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ABSTRACT. We prove that if an infinite matrix A satisfies AC = CA where C is
either a Cesaro matrix Cy, or a Holder matrix H, each of order a = 1,2, 3, or 4,
then the matrix A is triangular, and hence is a Hausdorff matrix. We prove also
that corresponding to each real a > 4 there exists a non-triangular matrix A with
rows in ¢; that commutes with Hg, and that corresponding to each integer oo > 4
there exists a non-triangular matrix A with rows in ¢; that commutes with Cy. In
addition, we prove results concerning infinite matrices that commute with H, when
a is a fraction of a certain kind or with the Euler matrix (E, q).

1. Introduction and basic definitions.

Given an infinite matrix (a,x) we assume implicitly that n,k = 0,1,..., and
that ajir = 0 whenever 7 < 0. The matrix is called triangular if a,, = 0 when-
ever k > n, and it is said to be mormal if it is triangular and a,, # 0 for
n = 0,1,.... Given a function u(k) defined for £ = 0,1,..., the Hausdorff ma-
trix generated by the sequence (u(k)) is the triangular matrix (a,x) with a,r :=
(M)A Fu(k) where Ap(k) := p(k) — p(k + 1). The Cesaro matrix Cp, a > —1,
is the Hausdorff matrix generated by the sequence (u(k)) with u(k) := 1/(“,;0‘)
The Holder matrix H,, a > —1, is the Hausdorff matrix generated by the sequence

(n(k)) with p(k) :==1/(k+ 1)

The matriz C = Cy, o > —1. In this case C = (c¢,x) is a triangular matrix given

by cpr = (”_f:z‘_l)/(”j;o‘). In particular we have ¢, o = a/(n + «). The inverse

nm
that C' is row finite and column finite when « is a positive integer.

C" = (c},,,) of C is also a triangular matrix given by ¢, , = (”_2:2‘_1) ("F). Note

The matrir C = H,, a > —1. In this case C = (¢k) is a again triangular matrix
given by ¢, = () A" *u(k) with p(k) := (k + 1)~*. In particular we have, for

1 —1 .
a >0, cho = A"u(0) = [, (1 — )" (log %)a dt. The inverse C' = (c,) of C
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is also a triangular matrix given by ¢, = (7)A" *u(k) with p(k) = (k + 1)*.
Note that C’ is row finite and column finite when « is a positive integer, since then
ATp(k)=0forr=a+1l,a+2,....

It is familiar (see Hardy [1, Theorem 198]) that if a triangular matrix 7" commutes
with a Hausdorff matrix generated by a sequence (u(n)) with all terms different,
then T must be a Hausdorff matrix. The late Professor Brian Kuttner raised the
following question: If an infinite matrix A commutes with a given Hausdorff matrix
is A necessarily triangular, and hence a Hausdorff matrix? Rhoades [3] considered
this question in the case that the given Hausdorff matrix is either a Cesaro matrix
of integer order or a Holder matrix of an integer order. In the next section we state
four theorems which show, inter alia, that a very restrictive condition imposed by
Rhoades [3] on the matrix A can be removed. In Section 8 we consider the case
when A commutes with certain Holder matrices of fractional order, and in Section
9 we prove a result (Theorem 10) concerning A commuting with the Euler matrix
(E,q). Rhoades’ Theorem 3 in [3] is similar to our Theorem 10 but includes the
above mentioned restrictive condition.

2. Infinite matrices that commute with Cesaro or Holder matrices.

Theorem 1. Suppose o € {1,2,3,4} and A = (ank) is an infinite matriz such
that the product AC,, exists and AC, = C,A. Then A is triangular (and hence is
a Hausdorff matriz).

Though the case a = 1 of Theorem 1 was proved implicitly in Jakimovski [2], we
give another proof of this case in Section 5.

Theorem 2. Suppose o € {1,2,3,4}, and A = (ank) s an infinite matriz such
that the product AH, exists and AH, = H,A. Then A is triangular (and hence it
is a Hausdorff matriz).

Both Theorems 1 and 2 with the additional assumption that the matrix A satisfies
the bounded norm condition sup,, > o |ank| < 0o were proved in Rhoades [3].

We prove Theorems 1 and 2 in Section 5.

Theorem 3. Corresponding to each real o > 4 there exists a non-triangular matrix
A with every row in £y that satisfies AH, = H,A.

Theorem 3 with the additional assumption that « is an integer was proved in
Rhoades [3].

Theorem 4. Corresponding to each integer o > 4 there exists a non-triangular
Y T, B B A S / | D R Y Y sy Wa ' 7Y A
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Rhoades [3] dealt with the case @ = 5 of Theorem 4 using a very complicated
method.

We prove Theorems 3 and 4 in Section 7.

3. Some results about commutative infinite matrices.

We prove two general theorems in this section. The first theorem concerns the
associativity of certain products, and the second is the key result used in the proofs
of Section 5.

Theorem 5. Assume that A = (anm) is an infinite matriz, T = (t,k) is a trian-
gular matriz, and B = (by,) is a row finite and column finite matriz. Assume also

that the product AT exists. Then (AT)B = A(TB) and B(AT) = (BA)T

Proof. (i) Since in the following sums, for a given r, only a finitely many of the
numbers by, differ from zero, we get

((AT Z Z Gpmt mk: bkr = Z Anm Z mkbkr = TB))nr
k=0

k=0 m=0 m=0
Hence (AT)B = A(TB).
(ii) The above argument also yields (B(AT))nr = > oo bnm 2 peg Gmktir
— (BA)T),. 0

Theorem 6. Assume that A = (anm) s an infinite matriz, that T = (t,g) is a

normal matriz, and that its inverse matriz T' = (t! ) is row finite and column

finite. Suppose that the product matrixz AT exists and AT = T A. Then AT' =T’ A.

Proof. From AT =T A we get T"(AT) = T'(T'A). Applying Theorem 5 with B :=
T we get (T"A)T = (T'T)A = A. Multiplying both sides of the above equality on
the right by 77 and applying Theorem 5 again we get T'A = AT". O

4. Some results on infinite matrices that commute with Hausdorff ma-
trices.

Theorem 7. Suppose A = (anm) is an infinite matriz and « is a positive in-
teger If C is a normal Hausdorff matriz whose inverse C' = (c},.) is given by
e = (”)A”_k (k) with p(z) a polynomial of degree o in x. Then (AC')n =
oo Gn, k+rcr+k e and (C"A)p, = >0 ChrGrk.

k
Proof. We have (AC")nk = Y ooeg@nrChy, = ZTJF,? UnrChp = Doy U etrCroy o i
This proves the first conclusion of the the theorem. To prove the second conclusion

we have (C"A)pk = D e g Crrlrk = Y oner o Cor Q- O

r=n—« nr
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Theorem 8. Suppose « is positive integer and C = (cnr) 15 a normal Hausdorff
matrix satisfying

(n+ 1)cp 0 is ultimately monotonic and lim (n+ 1)c, o # 0. (1)

n—oo

Suppose its inverse C' = (c},.) is given by

Chy = (Z) A" Fu(k)  with p(z) a real polynomial of degree o in x.  (2)

Suppose A = (any) is an infinite matriz such that the product AC exists and AC =
CA. Suppose that there is an integer n > 0 such that

amp =0 for k=m+1m+2,... and m=-1,0,1,... ,n—1. (3)
Write by, = ani, and f(z) = oo bpz¥. Then f(z) is finite for |z| <1 and
t 1—
lim / flu)du = flu)du =L, (4)
t—1— 0 0

where L 1is finite.
Further, if x := €', 0 = d/dt, y = f(1 — x), then, for 0 < x < 2,y satisfies the
linear differential equation of order o with constant coefficients

F(0)y := (u(0) — u(n))y = R(1 —¢), (5)
where R(z) is a polynomial of degree at most n — 1. If the associated auxiliary
equation F(r) = 0 has simple roots r1,ra,... ,ro ¢ {0,1,... ,n— 1}, then

f@)=c(l—2)" +c(l—2)?+ - 4+co(l —2) 4+ P(1—2x), (6)
where ¢1,¢a, . .., Cqo are constants and P(z) is a polynomial of degree at most n — 1.
Proof. Observe that, by (1), m is ultimately monotonic and bounded, and

that (AC)n,0 = D e GnkCh,0 = Y peo DkCr,0 With the series converging by hypoth-
esis. It follows, by Abel’s test, that > -, kb—fl is convergent, and hence that f(u) is
finite for |u| < 1. By Abel’s theorem we have lim; fot flu)du = fol_ f(u)du =
Sope kb—fy This establishes (4). Since the matrix C” is row finite and column fi-
nite, we have, by Theorem 5, that AC" = C’A. Hence, by Theorem 6 and condition
(2), we have, for k = n,n+1,..., that 32" (@n k4rChirp = Dorepa Cnplrk =
e ank = (n)ank. In other words we have that

Zc§€+r7kbk+r =u(n)by fork=nn+1,.... (7)
r=0

Suppose now that 0 < z < 2 so that, for z = e!, ¢t < log2. It follows now from (7)
that

pn)f(1—e)=> (1= chippbrir
k=n r=0

Z(l - et)k Z C;c—l—r,kbk—l-r - p(l - €t>7 (8)



MATRICES THAT COMMUTE WITH CERTAIN HAUSDORFF MATRICES 5

where p(z) is a polynomial of degree at most n — 1. Next, we observe that by
applying the relation u(0)e’t = p(j)e’t , Lemma 2, (2), and absolute convergence
we get

w(O) Y be(l—eVr=3 by ( ) (=1)7 u(5)e’”
k=0 k=0 7=0 J

0o k

=Son Y- ey (F)aruth -
k=0 r=0

=3 Y n e (F)aruti
r=0 k=r

) SN L I
r=0 k=0

= Z Z(l —e') C;c—i—r,k:blﬁ-?"'
r=0 k=0

Whence, by (8),
pn)f(L—e') +p(l —e') = p(0) Y bu(l —e")* = u(0)f(1 —e') +q(1 - ¢"),
k=0

where ¢(z) is a polynomial of degree at most n — 1. Thus y satisfies the differential
equation (5) a particular integral of which is

F(0) COTF@e) & T L FR) & FR)
k=0 k=0 k=0

where P(z) is a polynomial of degree at most n — 1. It follows that the general
solution of (5) is given by

y=cre +cpe™t o cpe”t + P(ef)
=zt + e + -+ eqr" + Plx) = f(1—x),

sothat f(z) =c1(1 —2)" 4+ (1 —x)2 + -+ -+ co(1 —x)"™ + P(1 — x). O

5. Proofs of Theorems 1 and 2.

We shall use the following two useful lemmas.

Lemma 1. Suppose that a < —1,b> 0 and c < a.
(i) If 1 and co are fized complex numbers and

c1 /(1—:(;)“+zbd:c+02 /(1—x)“_’bd:c—>L ast — 1—.
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where L is finite, then ¢ = co = 0.
(ii) If cg, ¢1 and co are fized complex numbers and

t t t
co/ (l—a:)cdx—l—cl/ (1 —x)a+ibdx+02/ (1—2)®de - L ast— 1—,
0 0 0

where L is finite, then co = ¢ = co = 0.

Proof. (i) Let 0 <t <1, v=1—¢. Then f(f(l — )t dr = K(1 —vet1+?) where
K =1/(14 a+1ib). Hence

t t
c1 / (1 —x)aHb dx—l—cQ/ (1 —x)a_ib dr = c1 K +co K —pot1i—i0 (Kclv%b + KCQ) )
0 0

Suppose first that a < —1. Since in this case |v3FT1=®) — 00 as v — 0+, we must
have that Kc1v?"® — —Kcy as v — 0+, which is only possible if ¢; = ¢co = 0.
Suppose now that a = —1. This case is more delicate. We have that

Kev® + Kegv™™® — —L — (Key + Kep) asv — 0+ .

If we take v = e~ % for k = 1,2,..., we obtain that

(=1)¥(Key + Kep) — —L — (Key + Key) as k — o0

(2k4+1)w

which implies that K¢; + Kco = 0. Likewise, if we take v = e~ 2o for k =
1,2,..., we obtain that

(_1)k+1i(K01 - KCQ) — —L—(Key + I_(CQ) as k — 00
which implies that K¢; — Kcp = 0, and hence that ¢; = ¢y = 0.

(i) From (1 —2) ¢ {co(1 — 2)° + c1(1 — )"t + (1 — x)a®" ™} — cpas & — 1—
we get ¢o = 0. Applying now part (i) of the lemma we get cg = ¢; = ¢ = 0. O

Lemma 2. Zk: (D w(g)a? = Zk:(l + z)hs (]:) Asp(k — s).

§j=0 s=0

Proof. Denote by E the shift operator given by Eu(k) = u(k + 1). Then

S04y (5)ante o) - S ()a-Br@+amr—uo

S
s=0 s=0

Proof of Theorem 1. Suppose that C = C, with a € {1,2,3,4}. We use the

L Lt T . O I n) MY Y 2 YN o, LY 2 Y o e n) T o
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cn0 = 754, and the inverse matrix C” satisfies condition (2) of Theorem 8 with

w(k) = (]H,;O‘) We shall prove by induction that a,, = 0 for k > n =0,1,2,... .
Assume now the inductive hypothesis that for a fixed integer n > 0 condition (3)
of Theorem 8 holds. The differential equation (5) now becomes

F(0)y = ((eza) - (n;—a)) y=R(1-e),

where R(z) is a polynomial of degree at most n — 1. Recall that y = f(x — 1), x =
el, 0 =d/dt, by = ang and f(z) = > p—, brz". Observe that the associated auxiliary
equation is

a!F(r):ﬁ(r—l—k ﬁn—l—k =0, (9)
k=1 k=1

and that F(r) < 0 for 0 <r < n.
We consider the cases a = 1,2, 3 and 4 separately.

The case o = 1. In this case equation (9) reduces to » —n = 0 of which the root
is 7 = n. Hence, by conclusion (6) of Theorem 8, we have, for 0 < = < 2, that
f(x) =c1(1 —2)" + P(1 — x) where P(x) is a polynomial of degree at most n — 1.
Clearly (4) holds. Thus, subject to the inductive hypothesis (3) we must have
b = anr = 0 for k > n. But (3) is clearly satisfied for n = 0, and so the proof is
complete by induction in this case.

The case a = 2. In this case equation (9) reduces to 7% + 3r —n? — 3n = 0 of which
the roots are » = n, —n — 3. Hence, by conclusion (6) of Theorem 8, we have, for
0 <z <2 that f(x) = c1(1 —2)" + c2(1 — 2)™ 3 + P(1 — ), where P(z) is a
polynomial of degree at most n — 1. In order for (4) to hold we must have that
fo x) dz exists as a finite number which is only possible if co = 0. Thus, subject
to the 1nduct1ve hypothesis (3), we must have by = a,r, =0 for k > n. But (3)
is automatically satisfied for n = 0, and so the proof is complete by induction in
this case.

The case o = 3. Equation (9) now becomes 7 + 6r? + 11r — n® — 6n? — 11n = 0
of which the roots are r = n, —% -3+ %\/3712 + 12n + 8 . It follows as in the case
a = 2 that, for 0 < x < 2,

f(@) = er(1 = 2)" 4 cp(1 — @) 25 VEnHInES
+oes(l— )—%—3——\/m+P(1 — ),

where P(z) is a polynomial of degree at most n — 1. In order for (4) to hold we
must have that fol_ f(x) dzx exists as a finite number which, by Lemma 1, is only
possible if ¢ = ¢3 = 0. The proof of this case can now be completed by induction
as in the previous case.

The case o = 4. In this final case (9) becomes r* + 1073 + 35r% + 50r — n* — 10n3 —

ar 92 [ N £ 1 °* 1 41 - a4 o o - 5 1 1 1.9 . an.. . 4= A
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before it follows that, for 0 < x < 2,

fx)=c1(1—2)" +c(1—2)""° +c3(1 — a:)_%Jr% VA2 +20n+15

+ 64(1 i x)—%—%\/4n2+20n+15 + P(l . l‘),

where P(z) is a polynomial of deree at most n — 1. In order for (4) to hold we

must have that fol_ f(z) dz exists as a finite number. Lemma 1 now shows that
co = c3 = ¢4 = 0, and the proof can be completed by induction as in the previous
cases. 0]

Proof of Theorem 2. Since Hy = C1, the case a« = 1 is known (and a proof was
given above). So suppose that C = H, with « € {2,3,4}. We use the nota-
tion of Theorem 8. Since « is a positive integer, we have that, for 0 < ¢t < 1,

a—1 a—1
<10g ﬁ) = <Zzo:1 %) = > 02 cxt®, where ¢ > 0 for k = 1,2,.... It
follows that

1
(nH)C”’OZ(nH)/otn<log1it) Z’“ ZZL

is positive and increasing, and hence that the matrix C satisfies condition (1) of
Theorem 8. Further, the inverse matrix C’ satisfies the condition (2) of Theorem
8 with u(k) = (k + 1)®. We shall prove by induction that a,; = 0 for k > n =
0,1,2,... . Assume now the inductive hypothesis that, for a fixed integer n >
0, condition (3) of Theorem 8 holds. The differential equation (5) now becomes
FO)y:=((0+1)*—(n+1)*) y = R(1—¢€"), where R(z) is a polynomial of degree
at most n — 1. Recall that y = f(x — 1), z = €', 0 = d/dt, by, = an, and f(z) =
S e bi.2*. Observe that the associated auxiliary equation is

Fr)=0r+1)%=®m+1)* =0, (10)
and that F(r) < 0 for 0 <r < n.
We consider the cases a = 2,3 and 4 separately.

The case a = 2. In this case equation (10) reduces to (r + 1) — (n + 1)? = 0 of
which the roots are r = n, —n — 2. Hence, by conclusion (6) of Theorem 8, we have,
for 0 < x < 2, that

fl@)=c(1—2)" +co(1 — :L’)_”_Q + P(1 —x),

where P(z) is a polynomial of degree at most n— 1. In order for (4) to hold we must
have that fo x) dx exists as a finite number which is only possible if ¢; = 0. Thus
subject to the 1nduct1ve hypothesis (3) we must have by = a,r = 0 for £ > n. But
(3) is automatlcally satisfied for n = 0, and so the proof is complete by induction
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The case a = 3. Equation (10) now becomes (r + 1)3 — (n + 1) = 0 of which the

roots are r = n, — ”;3 + i\/g(;H'l) . It follows as in the case a = 2 that, for 0 < x < 2,

_"_Jr3+i\/§<++1)

fl@)=c(1—2)"4+co(l—2x)" 2

n4+3 _ iV3(n+1)
2

+eg(l—x) 2 + P(1 —x),

where P(z) is a polynomial of degree at most n — 1. In order for (4) to hold we

must have that fol_ f(x) dz exists as a finite number which, by Lemma 1, is only
possible if ¢ = ¢3 = 0. The proof of this case can now be completed by induction
as in the previous case.

The case o = 4. In this final case (10) becomes (7 +1)* — (n+1)* = 0 of which the
roots are r =n, —n — 2, —1 £ i(n+ 1) . As before it follows that, for 0 < z < 2,

f(ﬁ) = 01(1 — x)n -+ 02(1 — x)—n—2 + 03(1 . x)—l—‘,—i(n—}—l)
+e(1—2) 770D 1 p(1— o),

where P(z) is a polynomial of degree at most n — 1. In order for (4) to hold we
must have that fol_ f(x)dz exists as a finite number. Lemma 1 now shows that
co = c3 = ¢4 = 0, and the proof can be completed by induction as in the previous
cases. 0]

Remarks. Note that the key formulae in the proofs of Theorems 1 and 2 are
(9) and (10), respectively. Though these formulae are essentially the same as
(10) and (15), respectively, in Rhoades’ paper [3], we derived them by a method
entirely different from Rhoades’. His proofs use the restrictive assumption that
SUP, > pep lank| < oo and cannot work without some such restriction. Our ap-
proach, based on Theorems 5, 6, 7, and 8, allows us to dispense with the restriction.

6. Some results about infinite matrices with rows in ¢; that commute
with Hausdorff matrices.

In the following 7(¢) will denote a function of bounded variation over [0, 1].

For complex s with Re s > 0, let u(s) := fol t*dv(t), and denote by (H,~y) the
Hausdorff matrix generated by the moment sequence (u(k)), ie., (H,v) = (hnk)
where

1
") AR (k) = / "V (1 — )" Edy(t) for 0 < k < n,
hoge = 4 \k o \&
0 for k > n.

We have . )
supz || < / |dy ()] < o0.
k=0 0

n>0; _
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Lemma 3. Let A = (ank) be an infinite matriz with each of its rows in £y, i.e.,
S o lank| < oo. Let gn(t) == > pegank(l — )% for0 <t <1,n=0,1,..., and
let H= (H,v)= (hnk) be a Hausdorff matriz. Then AH = HA if and only if

1
/ gn(tw)dy(u) = p(n)gn(t) + Y hokge(t)  for 0<t<1,n=0,1,....
0 k=0
Proof. Let n,j = 0,1,2,..., and 0 < ¢t < 1. Suppose AH = HA which means
explicitly that
AH T‘Lj Z ankhkj Z hnkakj HA)nj N (11)

the convergence of the infinite series being guaranteed because

> lansllgl < [ 110 Y faus] < oc.

k=0 0 k=0

Also

o) k 1 oo
S Janel 3 [l (1 = 7 < / Z|ank|<1—tu>k|dv<u>|
k=0 §=0 0 k=

/ |dvy(u |Z lank| < oo.

This justifies all the following interchanges of orders of summation and integration.
We have 377 (1 —1)7 307 g ankhiy = 3520 (1 = t)? 301 Pnkag; , and so

o) k n 00 n—1
S g (1= = 3" bk D iy (1 =) = u(m)ga(t) + 3 Pt
k=0 3=0 k=0 §=0 k=0

Now
ih (1 —t) —/1i (k>uj(1—t)j(1—u)k_jd (u)—/l(l—ut)kd (u)
jzokj _szoj ’y_o T
Thus

Za”kzhkj 1—t) —/ Zank(l — tu)*dy(u) :/0 gn(tu)dy(u).

0 k=0
Hence

/0 gn(tu)dy (1) = p(n)gn(t) + 3 hukgi(t) (12)
k=0

Since all the steps leading to (12) are reversible we get that (12) is equivalent to
(11) when (ank)r>0 € 41 for n =0,1,.... O
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Lemma 4. Let H = (H,7v) = (hnk) be a given Hausdorff matrixz with v(t) in-
creasing on [0,1] and v(1) —~v(0) = 1. Suppose there is a complex or real sequence
(sr) satisfying so = 0, Re s, > 0 for r > 1, and p(s,) = p(r) for r > 1. Then
there exists a triangular matriz (cn,) such that ¢, =1 for n > 0 and the function
Gn(t) =Y 0_ o Curt™ satisfies (12) forn =0,1,..., and 0 < ¢ < 1.

Remark. Of course for any given value of r the choice s, = r satisfies the
assumption of Lemma 4 for that value.

Proof. We construct the matrix (¢;j,) by induction. Suppose throughout the proof
that 0 < ¢t < 1. We have so = 0 and p(0) := fol dy(t) = v(1) — v(0) = 1. Choose
coo = 1. Then the function go(t) satisfies (12) for n = 0. Assume now c;, has been
defined for 0 <r < j < n so that g;(t) = Zf:o c;rt®r satisfies (12) for 0 < j < n.
We will now construct a function g, () that also satisfies (12) and thereby extend
the definition of ¢;, to the range 0 <7 < j < n. We have

n—1 n—1 n—1
Z hnkgk Z hnk Z Ckr t°r = Z t°r Z hnkckr = Z dnrtST
r= =0 k=r r=0

where d,,, 1= Z;: hniceyr for 0 < r < n. For the function
n—1
d
ho(t) :=) ————t°"
2w )
we have
1 n—1 1
b (tu)dy(u) = ’“/ u®rdy(u)
/0 TZO p(r M(” 0
n—1 n—1 n—1
dy, dp,t s
_ M(T) 5 = pu(n) Z + Z dy t57

Therefore fol by, (tw)dy(u) = p(n)hy, (£) + 35 nkgk(t). Now define g, (t) := t°" +
hy(t). Then

/01 gn(t1s) dry () = 1 /0 wrdy(w) + /o )

= p(sp)t*" + pu(n )+ Z Pk gi(t)

t) + Z ok gn(t)

Hence g, (t) satisfies (12) and has the representation

—1
t) —— tSn + nz d?"LT ts.,. _ ic tSr
= - nr ;
= ulr) — p(n) =
dnr

pu(r)—p(n)
completed by induction. O

where ¢,,, = 1 and ¢, = when 0 < r < n. The proof can now be
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Lemma 5. Let H = (H,v) = (hnk) be a given Hausdorff matriz with v(t) increas-
ing on [0,1] and y(1) — v(0) = 1. Suppose that to some positive integer m there
corresponds some number s,, with the following properties:

(i) sm is not an integer;

(ii) Re sy, >0 and

(i) f(sm) = pu(m).

Then there exists a non-triangular matriz A with every row in €1 that satisfies
AH = HA.

Proof. For each non-negative integer r different from m choose s, := r. Then, by

Lemma 4, there exists of a triangular matrix C' := (¢,,) such that the function
gn(t) := Y 1o Cnrt® satisfies (12) for n = 0,1,..., and 0 < ¢t < 1. We have, for
0<t<1,

£ = (1= (1 —g)) " Hertt — Z (k’ - i; - 1) (1— 1)t

k=0
Hence, for 0 <t <1,

ga(t) = 3 anr(1 - 1), (13)
k=0

where a,; = Z:}:O Cnir (k_sk’“_l). Observe that (k_l‘z—l) ~ 'f{—_;; as k — oo when

s #0,1,2,..., and hence that > 7, (k_,‘z_l)

sy > 0, it follows that Y p-  |ank| < 0o, and therefore, by Abel’s theorem, that (13)
in fact holds for 0 < ¢ < 1. Thus all the rows of the matrix A := (a,x) are in ¢,
and, by Lemma 3, AH = HA. Further

. _m_lc k—s,—1 Lo k—s,—1
mk — mr k mm k
—mz_c k—r—1 N k—s,—1
- mr k k .
k—r—1

Since ( 4 ) =0 for £ > r + 1 and since s,, is not an integer it follows that, for
k> m,

k—sm—1\ Sm + 1 Sm + 1 Sm + 1
e (7Y < (1) (1) ()

Hence the m’th row of the matrix A has an infinite number of elements different
from zero, and so the matrix is not triangular. U

< oo when Re s > 0. Since Re

Lemma 6. To each integer r > 5 there corresponds some positive number M, such

that for each integer m > M, there is a complex number sgm) satisfying:

(i) s s not a real number;

e o (M) - o
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cmd

i) 1/(47)47) = 1/ (7).

Proof. For a given integer r > 5, write f(w) := w” — 1, p(w) = (w+ L)(w +
2). . (w+ L), and g(w) := p(w) — p(1) — f(w). We have

1 n
e | I U
m m m m

g(w) = (

Hence, for |w| <3, m >r,

ponsoen (5 (e (L))

r
< — (3714 1)2m, 14
<Lt (14)
Denote by ~; the circle {w : [w — w;| = €} where € := % min (sin =, cos 2*) and

w; = €' 7. Then ~; includes exactly one zero of w” — 1 = 0 in its interior. Also

d = i > 0.
wer R, |f (w)]

From (14) we see that there exists a positive number M such that, for all m > M
and j =0,1,...,r — 1, max,e,, |g(w)| < d. Hence by Rouché’s theorem, for each
m > M, the functions w” — 1 and (w+ +=)...(w+ =) — (1+ =) ...(1+ Z) have
the same number of zeros inside each of the circles v;, i.e., exactly one. Hence, for

each m > M, the solutions zém), cee fﬂm% of (z+1)...(z4r)=(m+1)...(m+r)
satisfy )z](.m)/m—eiZT"j) < € or |zj — meZTJ| < em for 7 =0,...,r— 1. For
7 =1 we get

s = M) — (e 4 nee’®)  for some 7 € [0, 1).

Now
2 2 2
Rez%m):m(cos—w+necosé’)>m(cos—7r—e)Z%cos—ﬂﬁoo as m — o0
r r r
and
(m) . 2m : . 2m
Im z :m(sm7+nesm€))>m(sm7—e)
LT ™ 1 . T ™ 1
>2msin—(cos— — - | >2msin— [cos— — -] > 0.
r r 4 r 5 4

Hence sg ) is not a real number and so not a positive integer, and there is a positive

number M, > M such that Re s( ™) > 3 whenever m > M,.. O
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7. Proofs of Theorems 3 and 4.

Proof of Theorem 3. Recall that, for a > 0, the Holder matrix H, is the Hausdorff
matrix (H,~v) with y(z) := ﬁ fox (log l)a_l dt, and that its generating moment

—1
sequence (u(n)) is given by u(n fo t"dy(t) = F(a) fo t (1 g%)a dt = W
Observe that, for « > 0 and complex z with Re z > —1, we have (by applying
Cauchy’s theorem) fo t*dy(t) f uo~1 _(Z“)“du = (+1)a' Hence, for
s = (m+ 1)6 o — 1 a >4, m > sec2E — 1, we have that s is not a real number
and so not an integer, Res > 0, and u( ) = W = p(m). The desired result
is now a consequence of Lemma 5. 0

Proof of Theorem 4. Recall that, for o > 0, the Cesaro matrix C,, is the Hausdorff
matrix (H,y) with vy(x) fox (1— t)o‘_ldt, and that its generating moment sequence

(u(n)) is given by u(n fo t"dy(t) = ozfol t"(1 —t)*"tdt = n+a) Observe

that, for « > 0 and complex z with Re z > —1, we have u(z) = fo t*dy(t) =

o fo t*(1 —t)*~ Ldt = (z +a) The desired result is now an 1mmed1ate consequence
of Lemmas 5 and 6. UJ

8. Certain Holder matrices of fractional order.
Notation. Given an infinite matrix A = (a,x) we write |A| := (|ank])-

We require two additional lemmas. The proof of the first is quite straightforward.

Lemma 7. Assume A, B and C are three infinite matrices such that |A||B||C)|
exists (the order of mulplication is immaterial). Then (AB)C = A(BC).

Lemma 8. Suppose that each row of a given infinite matrixz A is in €1, and that
H is a positive and conservative Hausdorff matriz such that HA = AH. Then, for
each positive integer m, we have H™A = AH™.

Proof. For each positive integer m the matrix H™ is a positive and conserva-
tive Hausdorff matrix. In particular H™ is triangular and each of its columns
is bounded. The proof is by induction on m. Assume that for a positive integer m
we have H™A = AH™. Of course this is true for m = 1 by the lemma’s hypothesis.
Since the products H(H™|A|), H(|A|H™) and |A|(HH™) all exist, it follows from
the inductive hypothesis and Lemma 7 that

H™'A=(HH™A=HH™A) = H(AH™)
= (HA)H™ = (AH)H™ = A(HH™) = AH™1.

The proof can now be completed by induction. O
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Theorem 9. Suppose that o = § where p € {1,2,3,4} and q € {1,2,3,...},
and that A is an infinite matriz with every row in ¢y such that AH, = H,A, H,
being the Holder matriz of order a. Then A is triangular (and hence is a Hausdorff
matriz).

Proof. Apply Lemma 8 with H := H, to obtain that H9A = AHY. But H? = H,,
and, since p € {1,2, 3,4}, it follows from Theorem 2 that A is triangular. O

9. Matrices that commute with Euler matrices.

The Fuler matrix (E,q), ¢ > 0, is the triangular matrix (c,x) given by

1
Cnk = (Z) a*(1—a)"% witha:= Tra

It is a regular Hausdorff matrix generated by the moment sequence (a™).

Theorem 10. Let C = (c,y) be the Euler matriz (E,q),q > 0. Suppose A = (ank)
s an infinite matrix such that AC = C'A. Suppose, in addition, that

oo
Z ankk™ converges forn=0,1,.... (15)
Then A is triangular (and hence is a Hausdorff matriz).

Proof. Note that condition (15) is equivalent to
Z ank (k(k—1)---(k—n+1)) converges forn=20,1,.... (16)

This is a consequence of Abel’s test since, for fixed n, k(k—1)--- (k—n+1)k~"tends
monotonically to 1 as k — oo. Observe that the product C'A automatically exists
since C' is triangular. Further

(A =3 ey = (1_a) Zanr (r=1) - (r—k+ 1)) (1—a),

r=0

the final series being convergent by (16). Thus the product AC also exists.

We prove the conclusion of the theorem by induction. Suppose that there is a an
integer n > 0 such that

ampr =0 for k=m+4+1,m+2,... and m=-1,0,1,...,n—1. (17)
Let
b :=an, and  f(z Zbkz
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Then, by (16) and Abel’s theorem, f(z) is holomorphic for |z] < 1 and
(n) (k — =
lim f0)( Z by, (k (k=n+1)) =L, (18)

where L is finite.

Next we have

n

(Ac)nk - i AnrCri = i brcrk and (CA)nk — Z CnrQri.-

r=0 r=0 r=0

In view of (17), it follows that, for k =n,n+1,...,
Z brCrk = ConQnir = a”by,. (19)

Suppose now that 0 < z < 1. It follows from (19) that

00 o0 o 0
= Z ¥ Z brcri = Z " Z brCri — p(l‘)
k=n r=0 k=0 r=k

where p(x) is a polynomial of degree at most n — 1. Consequently

oo T

o ;b Zcrkx B (;)am_ay—kxk

r=0 k=0

- Zbr(l —a+az)" = f(1—a+az)+q(x),

where ¢(x) is a polynomial of degree at most n — 1. Differentiating n times with
respect to z, we obtain f(™(z) = f(")(1 — a + ax), whence, for v :=1—z, f("(1 -
u) = f™(1—au). Replacing u by au successively j — 1 times in this equation yields
fr(z) = f™M(1—u) = fO(1 —dalu). Since 1 —a’? — 1— as j — oo, we get, by (18),
that f(™(x) = L for all 2 € (0,1), and consequently that f(z) is a polynomial of
degree at most n. Hence

b = ank = 0 for k > n. (20)

Since (17) is automatically satisfied for n = 0, it follows by induction that (20)
holds for n = 0,1, ... . In other words, A is triangular. O

Remarks. The proof of Theorem 10 is similar to Rhoades’ proof of his Theorem 3
in [3] but he has the condition sup,, > p—, lank| < oo, which is neither necessary
nor sufficient for condition (15) (above) to hold. Rhoades’ proof of his Theorem 3

fails on the line 3 up from the end of that proof where he states that g(m)(O)

o0 o s n) TR O P = o T oY YR Y R, L R . 1
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to ensure the existence of the derivative at the origin. The second is more significant.
Since, for |1 —u| < 1, gmo(u) =Y pey amr(1 — u)*, what he requires is that

g @) = (=)™ 3" amp (k(k = 1) (k —m+1)) (1 — u)F =™
k=m
= (=)™ amk (k(k=1) -+ (k—m+1)) as u— 0+,
k=m

which condition (16) (above) ensures.
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