now [“yor=cf a+ [i° ([ a) du(z) < cf;"B+ [g° ([ 8) du(z) = [;°v8 as

stated.
The following proposition is essentially a special case of Proposition 1(b) in [12].

PROPOSITION 2.2. Suppose that v, b, and F are non-negative functions with F non-

decreasing such that

/ b<oo forallz>0 and / b= oo. (2.1)
T 0
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If0<g<p<ooandl/r=1/q—1/p then

(/Ooquv>1/q < (r/p)¥/" (/OOO (/:o U) T (/:o b) o b(x) dx)

1/r

Let V(z) = [°v and B(z) = [°b. An application of Hélder’s inequality with indices

r/q and p/q splits the left hand side of (2.2) into two factors.

() - </ooo ([ vrs) " oy ([ ) i dt> ”"
= (/OOO (/ot Vr/pB_”’/qb) v(t) dt)l/r (/OOOF(t)p (/Ot VT/PB—T/qb) —p/rv(t) dt) 1/p.

On interchanging the order of integration, the first factor becomes ( fooo yr/ap=r/ qb) 1/r. To

complete the proof we apply Lemma 2.1 to the second factor, showing that it is dominated

_pjr
by (r/p)*/" (fOOOpr)l/p. Specifically, we take a(t) = (f(f VT/pB_r/qb) ’ u(t), B =

(r/p)P/"b, and v = FP in Lemma 2.1. v is clearly non-decreasing so it remains to check

oo oo —p/r . . .
that [~ a < [ f for all . Since (fot VT/pB_’"/qb> is non-increasing,

o o t —p/r x —p/r e’}
/ a:/ </ V”“/pB_"“/qb> v(t) dt < (/ VT/PB—?“/%) / v
T T 0 0 T

and, since V is also non-increasing,

T —p/r 0 x —p/r o) T —p/r
(/ V?"/pBr/%) / v < (/ B"/%) V(x)l/ v = (/ BT/%) .
0 T 0 x 0

Finally, integration and (2.1) yield

([ ) T (o) = [T

which completes the proof.
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The next result is a consequence of Muckenhoupt’s weighted Hardy inequality [6] but

we prefer to deduce it from the classical Hardy inequality.

PROPOSITION 2.3. Suppose 1 < p < 0o and w is non-negative and satisfies
x o
O</w<oo for all z > 0 and / w = 0. (2.3)
0 0

Then

(/O"" (/Ow f>p </0m w) (@) dx) " <y (/Ooofpwl—p)l/p'

Let W (xz) = [; w and make the substitutions t = W (), y = W (s), f(s) = g(W(s))w(s)

in Hardy’s inequality [3, p240]

(/OOO (% /Otg(y) dy)pdt> 1/p <y (/Ooog(y)p dy>l/p_

THEOREM 2.4. Suppose 0 < g < p, 1 <p < oo and 1/r = 1/q—1/p. Also suppose
that u and v are non-negative functions and set w = u'=P". Then there exists a positive

constant C' such that the weighted Hardy inequality

(/OOO (/jf)qv(x)dx)l/q gc(/ooofpu)l/p (2.4)

holds for all non-negative f if and only if

o= ([ () ([ ") <

Moreover, the smallest constant C' for which (2.4) holds satisfies

()P g /(1 = q/p)D < C < (r/q)"p"/P(p)/?' D.



6 GORD SINNAMON AND VLADIMIR D. STEPANOV

(Necessity) Suppose that (2.4) holds for all f > 0 and let vy and wg be L' functions

r/pq’

such that 0 < vy <wvand 0 < wy < w. Set f(t) = (ftoo vo)r/pq <fg wo) wo(t) and note

that

[rom (o) [ ([) " o /
— /) (/:o UO) r/pq </Ox wo) r/p'q |

This estimate, combined with (2.4), yields

0o /1 NG s poo NT/P sz \T/P Va oo ) sz N4 1/q
(7 (7)) o) "< ([ ([ ) )
<ol [ e ([ () () wrrera)”

o[ () () o)

= ! fo) 7 ( " woy”” . dﬁ) vy

where the last inequality is integration by parts. Since vy and wg are in L', the integral

on the right hand side is finite. Dividing by it, we have
1/r

o] 0 r/p x r/ P’
(p/q/r)(q/p/)l/P </ (/ UQ) (/ w0> Uo(df) dI) < C.
0 T 0
Approximating v and w from below by increasing sequences of L! functions and applying
the Monotone Convergence Theorem we conclude that (p/)'/?' ¢'/?(1 — q/p)D < C as
required.
(Sufficiency) Suppose that D < oo and, for the moment, that (2.3) holds for w. Set

W(z) = [y w and apply Proposition 2.2 with b = W~Pw and F(z) = [; f. Note that
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(2.1) holds since [“b= [ W Pw = (p'/p)W(2)'!~P. The conclusion of Proposition 2.2

becomes

() wrar)”
< (r/p)"/" ( /0 N ( / N v) . ( / N W‘pw> o W () w(x) dw)
([ ([ o) wormaa) "

Performing the inner integration in the first factor, and applying Proposition 2.3 to the

1/r

second factor, we reach the inequality

() srar)”
< (/) o) ( () (o) v d:r;) ([ )"

= (r/p)"" (/¥ (W' /)" D (/O"Ofpu) - (r/a)"/"p" /P (p')" 7' D (/Ooofpu)l/p

1/r

where the next to last equality is integration by parts. (The last equality only changes the
form of the constant.)

To establish sufficiency for general w, we fix non-negative functions v and w. If w =0
almost everywhere on some interval (0, x) then translating v and w to the left will reduce
the problem to one in which this does not occur. (If w = 0 almost everywhere on (0, o)
sufficiency holds trivially.) We therefore assume that 0 < foxw for all x > 0. For each
n > 0 set v, = vX(0,n) and w, = min(w,n) + X(n,c0). Wn clearly satisfies (2.3) so our

previous argument applies and we have

(o) |
0 oo r/p x r/p 1r o 1/p
(U ) ) ([
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for all f > 0. Here ¢ = (r/q)"/"p/?(p')V/¥". If we take f to be gmin(w,n)l/plx(oyn) and

use the definitions of v,, and w,, the inequality becomes

(/on (/Ox g min(w, n)l/p’> ! o(z) d:c) 1/q
- (/On (/wn U>T/p (/0"” min(w, ”))W v(x) d:z:) ( /0 g gp) 1/p

for all non-negative g. We let n — oo, apply the Monotone Convergence Theorem and

1/r

substitute fw 7" for g to get the desired inequality and complete the proof.

REMARK. Integration by parts shows that if 0 < ¢ < p, 1 < p < oo and w is locally

integrable or ¢ > 1 then

D = (gfy)" ( [ )/ ([ w>r/q, w(z) da:) " (2.5

Unfortunately, this alternate expression for D may not be equal to D if ¢ < 1 and w is not
locally integrable. For example, if w(z) = (1/2)x(0,1)(z) and v = X(o,1) we have D = oo
and the integral on the right in (2.5) equal to 0.

The monotonicity of the kernel makes it possible to carry Hardy inequalities from
Lebesgue spaces to Lorentz spaces. The Lorentz space L*9(v(x)dx) is the set of mea-

surable functions g for which

0o 1/q
Lsa(v(z)dz) = (/0 g*(t)q d(tq/s)) < o0

where g.(A) = f{m:|g(x)|>>\} v(z)dr and ¢g*(t) = inf{\ : g.(A) < t}. The following result

g1

may be compared with [9, Theorem 3].

COROLLARY 2.5. Suppose that p, q, v, u, v, and w are as in Theorem 2.4 and that

0 < s < o0. The inequality

I

S CNf (@) Lo (uer) de) (2.6)
Lsa(v(x) dx)
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holds if and only if

1/r

(/O” (/Ox w) " </OO ”) o v(x) dw) < . 2.7)

We may restrict our attention to non-negative f in (2.6). In this case fom f is non-

decreasing so we easily calculate that

[ . - ( L) () dx)
1 llzer (u(e) da) = </Ooof”u)1/p.

Now Theorem 2.4 shows that (2.6) holds if and only if

L (0 o) T2 s

is finite. Straightforward integration shows that this is the condition (2.7).

1/q

RN

and

1/r

3. The Casep = 1

The first result of this section, Theorem 3.2, shows that when the domain of a positive,
integral operator is weighted L!, the monotonicity of the kernel can be transferred to the
weight. We apply this principle to give a characterisation of those weights for which the

Hardy inequality (2.4) holds in the case 0 < ¢ < 1 = p.
DEFINITION 3.1. For a non-negative function u define u by u(x) = essinfocscyp u(t).

It is easy to see that w is non-increasing and standard arguments show that u < u

almost everywhere.
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THEOREM 3.2. Suppose that 0 < g < oo and that k(z,t) is a non-negative kernel which

18 non-increasing in t for each x. The best constant in the inequality

([ ([ rwnsar) oo dx>l/q <[ sz0 51)

in unchanged when u is replaced by w.

The proof is presented in Section 5.

Since k(z,t) = X(0,)(t) is non-negative and non-increasing in ¢ we can apply Theorem

3.2 to Hardy inequalities.

THEOREM 3.3. Suppose that 0 < q < 1. If C is the best constant in the inequality
0o T q 1/q o)
([([ 1) v@ae) <[ su sz (32)
0 0 0

00 00 q/(1—q) (1=a)/q
(1—q)1=9/10 < </0 u(x)4/ (=D (/ U) v(x) d:c) < q(ll— ) C. (3.3)

then

Theorem 3.2 shows that C' is the best constant in the inequality

(/Ooo </Oxf)qv(x)dx>1/qgc/ooof% £>0. (3.4)

We first consider the case u(z) = fxoo b for some b satisfying (2.1). The right hand side of

e[ s ([ o)a=c[ ([ r)wwar

Since any non-negative, non-decreasing function F' is the limit of an increasing sequence

(3.4) becomes

of functions of the form fox f with f > 0, we see that C is also the best constant in the

[e%e) 1/q oo
(/ qu) gc/ Fb, F>0,F1.
0 0

inequality
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The proof of [12, Proposition 1(b)] yields (3.3).
Next we consider the case of general u. If u = 0o on some interval (0, z) then translating
u and v to the left will reduce the problem to one in which this does not occur. (If u = oo
then the problem is trivial.) We therefore assume that u(z) < oo for all x > 0. For each
n > 0, ux(o,n) is finite, non-increasing and tends to 0 at oo so we can approximate it from
above by functions of the form [’° b with b satisfying (2.1). Let {u,,} be a non-increasing
sequence of such functions that converges to wx(o,,) pointwise almost everywhere. Set
Un = UX(0,n)- The first part of the proof shows that for all non-negative functions f, the

inequality

([ 1) ) y
< (1—gq)lab/a (/Oooum(x)q/@—ﬂ (/Oo vn)qm@ vn () daz) q q/OOOfum

holds. Thus, for all non-negative functions g, the inequality

([’ -
< (1 gV ( [t ([70) @ dx> o [0

holds. As m — oo both u;nl and u%(q_l) are non-decreasing sequences so the Monotone

Convergence Theorem implies that for all non-negative g we have

([ (e )
1—q (I=a)/a
< (1= g0/ ( [ ateren ([70) e dm) [ s

Letting n — oo and applying the Monotone Convergence Theorem again we obtain, with
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f=g9/u,

(L) o)
1—q (1-a)/a
< (1—q)la=/a </Oooy(x)q/(q—1) (/;O U) a/( )U(x) dm) /0 fu.

This gives the left hand inequality in (3.3). To establish the right hand inequality we

suppose that (3.2) and hence (3.4) holds. Since for any n and m, v, < v and u < u,, we

([ ([ i) e[ e 120

n oy [T\ (1-a)/e 1
Wy, ()97 / v) v(x)dx < C.
/0 (@) ( z (@) q(1—q)

Using the Monotone Convergence Theorem twice in succession as above we have the right

have

Hence

hand inequality in (3.3). This completes the proof.

REMARK. If we denote the best constant in (2.4) by C,, then one can show, at least for

well behaved v and v, that lim,_,;+ C}, = C; and that
/ ’ ]./T

[ee) x 1 p' TP o0 r/p
lim D = lim -] u v v(z) dz
p—1t p—1T \ Jo 0 \U z
S q/(1-q) oo\ 9/(1—q)
= / HEX(O’””) (/ v) v(x) dx
0 o0 X
o oo N ¢/(1—q) (1—-q)/q
_ ( [ uor e (7o) dx) ,
0 T

the same integral that appears in Theorem 3.3. Moreover, the constants obtained in

(1—q)/q

Theorem 2.4 are bounded as p — 17, unlike the constants given previously for this problem

in [10] and [7, p130]. Specifically, the conclusion

)7 ¢ (1 —q/p)D < Cp < (r/q)V/ PP (p') VP D.
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of Theorem 2.4 becomes

q(1—¢) lim D<C, <(1—¢) V% lim D

p—1+ p—1+

when p — 17, giving precisely the same estimates as Theorem 3.3.

When 1 < g < oo there is a formula in [4, p316] for the best constant in (3.1). The
formula, together with Theorem 3.2, yields two expressions for the best constant when

k(x,t) is non-increasing in t. Of course they are equal so we have

ess sup u(t) ! ( /0 k(. 1) 10(x) da;)l/q — esssupu(t)~! ( /O ke ) 10(x) dm)l/q,

t>0 t>0

a fact which is not difficult to establish directly. It suggests, however, that perhaps we

may replace u by w in the condition of Theorem 3.3. That is, perhaps the finiteness of
(1-q)/q

( /O " a1/ @) ( / b v) T @ dm) (3.5)

might imply the inequality (3.2). The next example shows that this is not the case.

ExXaMPLE. For n = 0,1,2... let A, be a dense, open subset of (nLH, Z—i;) with
(Lebesgue) measure less than 27" /(n + 2). Set A = U2 A, u(z) = xac(z) + (1 —
)Y 4(z) and v = X(0,1)- Since A is open and dense in (0,1) we have u(z) = (1 —

)Y 9% (01)(z). The inequality (3.2) does not hold because the condition of Theorem 3.3 is

not finite:

S oo\ 4/(1—q)
/ u(z)?/ (@) (/ v) v(z) dx
0 T
1 1
= / (1 — )@= = 2)2/ =9 g = / (1—2) tdz = oco.
0 0

On the other hand (3.5) is finite:

T ([T q/(l_q)v(x)dx
/ (L)

_ — 29 0=9 g, N —2) lde N n " /(n .
- [ a=ayimo +;/An<1 e <143 (422 /(n+2) <3

n=0
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4. Inequalities for Monotone Functions

Here we consider the weighted Hardy inequality with 0 < ¢ < 1 = p where the function
f is constrained to be monotone. The case in which f is non-increasing reduces to our
previous results (Theorem 4.1) but the case in which f is non-decreasing is more difficult.
An analogue of Theorem 3.1 is given which is of independent interest but it does not lead

to a complete resolution of the problem.

THEOREM 4.1. Suppose 0 < q < 1. There exists a C' > 0 such that the inequality

(/Ooo (Amf)qv(m)dx)l/ng/ooofu F>0, f1, (4.1)

holds if and only if both
(1-a)/q

00 1 [t q/(g—1) oo\ 4/(1—q)
(/ (%s<sti<nf Z/ u) (/ v) v(x) dx) < 00 (4.2)
0 z 0 x

(1-9)/q

( [ ([ mma) ™ s ) ce oy

Every non-negative, non-increasing function f is the pointwise limit of an increasing

and

sequence of functions of the form fyoo h, h > 0. (Set f, = nffr(l/n) JX(0,n) and note

that f, is an increasing sequence which converges pointwise almost everywhere to f even

if f(00) > 0. Also, fu(@) = [0 [F(D)X(0m(t) — F(t + (1/n))X(omy(t + (1/n))] dt which

is of the required form.) Thus, (4.1) is equivalent to

(/O‘X’ (/Ow (/yoo h) d?‘/)q”(x) dl‘>1/q < C/OOO (/yoo h) u(y)dy, h >0,

which is, interchanging the order of integration,

([ (/Omth(t)dtth/:oh(t)dt)qv(:v)dx)l/q <c [ nw (/Ou) at, b0,
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This inequality holds if and only if both

(/Ooo (/Om th(t) dt)qv(x) dx)l/q < C/Owh(t) (/Ot u> dt, h>0, (4.4)
(/OOO (:c/:o h(t) dt>qv(:z:) dx>1/q < C/Oooh(t) (/Otu> dt, h>0,  (4.5)

hold. Theorem 3.3 shows that (4.2) and (4.3) are necessary and sufficient for (4.4) and

and

(4.5) respectively.

REMARK. For purposes of comparison we note that (4.1) holds for 1 < g < oo if and

1 x -1 0o 1/q
ess sup <—/ u> (/ v) < o0
>0 T Jo T
z -1 x 1/q
ess sup (/ u) (/ thv(t) dt> < 00.
z>0 0 0

Here we have applied [4, p316] to (4.4) and (4.5), which are also jointly equivalent to (4.1)

only if

and

when 1 < ¢ < o0.

Our analogue of Theorem 3.1 for non-decreasing f requires the notion of the level

function.

PROPOSITION 4.2. [2, 11] If 0 < u € L' N L™, then there exists a function u®, called
the level function of u (with respect to Lebesque measure), with the following properties:

(1) u® is non-increasing on (0,00),

(2) fyu< [5ue for almost every x,

(3) there are disjoint intervals I; such that u® is constant on I; with value (1/|I;]) fIi u

and u® = u almost everywhere off the union of the I;.
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The level function is defined for more general u in [11] but we content ourselves with
this special case to avoid technical difficulties. (The level functions defined in [2] and in

[11] are slightly different but when taken with respect to Lebesgue measure they coincide.)

THEOREM 4.3. Suppose that 0 < q < oo and that k(x,t) is a non-negative kernel which

is non-increasing int for each x. If0 < u € L*NL> then the best constant in the inequality

(Am(Amﬂﬁﬂf@doqﬂwiaquCAmﬂ% F>0, f1, (4.6)

18 unchanged when u is replaced by u°.

The proof is presented in Section 5.

THEOREM 4.4. Suppose 0 < g <1 and 0 <u € L' N L*>. The best constants in each of

the following inequalities coincide.

([ ) wa) " <[ 2001 an

< < f) dl‘) <0/ fu®, £>0, f1. (4.8)
(AW(A (=) ﬁ) WJ <@<qu)¢“ h>0. (49
(/Ooo (/Om(w—t)h( )dt> v(x )dw) SC/OOOh(x) (/:Ou> dr, h>0. (4.10)

o] 1/q o
(/ qu) < C'/ Fdu, F >0, F(0)=0, F convex. (4.11)
0 0

Here i is the Borel measure defined by u® f du for almost every x.
The equivalence of (4.7) and (4.8) follows from Theorem 4.3. Each f in (4.7), even if

f(0) > 0, may be approximated pointwise from below by a function of the form fom h with
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h > 0. Substituting fox h for f in (4.7) and interchanging the order of integration on both
sides produces (4.9). In the same way (4.10) is equivalent to (4.8).

To see that (4.11) also reduces to (4.8) we note that each F' from (4.11) may be written

in the form fox f with f >0 and f 7. Interchanging the order of integration completes the

equivalence and the proof.

Perhaps the most interesting consequence of this theorem is that the best constant for
an embedding of the cone of convex functions (4.11) is also the best constant for a weighted

Riemann-Liouville inequality (4.9).

5. Proofs of Two Theorems

PROOF OF THEOREM 3.2. Let C be the best constant in (3.1) and let C' be the best
constant in (3.1) with u replaced by u. Since u < u almost everywhere, C' < C. To prove

the reverse inequality it is enough to show that for all non-negative f € L'(z, o0)

(/Ooo (/; k(z,t) f(t) dt)qv(a:) d;c>1/q < C/; fu, (5.1)

where z = inf{x > 0 : u(r) < oo}.

Fix a non-negative f € L'(z,00) and ane € (0,1) and set A = {z > z : u(x) < e+u(x)}
and B; = {x >z :je <wu(x) < (j+1)e} for j=0,1,.... Let J = {j : |B;| > 0} and note
that U;csB; has full measure in (z,00). Since u is non-increasing we can define a; and b;
with z < a; < b; < oo by (aj,b;) C B C [aj,b;] for each j € J. Moreover, if j; < jo with
Ji,j2 € J we have a;j, < bj;, <aj, <bj.

We wish to show that each interval B; has part of the set A, the points at which v and u

are close, near its left endpoint. To do this we define A; = AN(a;,a;+¢<(bj —a;)) C B; for
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each j € J and demonstrate that A; has positive measure. Since v < u almost everywhere

we have, for each j € J,

inf u(t) > inf u(t) > (7 +1)e > ; b: —a;)) = inf t).
gssinfu(t) > essinfu(t) > (G + D)e > ula; +e(bj —a5)) = | essinf  ult)

It follows that on some subset of (a;, a;+¢(bj—a;)) of positive measure, u < (j+1)e < u+e.
Thus |A4,| > 0.

We are now ready to define the functions f. which are closely related to f but are
supported in A. We set f. = > . ; < f:j f) |A;| " xa,. The first observation to make
about the functions f. is that their L; norm is almost less than the L) norm of f. We

calculate as follows.

[r=x ([

J
J

Our second observation is that the mass of the functions f. is almost farther left than
the mass of f so the inequality fz f< f; fe almost holds. To be precise, if z € Ujcs(a; +
e(bj — aj),b;) then = € (aj, + €(bj, — aj,),bj,) for some jy, € J so, recalling the reversed
order of the intervals B;, we have

/:f < Z ; f= Z (/: f) 14,71 /:ﬁs(bj_aj)XAj

Jo<j€J "% Jo<jed J

aj+e(bj—ay) ajo+e(bjo—ajq) x
— Z / fag/ fs S/ fs-

Jo<jed = =
Thus f; f <liminf._ o+ f; f- pointwise almost everywhere.

The monotonicity of the kernel k(z, t) for each  enables us to write k(z, t) = ky+ [~ doy,

for almost every t, where k, is a non-negative constant and o, is a non-negative, Borel
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measure. This fact, together with our second observation and Fatou’s Lemma allow us to

estimate the operator as follows.

/; k(. ) f(1) dt = /:o <kx +/too daw) F(t) dt

& [ swars [T [ oo

< liminf (k / fo(t)dt + / / fg(t)dtdax(s)) — limin / Kz, t)f-(¢) dt.

We use this estimate and Fatou’s Lemma again as well as the definition of C' and our

first observation to obtain

(/ooo ( /_ " k(o0 £ 0 dt)qv(x) dx)l/q
= </0°° (/OO k(w,)f(t) dt) "o(z) da:) :

glimirifC’/ f&-ugClimirJ}f (/ fg—l—Qe/ f) :C’/ fu.
e—0 P e—0 z z z

We have established (5.1) which completes the proof.

PROOF OF THEOREM 4.3. Let C be the best constant in (4.6) and let C° be the best
constant in (4.6) with u replaced by u°. Proposition 4.2, part (3) shows that fooou" = fooou.
Combining this with part (2) we have [>" u® < [> u for all z > 0. Lemma 2.1 shows that
if f is non-negative and non-decreasing then fooo ful < fooo fu. It follows that C' < C°.

To prove that C° < C' we fix a non-negative, non-decreasing function f and construct
a related function g. On each interval I; from Proposition 4.2, part (3) let g be constant
with value |I;| 71 f-[i f. Otherwise let g = f. Clearly fIi g= fli f for each i. It follows that
if ¢ is not interior to any of the intervals I; then fot g= fg f. If, on the other hand, ¢ is

interior to one of the intervals I;, call it (a,b), then we have

/Otg=/0a9+/atg=/oaf+2:z/abfz/otf




20

GORD SINNAMON AND VLADIMIR D. STEPANOV

where the inequality is a consequence of the monotonicity of f. We have shown that fg <

Iy

g for all t and we conclude, just as in Lemma 2.1, that for each z, [~ k(z,t)f(t) dt <

Jo " k(z, t)g(t) dt because k(z,t) is non-increasing in ¢.

The definition of g was made specifically for the following calculation.

/OOOQU=/(UIi)C fwr;/u (|Ii|—1/1i f)u
:/(Umcfu-i-zi:/fi <|I¢|_1/Iiu>f:/ooofuo_

Now we can complete the proof.

(/ow (/owkw)f(w dt)qm) dx) N
< (/OOO ( /0 Ook(a:,t)g(t) dt)qv(x) dx>1/q ) C/Ooogu ) C/OOOfuo.

Since the above inequality holds for all non-negative, non-decreasing functions f we have

shown that C° < C.

W N =

oo

10.

11.
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