GENERALIZED HAUSDORFF AND WEIGHTED
MEAN MATRICES AS OPERATORS ON |,

DAvVID BORWEIN AND XIAOPENG GAO*

ABSTRACT. Two theorems are proved. Theorem 1 establishes sufficient conditions for a generalized Hausdorft
matrix H (X, «) either to be in B(lp) or not to be in B(lp). Theorem 2 shows, inter alia, that if 1 < p < 00, an >
0,An :=ap+a1+--+an, and A, /na, — ¢ > 0, then the weighted mean matrix M, with weights an is in B(lp)
if and only if ¢ < p. There are two examples about cases when the conditions of the theorems are not satisfied. A
short proof of the fact that weighted mean matrices are special generalized Hausdorff matrices is also given.

1. Introduction. Suppose throughout that 1 < p < oo, and that A := (anx) is a triangular matrix of
complex numbers, that is a,, = 0 for n > k. Let [, be the Banach space of all complex sequences = {z,}

with norm
oo 1/p
lzllp == (Z Ixnl”> < o0,
n=0

and let B(l,) be the Banach algebra of all bounded linear eoperators on [,. Thus A € B(l,,) if and only if
Az € 1, whenever z € l,,, Az being the sequence with nth term (Ax),, := >, _, ankzs. Let

[Allp:= sup Az,
lell,<1

so that A € B(l,) if and only if ||A||, < oo, in which case || 4|, is the norm of A.
Generalized Hausdorff matrices. Suppose that A := {\,,} is a sequence of real numbers with A\g > 0, A, > 0
for n > 1, and that « is a function of bounded variation on [0,1]. For 0 < k < n, let

1 t* dz
Ank(t) = —=Agg1--- A —/ , 0<t<1,
nk() k+1 n27m C()\kfz)(/\nfz) (1)
)\nk(O) = )\nk(0+),
C = Cy being a positively sensed Jordan contour enclosing A\i, Ak+1,-.. , An. Here and elsewhere we observe

the convention that empty products, like Mgy - -+ Ay, when k& = n, have the value 1. Let
1

Ak 1= / Ank(t) da(t)  for 0 < k < mn, Ak =0 for k> n,
0

and denote the triangular matrix (A,x) by H(A, «). This is called a generalized Hausdorff matrix.
Weighted mean matrices. Let a := {a,} be a sequence of positive numbers and let A4,, := ZZ:O ar. The
weighted mean matrix M, := (ank) is defined by setting

ag

ank::A for0<k<n, an;:=0fork>n.

n
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Let
Dy :=(1+ Xo)dp =1,
1 1
Dpi=(1+—) - (1+— 2
o () () @
=:(1+ \,)d, for n > 1.
Then
Ao ~
D, = i1dpi1 = dy 1 > 0.
+1dn+41 1+)\0+;)k01“n 0

Also, it was proved in [5] that when all the A,’s are distinct

1
/ () dt = 2 for 0 <k < . 3)
0 Dn

Although a continuity argument shows that this is also true for more general A,,, Lemma 1 (below) affords
a shorter and more direct proof. When «(t) :=t and A\g := 0, H(\, &) reduces to the weighted mean matrix
Mgy with d := {d,} given by (2). Conversely if d := {d,} is a sequence of positive numbers with dy := 1,
then (2) yields a sequence A := {\,,} such that H()\, «) becomes My when «(t) :=t.

The following theorem is due to Cass and Kratz [4].

Theorem A. Suppose that a, = f(n) where f(x) is a logarithmico-exponential function for x > xq, and

that A, /na, — c. Suppose also that p > 1 and — + riy =1. Then M, € B(l,) if and only if ¢ < p, in which
case

P < §01/ 02/p<oo
p—c
where
Z ar n+1 l/p d Z ar k+1 1/q
o1 = su an o9 = SU .
! n>% k+1 ? k>13 n+1

Cass and Kratz showed that A,,/na, necessarily tends to a finite or infinite limit when a,, is generated
by a logarithmico-exponential function. Borwein [1] proved the following theorem.

Theorem B. Ifp>1,¢>0 and

)‘k+1 A )\n
= su < 00, 4
a O<kgn (A +¢) (A1 +¢) )
and if [ t~°/7 |da(t)| < oo, then H(X,a) € B(l,), and
1
[HO )l <u?? [ 407 dao)
0

Note. Although the proof of Theorem 1 in [1] in fact establishes Theorem B, the statement of Theorem 1
has the simpler condition
Ani1 < c+ My for n > ng (5)

in place of (4). Evidently (5) implies (4), but as illustrated in Example 1 (below) it is possible for (4) to
hold for some ¢ and (5) to fail to hold for any c.

One of the objectives of this paper is to show that, subject to the existence of ¢ := lim A,,/na,, the
condition in Theorem A that a, be generated by a logarithmico-exponential function is redundant when
¢ > 0, and can be replaced by the far less restrictive condition that {a,} be eventually monotonic when
¢ = 0. This objective is achieved by means of Theorem 2 (below) which is largely a specialization of our main
result, Theorem 1 (below). In view of (2) and (3), the existence of lim A,,/na, in Theorem 2 corresponds to
the existence of lim A, /n in Theorem 1.

We shall prove the following two theorems:
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Theorem 1. Suppose p > 1. Let ¢; :=liminf A, /n and ¢y := limsup A, /n.
(i) Ifoo>¢1 >0, 307 1/\, =00, and « is a non-decreasing function on [0,1] such that a(0+) = «(0),
then

1
1O, > [ o7 dae),
0

In particular, if fol t=e/Pda(t) = oo, then H(\, ) ¢ B(l,).

(ii) If im A\, /n = o0 (i.e.,cp = 00), Yooy 1/Xn = 00, and « is a non-decreasing function on [0,1] such
that a(04) = a(0)< a(r) for some r € (0,1), then H(\, a) ¢ B(lp)

(iil) If fol t=¢/?|da(t)| < oo for some ¢ > ¢z, and ¢; > 0, then H(\, ) € B(l,), and

1
|W@@Msm@/fwwmm<m
0

where [ is given by (4).

(iv) If im A, /n =0 and im(Ap41 — Ay) exists, and if fol t=¢|da(t)| < oo for some € >0, then H(\, o) €
B(lp) for allp > 1.

(v) If the sequence {d,} given by (2) is eventually non-decreasing, and fol t=YP|da(t)| < oo for some
p>1, then H(\ a) € B(ly).
Theorem 2. Suppose p > 1. Let ¢; := liminf A,, /na,, and co := limsup A, /na,.

(1) If either Y ay is convergent, or oo >c1 > p, then M, ¢ B(l,)

(ii) If 0 < 1 < co2 < p, then M, € B(l,) and

p
p—c

p
<Ml < pt/P—— < 0
D—cC2

where p is given by (4) with A, :== A, /a, — 1 and any ¢ € (c2,p). Furthermore, if 0 < lim A,,/na, = ¢ <p
and

A A
n—“gc—&——"fornz(), (6)
anJrl anp,
then || Ma|p = p/(p —c).
(iii) If im A, /na, =0, and
Ant1 Ao
Ap41 Qnp

tends to a limit, then M, € B(l,) for all p > 1.
(iv) Iflim A, /na, = 0, and {a,} is eventually monotonic, then M, € B(l,) for all p > 1.

2. Preliminary results.
Lemma 1. If D,, and d,, satisfy (2), then (3) holds.

Proof. Let T" be a circle enclosing Mg, ..., A\, and lying in the half-plane Rez > —¢§ where 0 < § < 1. For
0<t<1andz eI, we have

tZ
‘(AkZ)“'(AnZ)

for some positive M independent of ¢ and z. Hence, by Fubini’s theorem,

1
)\ t? d
/ Ak () dt = ’”1 / dt/ &
0 Ak — 2) —z)

)\k+1

>\
27 /F(z+1)()\kfz)o~()\nfz)'

< Mt°

Let

DA —2) (A —2)
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Then [, _,, f(2)dz — 0 as m — oo, and so
o [ 1erds = Res (52, -1) 1
— 2)dz = —Res (f(z),—1) = — :
omi )y Crt 1) O 1)
Consequently

1
Akl An dy,
Ank(t) dt = =—. O
/0 ni(?) Me+D-(n+1) D,

The following lemma is included here for convenience. Its proof is given in [2].
Lemma 2. Under the hypotheses in the definition of a generalized Hausdorff matriz, we always have

n
0< Anj(B) <D Auk(t) <1 for0<t<1,0<j<n.
k=0

If, in addition, Y.~ 1/\, = oo, then

n 0 ift=0and X >0
li =
i kz—o Ank (1) { 1 otherwise.

The next lemma is essentially Theorem 4 of [3] with superficial changes to make it a little more general
and also easier to apply. We supply a proof here for completeness.

Lemma 3. Suppose that anr, > 0 for 0 < k <n, ap, =0 for k > n, and that {b,} is a bounded sequence of
positive numbers such that > b, = co. Let

n bk 1/p
Op — Zank (H) .
k=0

If o :=liminf o, and A := (ank), then ||A|lp > 0. In particular, if o = oo, then A ¢ B(lp).
Proof. Suppose without loss in generality that ¢ > 0, and let 0 < u < A < 0. Let

n bk>1
T, = 1—— where b > sup by.
I1 ( suphy

Then ¢, =T, —Tp—1 =Tyby/bforn>1,and T, =Tp +t1 + -+ - + t,, — oo. Let

n bk 1/p
Yn 1= kz_oankxk where 1z := (T_ﬁ) ,e> 0.

By Dini’s theorem, {x} € [,. Further, there is a positive integer N independent of € such that for n > N

n 1/p e/p
bi T,
n b, 1/p
k=0 "
Now choose € so small that
[e'S) ) t, [\ P )
Soah=bY o () Xk
n=N n=N """ n=0
Then - - -
VIS ST ys
n=0 n=N n=0

Therefore ||Al|, > p and, since p is an arbitrary number in the interval (0, ), it follows that ||A||, > 0. O
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3. Proofs of the main results.
To prove part (ii) of Theorem 1 we need the following lemma.
Lemma 4. Ifliminf \,,/n >0, and co :=limsup \,,/n < ¢ < oo, then

W= sup )\k—H“.)\n < o0
" o<ken Mk 0 (Ano1 + o)

Proof. Let ng be a positive integer such that A, /n < ¢ when n > ng. For n > k > ng we have
Ak +c An—1+c¢ 1 1 n
e >(1+42). (14— ) =2
o o Ut thol) T w

Avtr _ An kA
M+c A1 +ec” An

so that

Let

A A
My = sup LA - :
0<k<n<no M TC  Ap_1+cC

Then for 0 < k < ng < n we have

PYNEREED W Akl Ang Mot1 - An
= : < My M, < o,
M+ n1t0) At (ng1+6) Angte)r(Anr+e) = 7

and so p < max(My, Mo, M1 M) < co. O

Proof of Theorem 1.
(1) Let 0 < w < ¢1/p, let

AL An p s
o (G tg) e

and define A, (t) by (1) with {\,} in place of {\,}. Since wp < ¢; there is a positive integer ng such that
An > nwp for all n > ng. Hence, for n > ng,

P -p _
CON S SUCR T R L P
bp—1 (A +w)P n n

Y

and so by, > by,ng/n. It follows that > b, = co. Further, for 0 < k <n,0 <t <1,

b\ VP 1 % dz
@ () = O )=
0 (52) = w0z [
~ I A t*1 dz1
= -\ A, —— _ _ zZ1:i=z4+w
kol 2mmi /01 O —21) - O — 21) (21 )

By Lemma 2 and Fatou’s theorem,

n by 1/p n 1 1
liminf Y App [ — = liminf Ak (D7 da(t) > t~ " da(t),
i k(b> imin kz_jO/ (O da(t) > [ dae)
and hence, by Lemma 3,

IEO )], > / £ da(t). (7)



6 DAVID BORWEIN AND XIAOPENG GAO

It follows, on letting w — ¢1/p from the left and appealing to the monotonic convergence theorem, that

IHO ), > / 1=/P dat). (8)

Notice that (8) is true when the right side is either finite or infinite. In the case when it is infinite, (8) means
precisely that H(\, a) ¢ B(l,).

(ii) For any w > 0, we obtain (7) exactly as in part (i). It follows that ||[H(\, a)|l, > f07 t~"da(t) >
r=% [ do(t)— oo as w — co. Thus H(\, a) ¢ B(l).

(iii) This is an immediate consequence of Lemma 4 and Theorem B.

(iv) Observe that

YR Xo
= kzz;)(AkH = A) +

So lim A, /n = 0 and the existence of lim(A,4+1 — A,) imply that lim(A\,+1 — A,) = 0. Hence \pp1 < Ay +€p
for large m, and so, by Theorem B, H(\, «) € B(l,).
(v) This also follows from Theorem B since, by (2),

)\n—f—l - )\n =

dnJrl dn

Dny1 D, 1 1
=D - — 1<1
" dnJrl dn =

for large n. O

Proof of Theorem 2.

(i) If 3" ay, < oo, then Y (ag/A,)P = oo; but this implies that M,e® ¢ 1,,, where €® := (1,0,0,...), so that
M, ¢ B(lp). That M, ¢ B(l,) when co > ¢; > p and ) a,, = o0, follows directly from parts (i) and (ii) of
Theorem 1 with a(t) :=t and A, := A, /a, — 1, since A,, — oo if and only if > 7 | 1/A, = cc.

(ii) This follows from parts (i) and (iii) of Theorem 1, the final conclusion being justified because the
appropriate p= 1 when (6) holds.

(iii) This follows from Theorem 1(iv) and Lemma 1, since

AnJrl An
Zntl 20 =
Ap+41 Qnp

and fol t=¢dt < oo when € < 1.
(iv) First we prove that the hypothesis lim 4,,/na,, = 0 implies that lim a,, = co. (In fact the hypothesis
implies that n~¢a,, — oo for every real constant ¢). Let «,, := na,/A,. Then

An n n
log :710g<17a—) >a—,
A,_q n n

so that log A,, > log Ag+ >, _; ay/k. Since a;, — oo, it follows that log A,,/ logn — oo, and hence that, for
any given c and sufficiently large n, log A,, > (c+ 1)logn, or A,, > n°Tt. Therefore n=¢a, = n=“"ta, A, >
QU — 00 as N — 00.

Hence, since {a,} is eventually monotonic it must be eventually non-decreasing, and so M, € B(l,) for
every p > 1 by Theorem 1(v). O

4. Examples. In this section we deal with two examples. For the first we construct a generalized Hausdorf
matrix H(\, «)€ B(l,,), with « increasing, for which fol t=¢/Po da(t) = oo for every ¢ >ca, where po> 1
and cg is as in Theorem 1(iii). This will show that the conclusion of Theorem 1(iii) can hold when its main
condition is not satisfied. The example will also show that (4) can hold with ¢ = 1 while (5) can fail to hold
for any c.
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Example 1. Suppose that pg > 1. Let
Api=m? form?<n<(m+1)2%m=0,1,2,...,

t1/po
da(t) == ———dt for t € (0,1].

tlog? %

Observe that ¢z :=lim A\, /n = 1, and fol t=¢/Po da(t) = oo for all ¢ > c. Thus Theorem 1(ii) cannot be used
to prove that H(\, ) € B(l,,). Instead we shall appeal to Theorem B. For m > 1, we have that

B 1= Am241 " Ama1)? _ < m? )QmH <m+ 1)2
" ()‘m2 +1)"'()‘m2+2m+1) m? +1 m '

1 1
m2+1\""? 1\ 1\ 1 1 m+1
( 5 ) :(1+—2) 21+(m+—)—2>1+—=—,
m m 2/ m m

it follows that G, <1 for m > 1. Also because

Since

3

A
lim —2m — 1,
m—o00 A2 1+ 1
and Ag/(Ag—1 +1) < 1 when k is not a perfect square, we get
A “An
sup Rl < 0.

o<k<n (A +1)-- (/\n 1+1)

1 1
dt
/ t~1/po da(t):/ — < 0,
0 o tlog®i

it follows that H(\, ) € B(lp,) by Theorem B with ¢ = 1. In fact this theorem shows that H(X, ) € B(l,)
for all p >pg. On the other hand, a simple consequence of Theorem 1(i) is that H(\, «) ¢ B(l,) for
1 <p<po.

Finally, we see that (4) holds with ¢ = 1, but that (5) cannot hold for any ¢ since limsup(Ap41 — A\p)=
oco. O

Since

The second example will show us that it is possible for M, ¢ B(l,,) when A,, /na, — 0, although Theorem 2
tells us that M, € B(l,) when A,,/na, — ¢ € (0,p). Thus the condition A,,/na,, — 0 needs to be augmented,
as in parts (iii) and (iv) of Theorem 2, in order to ensure that M, € B(l,). Correspondingly the condition
An/n — 0 needs to be augmented, as in part (iv) of Theorem 1, in order to ensure that H(\, ) € B(lp).

Example 2. Define the weighted mean matrix M, with a := {a,} as follows:

1 forn=20
a, =14 2m form?<n<(m+12m=12,...
m2mtL  for n = m?2.

Then
(m+1)%2-1

am?2 = E g,

k=m2+41
and so the partial sum

Apnrnyeor =1+ > k2M2 = (m — 1273 19,
k=1
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Hence, for m? <n < (m +1)2,

3

G m22m m2mtl

Ay 2
A—z 00, and —= > §,, :=

Now let p > 1, and define x := {z}} € [, by setting

{+ ifk=m2?m=2,3,...
Tk = 0

ml/Plogm
otherwise,
and let
1 n
Yn ‘= —— E AgTp.
Ap,
k=0

Then, for 4 <m? <n < (m + 1),

A2 Om
> — > —
Yn =T I = logm
Thus
(m+1) o)
2méP, 26P
[ — d > m_
., Yn = mlog? m’ and so E yh > mE: Tog? m 00

Consequently M, ¢ B(l,), even though lim A4,, /na, =0. O
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