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Abstract

The optimization problems arising from an information theoretic formu-
lation of the Surprise Ezamination (or Unezpected Hanging) Paradoz are
examined and solved. They provide a nice application of both the Kuhn-
Tucker Theorem and Jensen’s inequality.
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1 Introduction

In this paper, we study the optimization problems arising from an entropic
approach to the so-called Surprise Examination (or Unexpected Hanging)
Paradox. The idea of such an approach was proposed by Karl Narveson
and mentioned in a recent article by Timothy Y. Chow [1]. (We shall not
discuss here the different approaches to the resolution of the paradox itself;
the reader interested in these aspects is invited to consult [1].)
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author) and the Pacific Institute for the Mathematical Sciences (third author).



An event (such as a test given by a teacher or a surprise tax audit) occurs
once every m days, with probability p; on day 4, 1 = 1,... ,m. We wish to
find a probability distribution that maximizes the average surprise caused
by the event when it occurs. We consider a measure of surprise analogous to
the one used in the definition of the Shannon entropy (see [4], for example).
The surprise on day 7 will be the negative of the logarithm of the probability
that the event occurs on day ¢ given that it has not occurred so far.

The event ‘test occurs on day i’ will be simply denoted by 7, and its prob-
ability will be denoted by P(i) or p;. The event ‘test does not occur on
day 1’ will be denoted by ~4. The quantity to be maximized can therefore
be written as

m

=Y P@)InP(i| ~1,... ,~(i —1)). (1)

i=1
Using Bayes’ formula for conditional probabilities, we obtain
P(~1,...,~(i—1)|i) P(i)
P(~1,...,~(i—1))
P(i)
1—(P(1)+---+P(i—1))
P(i)
P(i)+ -+ P(m)’

P(i| ~1,...,~(—1)) =

Consequently, we are led to consider the following optimization problem:

(Pm) inf {Sm(p) [ pE€R™, 1 =(u,p)}.

Here, u is the vector of R™ whose entries are all equal to 1 and S, is the
extended real-valued function defined by

m m
D
Sm(P) =Y _p; In 44— — > pj.
=1 —> " pi =
i>]
More precisely,
m 1 m
Sm(p) :Zh p]aEZpZ 3 peRma
j=1 i=j



where h is defined on R? by

xlnf—m if >0 and y > 0,
L Y
h(z,y) =4 0 if =0 and y > 0,

400 otherwise.

For all p satisfying the constraint in (P), Sy, (p) differs from the negative
of the quantity in (1) only by a constant. (The factor 1/m in its definition
was introduced so as to make subsequent computations more esthetic.) Note
that S,,(p) can be regarded as Kullback-Leibler’s information measure! of p
relative to its tail q:

. 1 & ,
A= (a1, oqm)  With  gi=—3 pj i=1....m.
j=1

Also of interest is the continuous time formulation of the above problem.
Suppose that the event occurs at some point in the time interval [0,7]. By
analogy with the discrete case, it is reasonable to consider the following
optimization problem:

(P)  nf{S(p)|peLi([0,T]), 1= (u,p)},
in which S is the functional defined on L1 ([0,7]) by

st):= [ 0 (o) [ poras) ar,

and u denotes the function identically equal to unity on [0, T7].

2 A preliminary result

In this paragraph, we establish the convexity of (the negative of) our mea-
sures of surprise.

!Kullback-Leibler’s information measure is an extension of Boltzmann-Shannon’s en-
tropy. It is also referred to as relative information measure, cross-entropy or I-divergence.
Given to probability measures P and a reference measure () on a probability space, the
information of P relative to @ is

K(PllQ) :=/(j—glnj—g—j—g> dQ=/<1nj_g_1> iP

if P is absolutely continuous with respect to @, and K(P||Q) := +oo otherwise. The reader
interested in the statistical meaning of this measure may refer to [3]. For a discussion on
the Maximum Entropy Principle, see [2] and references therein.



Recall that an extended real-valued function on R" is said to be closed if its
epigraph (i.e. the set of points which are above or on its graph) is closed (in
R™+1). If a convex function is not identically equal to +oo and is nowhere
equal to —oo (such functions are said to be proper), then being closed is the
same as being lower semi-continuous. Given any function f on R" (convex
or not), the convex conjugate of f is the function

fr(&) :==sup{(x,&) - f(x)| xeR"}, €£eR"

It can be shown that f* is always closed and convex. Furthermore, if f is
closed, proper and convex, then so is f* and the bi-conjugate f** := (f*)*
is f itself (cf. [5], Theorem 12.2 and corollaries).

Lemma 1 The function h defined in Section 1 is closed and convex.

Proof One can easily show that h is the convex conjugate of the indicator
function
0 if(&n) ed,

400 otherwise,

5((6m) ] ) :={

where C' is the convex set {({,n) € R?|n < —exp¢}. This proves that h is
closed and convex. =

Indicator functions play the same role in convex analysis as characteristic
in measure theory. Figure 1 displays the graph of the function h. Notice
that convexity of h can also be derived from the easily proved fact that a
function (z,y) — y f(zy~") on I x (0, 00) is convex if and only if f is convex
on I, where I is any interval. (Take f(s) = slns — s.)

(From Lemma 1, we deduce that S, and S are convex. Indeed, we have

m T
SmD) = h(pi,[Tp)  and  S(p) = /0 h(p(t), [Tp)(8)) dt,
=1

in which J is the (m x m)-matrix whose entries are m ! in the upper trian-
gle (including the diagonal) and 0 elsewhere, and J is the linear mapping
defined by

J: Li([0,T]) — c([0,T])

1

T
P W= [ ads

(The composition of a convex function with a linear mapping is convex.)
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Figure 1: Graph of (z,y) — z1n T g
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3 Discrete time analysis

Constrained optimization problems such as (P,,) are traditionally approached
using concepts from duality theory. Such concepts can be traced back to the
theory of Lagrange multipliers. More recent highlights are the Fenchel du-
ality theorem and the Kuhn-Tucker Theorem (cf. [5]). Roughly speaking,
they provide techniques making it possible to solve constrained optimization
problems via unconstrained ones. We now recall some useful results.

Let f be a closed proper convex function on R", let A be an (m X n)-matrix,
and let y € R™. We consider the linearly constrained optimization problem

(P) inf{f(x)|xeR",y—Ax=0}.

We shall denote the optimal value of (P) by V(P), the feasible set by F(P)
and the solution set by S(P)2. The Lagrangian of Problem (P) is the func-
tion

LX) :=f(x)+ (N, y—Ax), AER" xeR".

For a given A, L(A,x) can be regarded as a penalized version of f. Each
component of A fixes the price to be paid if the corresponding constraint is
violated. Under favorable circumstances, it is possible to find a particular

"Recall that F(P) := {x|y — Ax = 0} and that S(P) := {x € F(P)|f(x) = V(P)}.



value A of A such that minimizers of L£(X, -) also solve (P). Such a X is
then called a Lagrange Multiplier or a shadow price. (Note that minimiz-
ing £(A, -) is an unconstrained problem.) The Kuhn-Tucker Theorem will
provide necessary and sufficient conditions (on A and x) for x to be a solu-
tion of (P). Finally, recall that the domain of a convex function f is the set
of points where it is less than +o0o. It is denoted by dom f.

We can now state the Kuhn-Tucker Theorem, a proof of which can be found

in [5], Section 28.

Theorem 1 (Kuhn-Tucker) Suppose that V(P) # —oo and that F(P)
meets the interior of dom f. Then, the following are equivalent:

(i) x € S(P);
(ii) sup £(-,x) = L(A,x) = inf L(X, -) for some X;
(iii) x € F(P) and A*X € 0f (x) for some .

In the last condition, A* is the transpose of A and Jdf(x) denotes the subd-
ifferential of f at x, i.e. the set of subgradients® of f at x.

Points (A, x) satisfying Condition (ii) are said to be saddle points of £. The
conditions in (iii) are called the Kuhn-Tucker conditions. Notice that, in
Condition (ii), A appears as the maximizer of the (concave) dual function
D(A) :=inf L(A, -).

Note finally that dom f may have an empty interior. Theorem 1 will still
apply, however, with the weaker assumption that F(P) intersects the rela-
tive interior of dom f [5], that is the interior relative to the smallest affine
manifold containing dom f.

We now return to the study of (P,,). The Lagrangian of Problem (P,,) is
the function

L(p,A) = Sm(p) + A(1 = (u,p)), PER", AeR

Theorem 1 tells us that, for p to be a solution for (P,,) it is necessary and
sufficient that

3A vector £ € R" is a subgradient of f at x if the subgradient inequality

f(z) 2 9(2) := f(x) + (§,2 — x)

holds for all z € R". In the words of Rockafellar, the subgradient inequality says that
“the graph of the affine function g is a non-vertical supporting hyperplane to the epigraph
of f at (x, f(x))” (cf. [5], Section 23). If f is convex and differentiable at x, V f(x) is the
unique subgradient of f at x, and conversely.



(a) 0=1- <u7p>a
() there exists A € R such that 0 € 9S,,(p) + 5\3[1 —(u, )] (p)-

Indeed, one can easily check that V(P,,) # —oc and that (P,,) has a feasible
solution in
intdom S, ={p e R" | p > 0}.

Furthermore, Sy, is differentiable in the interior of its domain, and we have

0Sm
—(p) = Inmpyy, — ZM“ where  py := Pk
apk i<k ij
B i>k

Consequently, Condition () becomes

Ozlnmuk—Zui—A, k=1,...,m. (2)
i<k

Now, by definition, u,, = 1, so that the last of Equations (2) gives A =
Inm — 3" pi, from which we obtain the recursion

m
P = 1, K = €Xp _ZM] , k=m-—1,... L (3)
Jj=k+1

Note that, since

fik—1 = eXp Zug = exp(—juk) exp Z wi s
Jj=k j=k+1

the above recursion can be rewritten as

Pm =1, Hk—1 = Mk €Xp (_lj'k) s k=m0 2 (4)

The values of the u’s can be obtain as shown in Figure 2 below. Figure 3
shows examples of optimal probability distributions, for m = 7 and m = 50.

Finally, from Condition («) above and the values of the u’s, we see that
the components of p must obey the following recursion :

k-1

pr=p1,  pe=mx (1= pj|, k=2..,m (5)
j=1
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The vector p defined above satisfies Conditions («) and (53), and therefore
solves Problem (P). Moreover, its components form an increasing sequence.
As a matter of fact, we have

P =tk (Pp+...+pm) and  pr_1 = pk—1 (Pr—1+ ...+ Pm),

from which we deduce, using (4), that

pe (1 —p)

Pk—1 Hk—1
= exp g X (1 — g exp(—puz))

= exp g — Mk

> 1.

Remark As pointed out in [1], the (optimal) probability that the event
occurs on the ith-to-the-last day, given that it has not occurred so far does
not depend on m. This is immediate from Recursion (4) and from the
equality
-1
m
Pim—i|~1,... ,~(m—i—1)) = pm—i Z D = lbm—i-
j=m—i

Furthermore, the fact that the pg’s are defined via a backward recursion
implies that py,—;/pm—i—1 does not depend on m either (cf. Eq. (6)). =

4 Transitional comments

Note first that we could have obtained the solution by considering the opti-
mization problem

(Py,)  inf{S,(p,q)|1=(1,p), q=Jp},

where S}, (p,q) := > h(pj, q;). The corresponding Kuhn-Tucker Conditions
read

(/) 0=1—(u,p) and 0 = q — Jp;
(B') there exist A € R and XA = (Aq,...,Ap) € R™ such that
0 € 95,(p.a) + AOf(p,a) + M Of1(p,a) + ... + A Ofm(P. Q)
in which we have defined f and f = (fy,..., fm) by

f(p,q):=1—(u,p) and f(p,q):=q—Jp.



It is then easy to check that the \;’s derived from (o) and (8’) coincide
with the p;’s of the previous paragraph multiplied by m.

Some immutable characteristics of the optimal probability distribution were
pointed out in the remark. It is also interesting to consider asymptotic
properties of Problem (P,,) when m tends to infinity. We shall simply
mention here three facts.

1) The ratio between the last and the first components of p(™) tends to a
finite value. Indeed, from Eq. (6), we get

P s m) _ (m)

. m . m) _ (m)y

A, oy = i L ™ =) = 213
‘7:

The limit exists because of the inequality 1 < exp p(m) — pgm) <1+ (,u;m))2

J
for “gm) € [0, 1], and because Zj(ﬂgm))Q < 0.
2) mpgm) tends to 1 as m tends to oco. As a matter of fact, let us denote

tm = pgm). Then we see that the sequence {t,,} is defined by the recurrence

t1 =1, tpe1 = trexp(—tx), k=1,2,....

We deduce that t,;lrl —t, ' =t '(exp(tx) — 1), which tends to exp'(0) = 1
as k tends to infinity (since t; tends to 0). Consequently,

1 :i”‘z‘lexp(tk)—lJr 1
mim, m = tr mity

also tends to 1.

3) The optimal value V(P,,) of (P,,) tends to 0 as m tends to infinity. To
prove this claim, we show that liminfV(P,) = 0 = limsup V' (P,,). The
first equality is easily obtained from

|
Sm <l,,l) zlnm—lnm'—l

m m m

1 <.k 1
= ——Zln——1—>—/ Intdt —1=0.
mkzl ™m 0

The second equality results from the following three facts :

V(Pn)

IN

(i) V(Pm) =0m +p’£77ln) lnm—pﬁ,T);

(ii) Ty — o, tends to 0 as m tends to infinity;
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(m)

(iii) 7y > —pm  Inm.
Here, we have defined

B S N (e 2w
Tm:—;<pi lnqz(—Tl)—pz- ) andam:—;<pi ln@—pi )

Fact (i) is an immediate consequence of the definitions. As for (ii), we have

m—1 m—1
0< 1 —0Opm =— Z pg;n_)z In(1 — ;1) < —pim™ Z In(1 —#;41) = 0,
=1 i=1

since t; — 0 and mp%n) = O(1). Finally the proof of (iii) is deferred to the
end of Section 5 (cf. Corollary 1) since it relies on Theorem 2 below.

5 Continuous time analysis

In the discrete case, the distribution is strictly increasing, with a sharper
increase at the tip of the tail (see Figure 3). By contrast, the optimal
continuous distribution is flat, as the following theorem shows.

Theorem 2 For all p € Li([0,T]), we have

T T
t
/ p(t) ln];(—)dt 2/ p(t) dt
’ . / p(s)ds ’
T Jo
(which is equivalent to S(p) > 0) with equality if and only if p is constant
on [0,T].

Proof We can assume that p is (almost everywhere) nonnegative, for oth-
erwise S(p) = oo. Observe that

so) = [ (verm28—p0) a



in which we have put ¢(¢) := [Jp](t). The theorem will therefore be proved
if we can show that

T
QA p(t) Inp(t) dt > Tq(0) lng(0), (7)

with equality if and only if p is constant. Now, applying Jensen’s integral
inequality? to the strictly convex function ¢: z — zlnz — z yields

LT, Pl P o
TA @@lq@ q@)“z b

from which (7) follows immediately. =

Theorem 2 shows that the (unique) solution of Problem (P) is the uniform
probability density on [0, 7]. Another immediate consequence of Theorem 2,
which brings us back to the considerations of Section 4 is the following result:

Corollary 1 With the notation of Section 4, we have
Tm > —psgl) Inm.

Proof Apply Theorem 2 with

,—1 4
T:=1 and p(t):=p™ ifte (22| (i=1,....m). =
and p(t):=p, i E< - ’m] (1 , ,m)

This completes the proof that the optimal value of (P,) tends to 0 (which
is also the optimal value of (P)), as claimed in Section 4.

6 Conclusion

The entropic formulation of the Surprise Examination problem provides a
beautiful example of the application of concepts from the elementary theory
of convex constrained optimization. Its attractiveness comes in part from
the explicit recursive nature of the (discrete time) solution which follows
from the Kuhn-Tucker Theorem.

Greg Chaitin recently communicated to us his opinion that the entropy
analysis is :

“In our case Jensen’s integral inequality reads :

g (%/OTp(t)dt) < %/OTg(p(t)) dt

where g is convex on the positive half line and p is nonnegative and integrable on [0, 7.
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surprising because everyone (including me) usually just throws
up their hands at the paradox. Godel didn’t and got his incom-
pleteness result. You don’t and you determine the (surprisingly
flat) distribution that maximizes the surprise.
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suggestions which improved the presentation of this work.
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