MULTI-VARIABLE SINC INTEGRALS AND VOLUMES OF POLYHEDRA

DaviD BORWEIN, JONATHAN M. BORWEIN AND BERNARD A. MARES JR.

ABSTRACT. We investigate multi-variable integrals of products of sinc functions and show how they
may be interpreted as volumes of symmetric convex polyhedra. We then derive an explicit formula for
computing such sinc integrals and so equivalently volumes of polyhedra.

1. Introduction.

Stimulated by our recent prior work with one dimensional sinc integrals we study a class of multi-
variable sinc integrals. In Sections 2 through 5 we obtain results concerning the relationship between
such a multi-variable sinc integral o(S) (defined in Section 2 below) and the volume of an associated
symmetric convex polyhedron. Section 6 is devoted to establishing a partial fraction decomposition
to be used in Section 7. In Section 7, we derive (Theorem 4) an explicit algebraic (determinant)
formula for the computation of ¢(S). This formula entirely generalizes that given in [1], wherein
more motivation and references may also be found.

2. Sinc and polyhedron spaces.

As is quite usual we set

sint
sinc(t) == —.
t
Given z := (z1,22,... ,Zm) and y = (y1,¥Y2, .- . , Ym) in R™, we use the notation xy := x1y1 +Tay2 +

-+ 4+ ZmYm to denote the dot product.

We first define the classes of sinc integrals and of polyhedra we will study and identify them with
certain spaces of matrices. We define the sinc space S™™ to be the set of m x (m + n) matrices
S=(s1 S2 +*+ Smyn) of column vectors in R™ such that

m—+n

/ H sinc(siy)| dy < oo,

k=1
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and a function o : §™"™ — R by

m—+n

o(S) ::/]R H sinc(sgy)dy.
k=1

Note that S™" ¢ R™*(m+n) and that (by Lemma 2 below) when n > m > 1 a sufficient condition
for S € §™™ is that two completely disjoint m x m submatrices of S be non-singular. In fact, a
little more work shows that the condition is necessary and sufficient for the integrand to be Lebesgue
integrable. Hence a typical non-absolute example is

/ / sinc®(z — y)sinc(x + y)dy dx.
R JR

Note that when n > m = 1, the condition is satisfied as soon as all entries are non-zero.

We correspondingly define the polyhedron space P™™ to be R™*("™+7) Thus an element P € P™" is
a matrix (p1 P2 -+ Pm+n ) of column vectors in R™. Next, we define a function v : P™" — R
by

v(P):=Vol{z e R" : |ppz| < 1lfor k=1,2,... ,m+n}.

The integral o(S) will be our primary object of study. Observe that v(P) is the volume of a convex
polyhedron with the symmetry z — —x. The polyhedron has dimension n and represents the region
between m + n pairs of parallel n-planes. Note that any such symmetric convex polyhedron may be
represented as an element of P™ " and vice-versa. But to evaluate all symmetric volumes we would
need to consider improper integrals and we choose not to do so.

In the case studied in [1], we have m = 1 and are ultimately making the following association:

/Oo ﬁ sinc(agz) dz = o Vol(F,) 7w Vol(Qn)
0 ilo F " 2a02aras - -an  2ao Vol(Hn)'

Here ag,a1,...,a, > 0, and we denote the polyhedra P, := {(x1,22, - ,xn)‘ —ag < Y p_ Tk
ag, —ap < wp <ap for k=1,2,...,n}, Qn = {(z1,22,- - ,2n)| —ao < X p_; arzr < ag, —1 < ay
1for k=1,2,...,n}, and the cube H™ := {(z1, 22, - ,xn)‘ — 1<z, <lfork=1,2,...,n}

VAV

3. Two duality theorems.

Of the two theorems stated in this section, the first is elementary while the proof of the second
requires some results about Fourier transforms.

Theorem 1. Let M be a non-singular m X m matriz and S € S™™. Then

o(S) = |det(M)| o (MS).
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Similarly, if N is a non-singular n X n matriz and P € P™", then

V(P) = |det(N)| v(NP).

Proof. Both of these statements follow from the change of basis theorem for Lebesgue integrals [3,
p. 391]. O

Theorem 2. Suppose that n > m and that the matrizx A := (a1 a2 -+ ap) € R™*™ has at
least one non-singular m x m submatriz. Then

™ T
n
with equality if and only if max Z la; ;| <1 where a;; is the j-th component of the vector a;.
1<j<m £

Here and subsequently I” denotes the r x r identity matrix, AT the transpose of A, and (C|D) the
appropriate concatenation of matrices C' and D. We defer the proof of Theorem 2 until the end
of Section 4. Observe that Theorem 2 shows also that the integral is positive. As an immediate
consequence of Theorems 1 and 2 we have more generally:

Corollary 1. If n > m, A is a non-singular m X m matriz, and B is any m X n matriz having m
of its columns linearly independent, then

_o(ImAT'B) _ amv(I"[(AT'B)T)
oAIB) = =T~ 2 [det(A)]

Further, if n > m, C is a non-singular n x n matriz, and D is any n x m matriz such that C~'D
has m linearly independent rows, then

, _v{"cT'D) 2" o (I™|(Cc—*D)T)
(C1D) = |det(C)] — am |det(C)]

4. Further definitions and basic Fourier results.
For a € R™, define the Borel measure §, to be the linear Lebesgue measure restricted to the set

to = {x € R™: z =ta,—1 <t <1}, ie., for any Borel set B C R™,0,(B) = §,(B N t,), and for
any locally L;—integrable complex Borel measurable function f on R™,

[ 1@ = /_ flta) .
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Hence

1
/ e 4 (dx) = / e dt = 2sinc(ay).

-1

Further, for b € R™, and the convolution measure A := 4, * dp, we have, by definition and application
of Fubini’s theorem [3, p. 352], that

f@)Adz) = | da(dz) | f(x+w)dp(dw),
R‘Vﬂ R?n R‘Vﬂ
so that
/ €Y Ndx) = [ 64(da) / V@) 5 (dw)
m R?n m
:/ ety 5a(dx)/ €™ §y(dw) = 4sinc(ay)sinc(by),
and in general, if a1, a2, ,a, € R™ and
W= 0gy * gy * -+ * g,
then
(1) / e p(dx) = 2" H sinc(agy).

k=1
Also, for any Borel set B in R™ we have that
/ A(dzx) :/ x5 (z) A(dz) :/ 6a(d:c)/ x5z + w) dp(dw)
B m m m
1 1 1
= Oa (da?) / XB (I + th) dty = / dty / XB (tla + th) dto
Rm 1 -1 -1

= / XB(tla—‘rtgb) dt
H?

and so if aj, a9, -+ ,a, € R™, t = (t1,ta,... ,t,) € R" and p = d4, * da, * -+ - * 0, as above, then
(2) /B p(dx) = / ) xB(t1a1 + teas + -+ - + thay) di,

and so, for the hypercube H™ := [—1,1]™ in place of B, we have that

(3) / . p(dx) = / X (tra1 + taag + - - - + tpay) dt = v(I"|AT),

in the notation of Section 2 with A the m x n matrix (a1 a2 -+ an).
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Lemma 1. Suppose that n > m and ai,as, - ,a, € R™ with the m x m matriz A := (a1 am)
non-singular. Let p, := 04, * 0g, * -+ - % 04,.. Then, for any Borel set B C H™,

i xam (A7) ')
By= [ X"V Ty
) pn(B) = [ M
(i) pn(B) = [ ¢n(x)dx, where ¢, is a bounded real-valued non-negative Borel measurable func-
tion supported on a bounded set in R™.

Proof. Part (i) follows from (3) with m = n by the change of basis theorem for integrals. For part

_ XHm™ ((AT)'a)

(ii), observe that the result is true with ¢,,(z) := et A| . Now define
e

1
i1 (@) = [ S — 90, r (dy) = / Gl — taia) d

Rm
which is evidently non-negative, bounded and of bounded support. Further, for any Borel set B in
R™,

[ omn@)de= | o) dni(o)do =
B R™

— [ Gilde) [ xwlot w)pn(dn) = [ (@) e ()

RrRm m

= /Bum+1(d$)7

Gup (d2) [ (a4 0) () o

RrRm

and this establishes (ii) when n = m + 1.

Continuing in this way we find that (ii) holds in generality. O
Lemma 2. Suppose that ay,as2, -+ ,an, € R™ with n > m, and that the m x m matric A =
(a1 a2 -+ am) is non-singular. Then

n
/ H sinc?(agy) dy < oc.
" k=1

Proof. By the change of basis theorem for integrals, we get that

n m 1 m
/m l]_;[lsin(:Q(aky) dy < /Rm I]_;[lsin(:Q(aky) dy = /}Rm m ;cl;[lsin(:Q(:ck) dx < oo.
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5. Fourier transforms and sinc integrals in R™.

We first state some standard results about the Fourier transform (FT) which may be found in texts
such as [3, p.p. 358-362].

The FT of a given function f € Lo(R™) is the function f that is the Lo-limit as p — oo of

1 , "
cp(x) = 7/ fy)e ¥ dy, ie. / ler(x) — f(z)[*dz — 0 as p — occ.
(\/27T)m [—p,p]™ m
This function f exists, is unique apart from sets of zero Lebesgue measure, and f € Lo(R™).
Further, if f1, fo are FTs of fi, fo € Lo(R™) and f1, f1 are real, then we have the following version
of Parseval’s theorem:

f1(z) fa(x) doe = fl (:C)fg (z) dx.

R™ R™

Lemma 3. Suppose that a1, az, - ,a, € R™ with n > m and the m x m matriz A := (a1 am)
non-singular. Let

A1) =[] sincl),  foly) == [] sinclary).
k=1 k=1

Then, for pi:= 8qy * 0ay * -+ % g, and H™ := [-1,1]™,
7.rm
o(I™A) = ) f2(y)dy = o p(dy).
R’"L 2 H'm.
Proof. By Lemma 1 and (1) we have that
1 ; 2n
S Y () dy = —ee— here ¢ € Ly (R™) N La(R™),
T L O = T a(0) where 6 € L (R™) 0 L(R)

2”
ie, ——
(V2m)™
It follows, by [3, p.362, Exercise 13(w)], that fo = 27"(y/2m)™ ¢, and likewise we get that fi =

27™(/2m)™) where ¥(y) = xmm(y). Since fi, fo € La(R™) by Lemma 2 or [3, p.362, Exercise
13(w)], we can apply Parseval’s theorem to get that

fo(y) = ¢(—y) for y € R™.

f1(w) faly) dy = (22221 / _Wy)ely)dy = ™ w(dy).

27 Jym

RrRm

Proof of Theorem 2. Combining (3) and Lemma 3 we obtain that
m " n| AT

The rest of the theorem follows readily from the definition of v (I"|AT). O
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6. A partial fraction decomposition.

Before evaluating the sinc integrals, we need to introduce some multilinear algebra so as to derive an
appropriate partial fractional decomposition. Our precise goal in this section is to prove Theorem
3 so as to obtain Corollary 3 below. Theorem 3 is a multilinear analogue of Cramer’s rule that
computes a change of basis for tensors. It reduces to the traditional version of Cramer’s rule in the
case n = 1.

Let I denote the set of (mt’;_l) integer sequences kK = {K1,Ka,... ,Kkm} satisfying k1 = 1 < ko <
oo < Ky < m+mn, and let I’ denote the set of integer sequences ' = {k/, kb, ..., K]} satisfying
1 < K] <Ky <...<kl <m+n. Let k¢ denote the complement of « in {1,2,...,m + n}. Note

that the complement operator © is a bijection between I and I’.

For ty,ty... ,tn ER™, S =(s1 53 -+ Smin) € R and y € R™, let
n
det (t; Sk, " Sk, )
ti,ta, ... tn) = J 2 m  for k €1,
ﬁfi( 1 2 n) e det(sn; Sl{g e Slim )

B(tl,tg,... 7tn) = Zﬁﬁ(tl,tg,... ,tn) H(S,g]cy) —H(t]y)
j=1

kel j=1

Observe that B is a symmetric n-linear form.

Lemma 4. Let k' be a fized element of I', and let the matric S = (s1 S22 -+ Smiyn) €
R™*(m+1) have every m x m submatriz non-singular. Then, for all k € I,
n
det (s,.if, Sky Sk )
= ’ /A ’ = = i = (S / ke
ﬁK ﬁK (SK175H2, ’ SK") _]=H1 det ( 55;? Sko e Snm ) i

Proof. Clearly, 8, = 0 if £} = x; for some j € {1,2,...,m} and i € {2,...,m}, since this will
cause S., to be repeated in some numerator determinant. More precisely, 8, # 0 if and only if
k' = k°. This is because k¢ is the only n-element subsequence of {1,2,... ,m + n} which is disjoint
from k. Consequently, no vectors in the numerator determinants are repeated, and since each m-
element subset of S is linearly independent by hypothesis, the numerator determinant is non-zero.
Moreover, when k' = k¢, the numerator determinant and the denominator determinant are equal,
and so B, = 1. This establishes that 5, = 6,/ xe. O

Corollary 2. For all &' € I', B(sy;,54y,.-- 5k ) = 0.

n

Proof. By Lemma 4,

(Sn;y) = H(Sn;y) - H(s,iz_y) = 0.

1 j=1 j=1

n
B(Sn’l ySkhy e 7516;) - Z 5n’,n“ H(Snjy) -
j=1

n
rel =

J
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Theorem 3. Let the matric S = (s1 S2 -+  Smin) € R™*(Mm+1) have every m x m submatriz
non-singular. Then, for any n vectors ti,ta,... ,t, € R™ and any y € R™,

2 B 2 det(t; sk, 0 Swn) 2
[Tt =>" det(ses sks * Sww) jli[l(s'{;y)'

S
j=1 kel \j=1 fom

Proof. Tt suffices to prove that B(t1,ta, ... ,t,) = 0. We do this by expanding each of the n variables
sequentially in terms of column vectors of S as follows:

m—+1
B(tl,tg,... 7tn) ZB (Z cl,i13i1;t2;--- ,tn>

i1=2
m—+1
= z : ClvilB(Sil’t27 s ;tn)
11=2
m+1 m+2
= E : cLiy B | sips E €2,i5Sigs 13, -, In
=2 i =2
io # i1
m+1 m+2
= Z Z clai1027i2B(S’ilaS’izat3;- . ,tn)
i1=2 7;2 =9
io # i1
m+1  m+2 m4n n
:Z Z Z chﬁij B(Siusiw-";sin)zo,
=2 7;2 =2 Zn =2 Jj=1

io # i1 in # i1

Z-n 7& Z‘nfl
since each B(si,, Siy,--. ,8i,) vanishes. This is a consequence of the symmetry of B, combined
with Corollary 2, because the vectors s;,,Si,,...,S;, are all distinct and are a permutation of
Sty 8kl .- 5 Sk for some k' € I'. ]

We may now specialize this result to obtain the partial fraction decomposition needed in the next
section.
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Corollary 3. If every m x m submatriz of the matriz S = (s1 S2 +*+  Smin) € Rm>(m+4n) g
non-singular, then, for every y € R™,

m+n m

I G =)™ an [[(sen) "

i=1 kel j=1
where

o = det(sn, 8wy 0 Sk, )" .
" H;‘L=1 det( Skg Ske T Sky )
Proof. Taking t; =ty =--- =t, = s1 in Theorem 3, we get the identity
det( Sk, Sky 0 Sk, )" L
(s1y)" = — - (skey)-

RZGI H?:l det( SNJC Ska 7 Sk, ) 11;[1 K

Divide both sides by (s1y)™ [1/~" (siy) to produce the desired identity. O

7. Evaluating the sinc integrals.

In all that follows let g, ; denote the characteristic function

Gr,s ‘= X(—r,—s]U[s,r)

for 0 <s<r<oo.

Lemma 5. Foraj,as,...,a;m ER,0<n<p<oo,0<rv<p<ooandn >0,

/ 1 cos (a1u1+a2uQ+~~~+amumf%(ern))
R UT ULUZ * U

X Gpn(U1)Gp, (U2) *++ Gpu (Um) durduz - - - duy,
= /LCOS (a u—ﬁ(l—l—n)) (u) du ﬁ/ (U)Mdu
g unrtt 1 9 o 11 9p,v »

Proof. Observe that all the integrals are absolutely convergent, and that the result is trivially true
for m = 1. Further, for m > 2,

1 cos (a1u1 + agug + - + A, — 5 (M + n))
R UL ULU -+ * Uyp,

X Gpn(U1)Gp, (U2) - - Gpv (Um) () durdus - - - dup,
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B 1 sin (amum +aruy + aguz + - F AUy — (M — 1+ n))
Rm UL ULUY * * * Uy,

X 9/7771(“1)99,1/(“2) s 'gp,l/(“m) duydusg - - - duy,

= / e duydusg - - - dum -1
R

m—1 U} ULUS * * * U —1

Sin (U + a1u1 + astts + -+ + G 1Um—1 — (M —1+n
X/ ( mUm 141 2U2 m—1Um 2( ))gp,y(um)dum
R

Um

1 cos (a1ur + agua + -+ + am—1tm—1 — 2(m — 14 n))
Rm—1 U} ULUS * * * U —1

X Gp(U1)gp,(u2) -+ gpp (Um—1) durdug - - - diy,—1

sin(am,u
X/Mgp,u(um)dum;
R

Um

since cos(@mUm)Jp,v (Um)/Um is an odd function of u,,. Continuing in this way we obtain the desired
result. O

For our central result of the section we need some further notation:

Notation. Given a matrix (s1 S22 -+ Spym) € R™>x(m+n) with all its m x m submatrices
non-singular, we denote I' := {—1,1}{23:-»m+n} "and for each v € T, we define

m—+n m—+n
Sy =81+ Z Y85, €y 1= H Y-
j=2 j=2
For each « € I, denote the matrix (S., Suy- - Sk, ) by S, and the j-th component of S 's, by

S1,~:5- We then have that, for any y € R™,

m
SyY = Z Sk (Sx;Y)-
j=1

and
_det(se, Sk, o Sk, )"

Ay 1=
CT I et s sen)

is as in Corollary 3.

Our aim now is to prove the following surprisingly explicit closed form evaluation in which

1 ift>0
sgn(t):=<¢ 0 ift=0
-1 ift<o.

When m = 1 this reduces to the evaluation obtained in [1].
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Theorem 4. Fiz notation as immediately above, and suppose that n > m > 1. Suppose that S =
(81 82 - Spim) is in R™XMH) and that every m x m submatriz of S is non-singular. Then

Proof. Observe that, by Lemma 2, the integral is absolutely convergent, so that S € S™". By
Corollary 3, we have that

m—+n m
/m > (H sin(s;y ) (s19) " [ [TGsw,0) 7" | dndyo -+ dynm

kel j=1

We don’t deal directly with this integral, but with its better behaved approximant

m—+n
Unu . / Zan <H sin Szy ) Sly)inilg,ﬂm’fi(sly)

m

X H(Sﬁjy)ilgpnﬂ/(sﬁjy) dy1dys - - - dym,
j=2

where 0 <71 < p, < 00,0 < v < p, <oo and g, is the characteristic function defined immediately
above Lemma 5. Let

m—+n m
Frnw(¥) = (519) 7" gpum(s19) <H sin(s y) 1T Gy 9) ™ 9o (55,9)

i=2

Since | fio,nv(Y)] < | frn,0(y)|, while the latter has bounded support, it follows that

/ |frc,77,1/(y)| dy < oo for v > 0,

so that
U'r]u / Zai{fnnu dyizan/ f/{nl/ dy7
kel

and, by dominated convergence,

o0(8) = lim_ 0y (S).
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By [1, Thm. 2(i)], we have that

m—+n -
H sin(s;y) =21~ Z € COS (swy - §(m + n)) ,
j=1 ~el

and hence that

[ty =25 e [ (s1) 7 g (o1 cos (s - Fom o+ m)

~yer
m

< | TTGm9) " o (sm,9) | dyrdys - - Ay
j=2

Make the change of variables u; := s,,y. Observing that s,y = s y;1U1 + 85k,4;2U2 + * * + + Sk y;mUm,
we obtain

fromw(y) dy
]R?‘rl,
21—m—n

H yel "

s
X COS (s,{mlul + Swy2U2 + -+ SwyimUm — E(m + n))

m

X H(uj)_lgpx,7’/(uj) duldUQ .. dum
j=2

217m7n 1 -
" Jdet S, Z (/ o €08 (st = S +7)) g (1) d“>

" Sin(51,7.7)
<\ IT [ 9puw()—"=du |,
j=2"R

u

by Lemma 5. Letting v — 0+, we see that

21—m—n 1 T
/]Rm f,{yny()(y) dy = m Z G»Y <\/]R W COS (SI{,’WIU — 5(1 -+ Tl)) gpmn(u) du)
wlyer

. SIn(Sk,y:5%)
< TI [ gpmotwy 2282 gy,
j=2/R “

Denote the m-dimensional hypercube [—p, p]™ by U,. We fix a reference member A\ € I, and a
corresponding parameter py, which we will later increase to infinity. Define

YPA = (S§)71pr
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Then, by what was proved above, we have that

fA,n,V(y) dy
Yo,
21—m—n )
- m 267/ (u1) ™" goo,n(u1)
A yel UP;
s
X €08 (Sx,v;lm + Say2Uz + A+ S\ ymUm — §(m n n))
X H(Uj)_lgoo,u(Uj) duidus - - - dty,.
j=2

Now for each k € I, let
Vn,)\ = SZ;Y;,X

Observe that Vj, » is a parallelopiped with shape that does not vary with py. Thus there must be a
number ¢, » > 1 (independent of py) such that, for

. P )
Pr = Cr PNy Pr = T
Cr,\

we have that
Uﬁh- C V,{y)\ C Upm

and hence that
Y, = (SZ)ilUpn 2 Y,
[Here and elsewhere we use the fact that each of the finitely many matrices {Sy : k € I'} is invertible.]

Observe next that

—n— e
/ (Ul) " 1.goo,'r](ul) ‘COS (5#;,7;1“1 + Sk,vy;2U2 +---+ Sk, y;mUm — E(m + n))‘
Upr \Uss,

m

X H(uj)*lgoo,y(uj) duydus - - - du,,

j=2

- -1
</°° duy ﬁ Produy  cr 2™ TIn™ (ex )
“Jp 5o Uj npy
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It follows that

/Y el dy

21—m—n

&l Ler N

T
X COS (Sn,'y;lul + Spy2U2 + - F SpyimUm — §(m + n))

H gOo v(ug) | durdug - - - dup,

21 m—n 1
= Tdet S, Zev/ (u1) ™" goo,n(u)
® yell

UPK,
s
X COS ( Sp,yi1U1 + Siy:2U2 + -+ + SkyimUm — §(m +n)

m

| TTw) " goow () | durdus - - duy + O(py™)
=2

21—m—n 1 -
B [ det S, ;67 (/]R a1 °° (SH’V?IU - 5(1 + n)) e (1) du)

e SIN( S, U n
IT [ gl ™22 a4 ) 4 0005,
j=2

and therefore, on letting v — 0+, we get

/ fﬁ,r],O(y) dy
Y,

PX
217m7n 1 -
~ ] det S, Z r (/R antt 8 (Smsl’“ - 5(1 + n)) G (1) du>

vel
A Sin(sx,4,4) —n
< T /[ 90l ™22 du | 4+ O(p5™):
j=2’F
Consequently
/ Zanfnno
PA rel

m+n m
/ Y anls19) " goo(s1y) <H sin(s zy> [Ty | dy

Yox kel j=2

m+n m—+n
:/ Goom(s1y) [ sinc(siy dy%/ Goom(s1y) [ sinc(siy) dy
A =1 =1

P
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as py — o0.

But we also have that

/ Zamfnno

Yox kel
21—m—n 1 T
= ;a,{m ;ev (/R 1 €08 (s,{mlu - 5(1 + n)) Gp.m() du)
" g

= SIN( Sy, : U n
H/}Rgpm()(u)% du | +0(py")
j=2

( ) Z|de’65k|ze7 Hsgns,{vj

1 ™
X /R s (s,.imlu — 5(1 + n)) Gooyn (1) du
as py — 0.

It follows from (5) and (6) that

m—+n

(7) /R _ goom(s19) [ sinc(siy) dy

i=1
m—1 m
( ) Z |deJC Sk| Z €y H Sgn(sl‘éﬁ;]')
er j=2
1 s
X ey cos (smwlu - 5(1 + n)) Goo,n () du.
By one-dimensional partial integration, it is now easy to establish that

1
Crn(n) = /R s (s,w;lu - g(l + n)) Goo,n (1) du

(n—r) no oo
== Z r—1)! Knvr‘ (n) T 2(Sk,y51) / Sin(sy,y;1u) du,
n

n! u

where - -
(/5»@,7(77) 1= COS | Sk,y;1M — s(1+n))+ (_1)n+1 COS | Sk,y;1M + (1 +n)
2 2

zn)) + (—1)"sin (s,@,’y;ln + zn) :

=sin (s,@mln 3 5

15
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whence
T

(. . ™
d)(" 7)( ) = (S,41)" " {sm (s,{ﬁ;m — 57’) + (—1)" sin (s,{mm + 57")}

2(Sn4:1)" " (=1)"/2 sin(s, 4.17) if 7 is even
B 2(Sn:1)" T (= 1) 32 cos (5, am) if 7 is odd.

It follows from (7), by dominated convergence of the left-hand integral, that

m m—+n
i o (3)" ZMGtSMZeW [Lsentsnss) | Gt = [ T] sinetsio) dy = o(5),
~eTD j=2 i=1

and hence that

(8) o(8) ~ 5 () ZMGt 57 2 Elomaa)" [T sgmlsnns) = lim FGo)
~v€eT j=1

n (n r)(

Q”nl ( ) Z |detS | Z €y gsgn(sﬁﬁj Z Tn)

!
—
3
S~—"

I

r=1

(n 7)( n—1

Z wHWZr—l n):nin Z w,.iﬁ;)n—r—l!quzy(n)nr

vyel',kel vyel',kel

It follows from (8) that the meromorphic function F(n) can have no pole at the origin and so must
in fact be entire provided F(0) := 1ir% F(n).
’I’]*}

To complete the proof of Theorem 4, it remains only to show that F(0) = 0. Evidently we can write
J R
= 2
j=n

where the power series is convergent for all n € C. Now

F(0) = a, = X lig <i>nn"F(n),

n! n—0 \ dn

and, by Leibnitz’s rule [3, p. 378],

COREUED> wwzn—r—l'i(j) 3

~yel',kel 7=0

s n
=Y e S + 0
~yel,kel r=0

—0asn—0,
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since

S (n) =
We have thus shown that the limit in (8) is zero, and this completes the proof. O

2(85,7;1)" 8I0(85,5:17)-

The quantities in Theorem 4 can all be expressed as determinants. For example by application of

Cramer’s rule
det ( S’Y Sk Skm )

det S ’

Sk,y;l =
and the sgn term is similarly expressible.

We note that in Mathematica or Maple, it is possible via Theorem 4, to compute integrals/volumes
with m = 5 and n = 6, for example, quite rapidly.

Example. (a) Let V denote the volume of {z € RS :
column of the matrix

|piz| < 1,4 =1...11}, where p; is the i-th

10 0 0 0 0 O 9 00 -1 -3 7
0o 0 o 0o o o0 -2 -1 -8 2 —6
p_ 0o 0 100 0 0 0 -9 7 =5 5 1
0 0 0 10 0 O 5 -2 -9 -8 -9
o 0 o0 O 10 0 -10 -2 -3 6 -4
o 0 o0 o o0 10 -8 9 2 7 10

By definition, V' = v(P). Then, using Theorem 2 and Corollary 1,

P 26 S 26
PY=10"% (=) =10"° =10"1=
v(P)=10 V(l()) 0 7r50(10) 0 7r5(7(5),

where
10 0 0 0 0O 9 -2 -9 5 -—-10 -8
0 10 o 0 O 10 -1 7 -2 =2 9
sS=|10 o0 10 O O -1 -8 -5 -9 =3 2
0O 0 0O 10 0 -3 2 5 -8 6 7
o 0 o O 10 7 -6 1 -9 -4 -10
Thus

32
v(P) 57r5/ Hsmc s:y)dy,

where s; is the i-th column of S.



18 DAVID BORWEIN, JONATHAN M. BORWEIN AND BERNARD A. MARES JR.

Performing the calculation from Theorem 4 for ¢(S) on a work station, we determine that v(P)
equals

1783555333298996761896629034429151640987432075715436721335976340904268309549761079
3235382168544782203873128335100530028579170164112371381820826358461393954862567727
divided by
12717980376085286883370225008542796111269998891833376079358190357618776283032484929254
3701198920841061437021681539693375054209434572479321674998957268149032759500800000000
which is approximately 1.4023888074656644090660969336515301763 x 1075... .

This entailed computing the various intermediate quantities defined above Theorem 4.
(b) For illustration, we go through the following smaller computation in detail.

We wish to evaluate

/ / sinc(z)sinc(y)sine(z 4 2y)sine (—x + g) dedy=o0 ((1) (1) ; _1) .

N[

This involves the following sub-matrices

with inverses

The corresponding determinant ratios are

1 0 1 17 1 -1
a0 1 m’o—2§ SRR LI B
’ 1 0f]—-1 0 ’ ’ 0 1|—-1 1 57 ’ 0 —-1fjl1 -1 6°

217 Y I FS P

The remaining intermediate quantities are best given in tabular form:

Y €y S~
+1,+1,+1 +1 1,1
+1,+1,—1 -1 3,5
+1,-1,+1 -1 -1,—3
+1,-1,-1 +1 1,-3
-1,4+1,+1 -1 1,2
—1,41,-1 +1 3,3
—1,-1,+1 +1 -1,-3
| —1,-1,-1 -1 1,-% ]
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and

I v €y Sy (K=12) Sy (k=13) spy(k=14)]
+1,4+1,+1 +1 1,1 -31 8,7
+1,41,-1 -1 3,2 1.3 8,5
+1,-1,41 -1 -1,-1 -3,-1 -2,1
+1,-1,-1 +1 1,-3 7,-3 —2,-3
—1,4+1,+1 -1 1,3 1,3 4,3
—1,4+1,-1 +1 3,3 iz 4,1
-1,-1,+1 +1 -1,-3 1,-3 —6,—5

| —1,-1,-1 -1 1,-2 a -z —6, -7 |

The composite calculation of

m

a Z
o @ (Sn,v;l)ne’v I I Sgn(smv;j)
K =
~eT j=1

can now be completed, for the x’s below:

-1
k=12 cﬁ—T(+12—32—(—1)2—12—12+32+(—1)2+12):0,
8/5 [(—(=3)2 =72 —(=3)2—-7T*—12+11%2 - 12 + 112 31
k=1,3: ¢, =— =,
2 16 5
~1/6
k=1,4: ¢, = 1—/2 (+8% — 8% — (=2)% + (—2)? =42 + 4> + (-6)* — (—6)%) = 0.
Hence ) )
1 7 317w
o) = 5T L= Ty
rel
Thus, by Theorem 2,
2n 31 1 0 1 2
F“(S)z_o”<o 1 -1 %)’

as is confirmed by the following picture of the right hand quantity, in which the area of the inscribed

. . 31
hexagon is indeed 5.

Remark. Implicitly above we have used the evaluation

0o -
/ Smydy::
0 Y 2
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There are several well-known proofs [1]. It also follows on taking the limit, via Binet’s mean value
theorem [3, p. 328], of the absolutely convergent integral

/°° siny p 7 sec(Ge)

I (E
It seems worth recording the following Mellin transform based proof.

Proof. Maple happily evaluates the second integral to a form which simplifies to that we have given.
A conventional proof follows by using the I'-function to write

“siny 1 o0 o
/0 e W= T /0 dx/o sin(e) exp(~at)t" di.

One now interchanges the variables and evaluates the inner integral to ¢ /(t>41). The outer integral
now evaluates precisely to the claimed form. O

Finally, we note that many others have researched expressions and algorithms for computing volumes
of polyhedra determined by their linear inequalities. In particular, Lasserre [2] derives a nice expres-
sion, implemented by the computer program VINCI, currently available online at www.math.uni-
augsburg.de/ enge/vinci/manual/manual.html.
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