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Abstract. The Nörlund matrix Na is the triangular matrix {an−k/An}, where an ≥
0 and An := a0 + a1 + · · · + an > 0. It is proved that, subject to the existence of
α := limnan/An, Na ∈ B(lp) for 1 < p < ∞ if and only if α < ∞. It is also proved
that it is possible to have Na ∈ B(lp) for 1 < p < ∞ when sup nan/An = ∞.

1. Introduction. Let a := {an} be a sequence of non-negative numbers, and let
An := a0 + a1 + · · · + an > 0. The Nörlund matrix Na := {ank} is defined by

ank :=

{

an−k/An for 0 ≤ k ≤ n,

0 for k > n.

The Na−transform y = {yn} of the sequence x = {xn} is given by

yn := (Nax)n :=
1

An

n
∑

k=0

an−kxk.

Suppose throughout that

1 < p < ∞,
1

p
+

1

q
= 1,

and define

σ1(n) :=
1

An

n
∑

k=0

an−k

(

n + 1

k + 1

)1/p

,

σ2(k) :=
∞
∑

n=k

an−k

An

(

k + 1

n + 1

)1/q

,

M1 := sup
n≥0

σ1(n), M2 := sup
k≥0

σ2(k).

Let
‖Na‖p := sup

‖x‖p≤1

‖Nax‖p,
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where

‖x‖p :=

(

∞
∑

n=0

|xn|p
)1/p

,

so that Na ∈ B(lp), the Banach algebra of bounded linear operators on lp, exactly
when ‖Na‖p is finite (in which case it is the norm of Na).

The following theorem concerning sufficient conditions for Na ∈ B(lp) is due to
Borwein and Cass [1, Theorem 2].

Theorem A. If

(1)
nan

An
= O(1),

then Na ∈ B(lp) and ‖Na‖p ≤ M
1/q
1 M

1/p
2 < ∞.

Cass and Kratz [3] showed that (1) is in fact necessary and sufficient for Na ∈
B(lp) when

(2) an := f(n),

where f(x) is a logarithmico-exponential function for all sufficiently large positive
values of x. They showed that nan/An tends to a finite or infinite limit when (2)
is satisfied, and proved:

Theorem B. Suppose that an is given by (2), and that nan/An → α.
(i) Then Na ∈ B(lp) if and only if α < ∞.

(ii) If α < ∞, then

lim
n→∞

σ1(n) =
Γ(α + 1)Γ(1/q)

Γ(α + 1/q)
≤ ‖Na‖p ≤ M

1/q
1 M

1/p
2 < ∞.

Condition (2) is redundant when α = 0.

For α > −1, the Cesàro matrix Cα is the Nörlund matrix Na with

an :=

(

n + α − 1

n

)

.

It follows from an inequality of Hardy’s [4] that, for α ≥ 0, Cα ∈ B(lp) and

‖Cα‖p =
Γ(α + 1)Γ(1/q)

Γ(α + 1/q)
.

This is thus the attained lower bound of the norms of all Nörlund matrices satisfying
the conditions of Theorem B(ii).

The primary object of this paper is to show that the requirement that an be
generated by a logarithmico-exponential function is redundant in Theorem B(i),
and can be replaced by a far less restrictive monotonicity condition in Theorem
B(ii). To this end we shall prove:
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Theorem 1. Suppose that nan/An → α.

(i) Then Na ∈ B(lp) if and only if α < ∞.

(ii) If α < ∞, then

‖Na‖p ≤ M
1/q
1 M

1/p
2 < ∞,

and if, in addition, {ncan} is eventually monotonic for every constant c 6= 1 − α,

then

lim
n→∞

σ1(n) =
Γ(α + 1)Γ(1/q)

Γ(α + 1/q)
≤ ‖Na‖p.

Further, the monotonicity condition is redundant when α = 0.

In §4 we construct a sequence {an} such that {nan/An} is unbounded but Na

∈ B(lp) for all finite p > 1, thus showing that (1) is not a necessary condition for
Na ∈ B(lp).

Acknowledgement. I am indebted to Xiaopeng Gao, a graduate student at
the University of Western Ontario, for the removal of a redundant monotonicity
condition from Theorem 1 and Lemma 1 (below). I had proved these results subject
to {an/An} being eventually monotonic. Gao’s incisive analysis of my original
proofs showed how they could be adjusted to establish the present more satisfactory
forms of the results.

2. Preliminary results.

Lemma 1. Suppose that {an/An} is positive and null. Let

h := h(n) := max
k≤n

[

Ak

ak

]

.

Then

An ≥
∑

n−h≤k≤n

ak ≥
(

1 − 1

e

)

An.

Further, if nan/An → ∞, then h(n) = o(n).

Proof. Suppose without loss that n − h ≥ 1. Then

log
An

An−h−1
=

∫ An

An−h−1

dx

x
=

n
∑

k=n−h

∫ Ak

Ak−1

dx

x
≥

n
∑

k=n−h

ak

Ak

≥ (h + 1) min
k≤n

ak

Ak
≥ 1,

and so
An−h−1

An
≤ 1

e
.

Thus
1

An

n
∑

k=n−h

ak = 1 − An−h−1

An
≥ 1 − 1

e
.
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Now suppose that nan/An → ∞. Then, for m ≥ 1,

0 ≤ lim sup
n→∞

h(n)

n
≤ lim

n→∞

1

n
max
k≤m

Ak

ak
+ lim sup

n→∞
max

m≤k≤n

k

n

Ak

kak

≤ max
k≥m

Ak

kak
→ 0 as m → ∞.

It follows that h(n)/n → 0. �

Lemma 2. Suppose that nan/An → α where 0 < α < ∞. Then

lim
n→∞

ncan =

{∞ if c > 1 − α,

0 if c < 1 − α.

Proof. Let

αn :=
nan

An
.

Then, as n → ∞,

log An − log An−1 = − log
(

1 − αn

n

)

∼ α

n
,

and hence

log An = log A0 −
n−1
∑

k=1

log
(

1 − αk

k

)

= (α + o(1)) log n.

Consequently An ∼ nα+o(1), and so an ∼ αnα−1+o(1). The desired conclusion fol-
lows. �

Lemma 3. Suppose that 0 < α < ∞, δ < 1, and that ncan is eventually positive

and increasing when the constant c > 1 − α, and eventually decreasing when c <
1 − α. Then, as n → ∞,

I(n) :=
1

n

n
∑

k=0

ak

an

(

1 − k

n + 1

)−δ

→ Γ(α)Γ(1 − δ)

Γ(α + 1 − δ)
.

Proof. Let 1 > c1 > 1 − α > c2. Then there is a positive integer N such that

(

k

n

)−c2

≤ ak

an
≤
(

k

n

)−c1

for n ≥ k ≥ N.

Since
lim

n→∞
nan = ∞,

we obtain

lim
n→∞

1

n

N−1
∑

k=0

ak

an

(

1 − k

n + 1

)−δ

= 0,

and hence
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lim sup
n→∞

I(n) ≤ lim
n→∞

1

n

n
∑

k=N

(

k

n

)−c1
(

1 − k

n + 1

)−δ

=

∫ 1

0

x−c1(1 − x)−δ dx =
Γ(1 − c1)Γ(1 − δ)

Γ(2 − c1 − δ)

and

lim inf
n→∞

I(n) ≥ lim
n→∞

1

n

n
∑

k=N

(

k

n

)−c2
(

1 − k

n + 1

)−δ

=

∫ 1

0

x−c2(1 − x)−δ dx =
Γ(1 − c2)Γ(1 − δ)

Γ(2 − c2 − δ)
.

Letting c1 → 1− α from the right and c2 → 1− α from the left, we get the desired
conclusion. �

The following lemma is a special case of a known result [2, Theorems 2].

Lemma 4. If {bn} is a sequence of positive numbers, and if

µ1 := sup
n≥0

n
∑

k=0

an−k

An

(

bk

bn

)1/p

< ∞ and µ2 := sup
k≥0

∞
∑

n=k

an−k

An

(

bn

bk

)1/q

< ∞,

then Na ∈ B(lp) and ‖Na‖p ≤ µ
1/q
1 µ

1/p
2 .

Lemma 5. If {bn} is a bounded sequence of positive numbers such that
∑

bn = ∞,

and if, as n → ∞,

n
∑

k=0

an−k

An

(

bk

bn

)1/p

→ σ (finite or infinite),

then ‖Na‖p ≥ σ.

Proof. Observe that if

Dn :=

n
∏

k=0

(

1 − bk

b

)−1

where b > sup
k≥0

bk,

and dn := Dn − Dn−1 for n ≥ 1, then bn = bdn/Dn and Dn → ∞. The desired
conclusion is now a consequence of a known result [2, Theorems 4]. �

3. Proof of Theorem 1.

Part (i). In view of Theorem A, it suffices to show that Na /∈ B(lp) when α
= ∞. Suppose therefore that α = ∞.

If lim sup an/An > 0, then
∑ |an/An|p = ∞, but this implies that Nae0 /∈ lp,

where e0 = (1, 0, 0, . . . ), so that Na /∈ B(lp).
Suppose that lim an/An = 0. Since α = ∞, we have, by Lemma 1 with δ := 1/p,

that, as n → ∞,

σ1(n) =
(n + 1)δ

An

n
∑

k=0

ak(n + 1 − k)−δ ≥ (n + 1)δ

An

∑

n−h≤k≤n

ak(n + 1 − k)−δ

≥
(

n + 1

h + 1

)δ
1

An

∑

n−h≤k≤n

ak ≥
(

1 − 1

e

)(

n + 1

h + 1

)δ

→ ∞.
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It follows, by Lemma 5, that Na /∈ B(lp).
Part (ii). The case α = 0 is part of Theorem B, so suppose that 0 < α < ∞.

Since nan = O(An), if follows from Theorem A that Na ∈ B(lp) and ‖Na‖p ≤
M

1/q
1 M

1/p
2 < ∞.

The monotonicity condition together with Lemma 2 ensures that an satisfies the
monotonicity conditions of Lemma 3. Hence, by Lemma 3 with δ := 1/p,

σ1(n) =
nan

An
I(n) → Γ(α + 1)Γ(1/q)

Γ(α + 1/q)

and so, by Lemma 5,

‖Na‖p ≥ Γ(α + 1)Γ(1/q)

Γ(α + 1/q)
. �

4. Construction. We construct a sequence {an} such that {nan/An} is un-
bounded but Na ∈ B(lp) for all finite p > 1. Let

an :=

{

1 when n = m2, m = 0, 1, . . . ,

0 otherwise.

Then, for n = m2,
nan

An
=

m2

m + 1
→ ∞ as m → ∞.

Thus {nan/An} is unbounded.
Now define

S1(n) :=

n
∑

k=0

an−k

An

(

bk

bn

)1/p

, S2(k) :=

∞
∑

n=k

an−k

An

(

bn

bk

)1/q

,

where

bn :=
1√

n + 1
.

In order to prove that Na ∈ B(lp) it suffices, by Lemma 4, to demonstrate that
S1(n) = O(1) and S2(k) = O(1).

For 1 ≤ m2 ≤ n < (m + 1)2, δ := 1/(2p), we have

S1(n) =
(n + 1)δ

An

n
∑

k=0

ak(n + 1 − k)−δ =
(n + 1)δ

m + 1

m
∑

k=0

(n + 1 − k2)−δ

≤ (n + 1)δ(n + 1 − m2)−δ

m + 1
+

1

m + 1
+

(n + 1)δ

m + 1

m−1
∑

k=1

(m2 − k2)−δ

≤ (m + 1)2δ−1 + (m + 1)−1 + (m + 1)2δ−1m−δ
m−1
∑

k=1

(m − k)−δ

= (m + 1)2δ−1 + (m + 1)−1 + (m + 1)2δ−1m−δ
m−1
∑

k=1

k−δ

= O(m2δ−1 + m−1 + m2δ−1 · m1−2δ) = O(1).
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Further, for 1 ≤ m2 ≤ k + 1 < (m + 1)2, µ := 1/(2q), we have

S2(k) = (k + 1)µ
∞
∑

n=k

an−k

An(n + 1)µ

≤ (k + 1)µ
2k
∑

n=k

an−k

An(n + 1)µ
+ (k + 1)µ

∞
∑

n=k+1

an

An(n + 1)µ

≤ 1 + (m + 1)2µ
∞
∑

r=m

1

r1+2µ
= 1 + O(m2µ · m−2µ) = O(1).

Hence Na ∈ B(lp).
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