NORLUND OPERATORS ON |,

DAvVID BORWEIN*

ABSTRACT. The Norlund matrix N, is the triangular matrix {a,,_x/An}, where a,, >
0 and Ap :=ap + a1 + -+ an > 0. It is proved that, subject to the existence of
o :=limnan /An, No € B(lp) for 1 < p < oo if and only if o < oo. It is also proved
that it is possible to have N, € B(lp) for 1 < p < co when supnan/An = co.

1. Introduction. Let a := {a,} be a sequence of non-negative numbers, and let
Ay i=ap+ a1+ -+ a, > 0. The Norlund matrix N, := {ani} is defined by

ap—r /A, for 0 <k <mn,
a”’“_{o for k > n.

The N,—transform y = {y,} of the sequence z = {z,,} is given by

1 n
Yn = (Nax),, = T Zan_kxk.
" k=0

Suppose throughout that

1
1 <p<oo, - +-=1,
q
and define Y
1 < n+1\""
= Yo ()
k=0
©0 1/q
-t [ k+1
k —
My :=supoi(n), My :=sup o2 (k).
n>0 k>0
Let

[Nallp := sup [[Nazl|p,
lzllp<1
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oo 1/p
lzllp = (Z Ixnl”> ,
n=0

so that N, € B(l,), the Banach algebra of bounded linear operators on [,,, exactly
when ||V, ||, is finite (in which case it is the norm of N,).

The following theorem concerning sufficient conditions for N, € B(l,) is due to
Borwein and Cass [1, Theorem 2].

Theorem A. If

where

then N, € B(l,) and | N,|, < M}"'M)"" < oc.

Cass and Kratz [3] showed that (1) is in fact necessary and sufficient for N, €
B(l,) when

(2) an = f(n),

where f(x) is a logarithmico-exponential function for all sufficiently large positive
values of . They showed that na, /A, tends to a finite or infinite limit when (2)
is satisfied, and proved:

Theorem B. Suppose that a,, is given by (2), and that na,/A, — a.
(i) Then N, € B(l,) if and only if a < 0.
(i) If o < o0, then

im0y (m) — D@+ DI/

<IN, <M1/CIM1/P )
o0 F(a—l—l/q) —|| ||P— 1 2 <0

Condition (2) is redundant when o = 0.

For a > —1, the Cesaro matrix C,, is the Noérlund matrix N, with

(n—l—a—l)
Qy 1= o )

It follows from an inequality of Hardy’s [4] that, for a > 0, C € B(l,) and

1Cull, = Tla+1T(1/q)

P Dt/

This is thus the attained lower bound of the norms of all Nérlund matrices satisfying
the conditions of Theorem B(ii).

The primary object of this paper is to show that the requirement that a, be
generated by a logarithmico-exponential function is redundant in Theorem B(i),
and can be replaced by a far less restrictive monotonicity condition in Theorem
B(ii). To this end we shall prove:
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Theorem 1. Suppose that nay, /A, — «.
(i) Then N, € B(l,) if and only if a < 0.
(ii) If a < oo, then
[Nally < MM, " < oo,

and if, in addition, {n‘a,} is eventually monotonic for every constant ¢ # 1 — «,
then

: I'(a+1)I'(1/q)

= —Fr < .

nlLH;o 01 (n) F(OL + 1/q) — ”Na”p

Further, the monotonicity condition is redundant when o = 0.

In §4 we construct a sequence {a,} such that {na,/A,} is unbounded but N,
€ B(l,) for all finite p > 1, thus showing that (1) is not a necessary condition for
N, € B(l,).

Acknowledgement. I am indebted to Xiaopeng Gao, a graduate student at
the University of Western Ontario, for the removal of a redundant monotonicity
condition from Theorem 1 and Lemma 1 (below). I had proved these results subject
to {an/An} being eventually monotonic. Gao’s incisive analysis of my original
proofs showed how they could be adjusted to establish the present more satisfactory
forms of the results.

2. Preliminary results.

Lemma 1. Suppose that {a,/An} is positive and null. Let

Then

A, > - — .
n = Z Qg Z <]- 6) An
n—h<k<n

Further, if na, /A, — oo, then h(n) = o(n).
Proof. Suppose without loss that n —h > 1. Then

n

A, An dx - Ak dy ak
_ i s atil
1OgA —h— / T Z T Z A

n—h=1 An—h-1 k=n—h " Ak-1 k=n—h *F
.a
> (h+1)m1n—k >1,
k<n Ap
and so
An—h—l <1
A, T e
Thus
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Now suppose that na, /A, — oco. Then, for m > 1,

h(n) < 1 Ak k Ak

0 < limsup —= lim —max — 4+ limsup max —-—

n—00 n n—oo N k<m aj n—oo M<k<n n kak

Ay
<max— — 0 as m — oo.
k>m kag

It follows that h(n)/n — 0. O

Lemma 2. Suppose that na, /A, — « where 0 < a < 0o. Then

i . oo ifc>1-aq,
nieen T 0 0 ife<l—an
Proof. Let
nar,
Q= ——
n An

Then, as n — oo,
log A, —logA,_1 = —log (1 — %) ~ g’
n n

and hence

n—1
log A,, = log Ag — Zlog (1 - %) = (a+0(1)) logn.
k=1

Consequently A, ~ n®t°M and so a, ~ an® +°() The desired conclusion fol-
lows. O

Lemma 3. Suppose that 0 < a < oo, § < 1, and that na, is eventually positive
and increasing when the constant ¢ > 1 — «, and eventually decreasing when ¢ <
1—a. Then, as n — oo,

1 E\7° T(T1-96)
I(n).EZ£<1n+1) B~ For

k=0

Proof. Let 1 > ¢; > 1 — a > co. Then there is a positive integer N such that

(E) S%S(E) forn >k > N.

n an n
Since
lim na, = oo,
n—oo
we obtain
N—1 -6
. 1 ar k
lim — E — — =0,
n—oon e ap n+1

and hence
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1 n k —c1 k —d
< 55 (2 )

n—oo

ot s,  Tl—e)l(1-0)
7/0 (1 —2)de = T2 =1 —9)

1< (k)@ E\7?
liminf I(n) > lim — = 1—
iminf 1(n) nzf;on_Z(n) ()
! (1 —e)T(1 - 6)
= 2721 —2) O de = )
f[=ma-w Ry

Letting ¢y — 1 — o from the right and c; — 1 — a from the left, we get the desired
conclusion. [

and

The following lemma is a special case of a known result [2, Theorems 2].

Lemma 4. If {b,} is a sequence of positive numbers, and if

o 1/q
an I an—t { bn
[41 1= sup E (b ) <oo and o= 21;18 g 1 (E) < 00,
n =" n=k

n>0 n n

then N, € B(lp) and |Na|, < pi/"ps/?.

Lemma 5. If {b,} is a bounded sequence of positive numbers such that b, = oo,
and if, as n — oo,

n
k=0

1/p
( ) — o (finite or infinite),

then || Nellp > o.
Proof. Observe that if

n -1
H (1 — —) where b > sup by,
k=0 k>0
and d,, := D,, — D,,_1 for n > 1, then b,, = bd,,/D,, and D,, — oo. The desired
conclusion is now a consequence of a known result [2, Theorems 4]. O

3. Proof of Theorem 1.

Part (i). In view of Theorem A, it suffices to show that N, ¢ B(l,) when «
= 00. Suppose therefore that o = co.

If hmsup an/An > 0, then Y |a,/A,P = oo, but this implies that N,e® ¢ [,
where €® = (1,0,0,...), so that N, & B(l,).

Suppose that lim an/An = 0. Since a = oo, we have, by Lemma 1 with § := 1/p,
that, as n — oo,

5
0'1( = n+1 Zak ’IlJrl* 7(Tl+1) Z ak(n+1—k)76

A
" n—h<k<n

s s
n+1) 1 Z 1\ (n+1
ht1/) An n—h<k<n € h+1
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It follows, by Lemma 5, that N, ¢ B(l,).

Part (ii). The case a = 0 is part of Theorem B, so suppose that 0 < a < oco.
Since na, = O(A4,), if follows from Theorem A that N, € B(l,) and || Ng|, <
MM < 0.

The monotonicity condition together with Lemma 2 ensures that a,, satisfies the
monotonicity conditions of Lemma 3. Hence, by Lemma 3 with § := 1/p,

nay

o1(n) =" I(n) —

I'(a+1)I'(1/q)
T(a+1/q)

and so, by Lemma 5,

I'(a+1)I'(1/q)
Na+1/q)

4. Construction. We construct a sequence {a,} such that {na,/A,} is un-
bounded but N, € B(l,) for all finite p > 1. Let

[ Nallp >

1 whenn=m? m=0,1,...,
Qn =
" 0 otherwise.

Then, for n = m?2,

2

[an m 00 as m — 00
_— = — — .
A, m+1
Thus {na,/A,} is unbounded.
Now define
n 1/p o0 1/q
an—1; b an—k ( bn
= — k) = —
= n=k
where 1
b, = .
" vn+1

In order to prove that N, € B(l,) it suffices, by Lemma 4, to demonstrate that
Si1(n) = O(1) and S2(k) = O(1).
For 1 <m? <n < (m+1)26:=1/(2p), we have

(n+1)°§ o (1) 2y-9
k=0 k=0
LAt lom)? 1 (D) "H( > 2y
- m+1 m+1 m+1 —
m—1
< (m + 1)26—1 4 (m + 1)—1 + (m + 1)26—1m—6 (m _ k,)—é
k=1
m—1
_ (m+ 1)2671 + (m+ 1)71 + (m+ 1)2671m76 k76
k=1

_ O(m2671 + mil + m2671 .m1726) _ O(l)
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Further, for 1 <m? <k+1< (m+1)2, p:=1/(2q), we have

" = An—k
Salh) = (e 1 Y et
n=k "
2k 00
[T
< J L W B 1)~
<G+ l) = Ap(n+1)# e+ ZZ,; n+1)
=1
<14+ (m+1) ) e = L + O(m2* - m~) = 0(1).

Hence N, € B(lp).
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