
Lecture 001 (September 25, 2005)

Simplicial sets

Simplicial sets are contravariant functors X : ∆op →
Set, and simplicial maps are natural transforma-

tions. ∆ = finite ordinal numbers n = {0, 1, . . . , n},
with order-preserving functions between them. The

category of simplicial sets will be denoted by sSet.

Examples:

• The standard n-simplex ∆n is the simplicial

set represented by the ordinal number n.

∆n = hom∆( ,n).

For every n-simplex x ∈ Xn = X(n) there is

a unique simp. set map σx : ∆n → X such

that σx(1n) = x (Yoneda lemma). Notation

ιn = 1n.

• di : n− 1 → n is the string

0 → 1 → . . . i− 1 → i + 1 → . . . n

of length n− 1 in n. di ∈ ∆n
n−1 and one writes

di(ιn) = di.

More generally di(x) = (di)∗(x) ∈ Xn−1. di(x)

is the ith face of x.
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∂∆n ⊂ ∆n (boundary of ∆n) is the subcom-

plex generated by the di(ιn). The kth horn

Λn
k ⊂ ∆n is the subcomplex generated by di(ιn), i 6=

k.

• sj : n + 1 → n is the string

0 → 1 → · · · → j 1−→ j → j + 1 → · · · → n

sj induces sj : Xn → Xn+1 via sj(x) = (sj)∗(x).

sjx is the jth degeneracy of x. A simplex y is

said to be degenerate if y = sj(x) for some x;

otherwise y is non-degenerate.

• C = small category. BCn = hom(n, C), and

the simplicial structure is induced by precom-

position. BC is called the classifying space

or nerve of C. If G is a group, the realization

|BG| of BG is the classifying space for G in

old-time algebraic topology.

• There is a covariant functor ∆ → Top with

n 7→ |∆n|.

|∆n| = {(t0, . . . , tn) ∈ Rn+1 | ti ≥ 0,
n∑

i=0
ti = 1 }

Y = space: the singular complex S(Y ) for Y

is defined by

S(Y )n = hom(|∆n|, Y )
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with simplicial structure defined by precompo-

sition.

The singular functor S : Top → sSet has a

left adjoint | | : sSet → Top, called realiza-

tion.

|X| = lim−→
∆n→X

|∆n|.

• X = simplicial set. The simplex category

∆/X = i∆X

is the category with objects all simplices ∆n →
X , and morphisms given by all incidence rela-

tions

∆n

''PPPPPP

��
X

∆m

77nnnnnn

Exercise: Show that there is an isomorphism

lim−→
∆n→X

∆n ∼= X.

In other words, show that X is a colimit of its

simplices.

• If X, Y are simplicial sets the function com-

plex hom(X, Y ) is the simplicial set with

hom(X, Y )n = homsSet(X ×∆n, Y ).
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The functor (X, Y ) 7→ hom(X, Y ) is con-

travariant in X and covariant in Y . There is a

natural bijection

hom(X,hom(Z, Y )) ∼= hom(X × Z, Y )

which is induced by the exponential map hom(Z, Y )×
Y → Z defined by

(f : Z ×∆n → Y, z) 7→ f (z, ιn).

Recall sSet = simplicial sets has a closed model

structure such that

• A map f : X → Y is a weak equivalence

iff the induced map |X| → |Y | of top. re-

alizations is a homotopy equivalence (of CW -

complexes).

• A cofibration is A → B of simplicial sets is a

monomorphism.

• A fibration is a map which has the RLP wrt

all trivial cofibrations (aka. maps which are

cofibrations and weak equivalences).

Equivalently (big theorem): p : X → Y is a fibra-

tion iff p has the RLP wrt all inclusions Λn
k ⊂ ∆n.

This is the Kan fibration condition, and the theo-

rem says that the fibrations are the Kan fibrations.
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Theorem: With these definitions, sSet satisfies

the conditions for a proper closed simplicial model

category.

The “simplicial” in simplicial model category means

that if i : A → B is a cofibration and p : X → Y

is a fibration, then the induced map

hom(B, X)
(i∗,p∗)−−−→ hom(A, X)×hom(A,Y )hom(B, Y )

is a fibration which is trivial if either i or p is trivial

(ie. a weak equivalence).

To say that the model structure is proper means

two things:

• Given a pullback diagram

Z ×Y X
f∗ //

��

X
p

��

Z f
// Y

with p a fibration, if f is a weak equivalence

so is f∗. Right properness: weak equivalences

are stable under base change along fibrations.

• Given a pushout diagram

A
g //

i
��

X

��

B g∗
// B ∪A X
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with i a cofibration, if g is a weak equivalence,

so is g∗. Left properness: weak equivalences

are stable under cobase change along cofibra-

tions.

Theorem: The adjoint pair of functors

| | : sSet � Top : S

induces an equivalence of homotopy categories

Ho(sSet) ' Ho(Top),

for the standard model structure on Top.

The adjunction of the Theorem induces an adjoint

equivalence of homotopy categories, also called a

Quillen equivalence: S preserves fibrations and

trivial fibrations, | | preserves cofibrations and triv-

ial cofibrations (Quillen adjunction), and |X| → Y

is a weak equivalence if and only if X → S(Y ) is a

weak equivalence (NB: all simplicial sets are cofi-

brant and all spaces are fibrant).
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Pointed simplicial sets

∆0 = hom( ,0) has one element in each simplicial

degree. It is the terminal object for simplicial sets,

and one often writes ∗ = ∆0.

A pointed simplicial set is a map ∗ → X , or

equivalently a pair (X, x) consisting of a simplicial

set X with distinguished choice of vertex x ∈ X0.

A map of pointed simplicial sets is the obvious

thing, namely a commutative triangle

X
f

��
∗

x 77pppppp

y ''NNNNNN

Y

or equivalently a simplicial set map f : X →
Y which preserves base points in the sense that

f (x) = y.

Write sSet∗ = ∗/sSet for the category of pointed

simplicial sets.

Fact: Suppose that M is a closed model category,

and take X ∈ M. Then X/M has a model struc-

ture for which a map

Y
f

��
X

88pppppp

&&NNNNNN

Z
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is a fibration (respectively cofibration, weak equiv-

alence) if and only if the map f : Y → Z is a fibra-

tion (respectively cofibration, weak equivalence) of

M.

Exercise: formulate and prove a corresponding

statement for M/Y .

Examples:

• sSet∗ has a model structure for which a map

f : (X, x) → (Y, y) of pointed simplicial sets

is a weak equivalence (resp. fibration, cofibra-

tion) if and only if the underlying map f :

X → Y is a weak equivalence (resp. fibration,

cofibration) of simplicial sets.

• The category Top∗ of pointed topological spaces

has a model structure for which a map f :

(X, x) → (Y, y) of pointed spaces is a weak

equivalence (resp. fibration, cofibration) if and

only if the underlying map f : X → Y is a

weak equivalence (resp. fibration, cofibration)

of topological spaces.

NB: f : X → Y is a weak equivalence of spaces iff

f induces a bijection π0X ∼= π0Y of path compo-

nents and induces isomorphisms πi(X, z) ∼= πi(Y, f (z))
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for all i ≥ 1 and all z ∈ X . The condition on

homotopy groups is not equivalent to the asser-

tion that the morphisms πi(X, x) → πi(Y, y) are

isomorphisms for a map f : (X, x) → (Y, y) of

pointed spaces, unless X is connected.

Here are some basic constructions for pointed ob-

jects:

• Given X ∈ Set, X+ = {∗} t X is a pointed

“space” (ie. simplicial set), pointed by the dis-

joint base point. The functor X 7→ X+ is left

adjoint to the functor sSet∗ → sSet which

forgets the base point.

• Given X, Y in sSet∗, the wedge X ∨ Y is de-

fined by the pushout

∗ //

��

Y

��

X // X ∨ Y

(X, Y ) 7→ X ∨ Y is the coproduct in sSet∗.

X 7→ X ∨ Y preserves weak equivalences, by

properness of simplicial sets.

• There is a canonical inclusion X∨Y ⊂ X×Y ,

defined by x 7→ (x, ∗) and y 7→ (∗, y). The

smash product X ∧ Y is defined by

X ∧ Y = (X × Y )/(X ∨ Y ).
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On the level of pointed sets,

K ∧ L =
∨

x∈L−{∗}
K,

so that X 7→ X∧Y preserves monomorphisms, ie.

preserves cofibrations. X → X×Y preserves weak

equivalences, since |X×Y | ∼= |X|×|Y |. It follows

that X 7→ X ∧ Y preserves weak equivalences.

• The simplicial circle S1 is defined by S1 =

∆1/∂∆1, with the canonical choice of base point.

Note that |S1| is a circle in the usual sense.

• Given X ∈ sSet∗, the suspension of X is the

smash product S1 ∧X . There are natural iso-

morphisms

|S1 ∧X| ∼= |S1| ∧ |X| = Σ|X|.

• The pointed function complex hom∗(X, Y ) is

the pointed simplicial set with

hom∗(X, Y )n = homsSet∗(X ∧∆n
+, Y ).

where the base point is the unique map factor-

ing through the base point y ∈ Y . There is a

natural bijection

hom(X ∧ Z, Y ) ∼= hom(X,hom∗(Z, Y ))

NB: X ∧ K+
∼= (X × K)/(∗ × K) := X n K

X n K is sometimes called a half smash product.
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Theorem: With the definitions given above the

category sSet∗ of pointed simplicial sets satisfies

the axioms for a proper closed simplicial model

category.

Spectra

A spectrum X consists of pointed (level) simplicial

sets Xn, n ≥ 0 together with bonding maps σ :

S1 ∧Xn → Xn+1.

Amap f : X → Y of spectra consists of pointed

maps f : Xn → Y n which respect structure in the

sense that the diagrams

S1 ∧Xn σ //

S1∧f
��

Xn+1

f
��

S1 ∧ Y n
σ

// Y n+1

commute. The corresponding category will be de-

noted by Spt. This category is complete and co-

complete.

Examples:

• Suppose that Y is a pointed simplicial set. The

suspension spectrum Σ∞Y consists of the pointed

sets

Y, S1 ∧ Y, S1 ∧ S1 ∧ Y, . . . , Sn ∧ Y, . . .
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where Sn = S1∧· · ·∧S1 (n-fold smash power).

The bonding maps of Σ∞Y are the canonical

isomorphisms

S1 ∧ Sn ∧ Y ∼= Sn+1 ∧ Y.

There is a natural bijection

hom(Σ∞Y,X) ∼= hom(X, Y 0),

so that the suspension spectrum functor is left

adjoint to the “level 0” functor X 7→ X0.

• S = Σ∞S0 is the sphere spectrum.

• X = spectrum and K = pointed simplicial set:

there is a spectrum X ∧K with

(X ∧K)n = Xn ∧K

and having bonding maps

σ ∧K : S1 ∧Xn ∧K → Xn+1 ∧K.

Σ∞K ∼= S ∧K.

• The suspension of a spectrum X is the spec-

trum X ∧ S1. The fake suspension ΣX of X

has level spaces S1 ∧Xn and bonding maps

S1 ∧ σ : S1 ∧ S1 ∧Xn → S1 ∧Xn+1.
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Remark: There is a commutative diagram

S1 ∧ S1 ∧Xn S1∧σ //

τ∧Xn
��

S1 ∧Xn+1

τ∼=

��

S1 ∧ S1 ∧Xn

S1∧τ ∼=
��

44

S1 ∧Xn ∧ S1
σ∧S1

// Xn+1 ∧ S1

where τ flips adjacent smash factors: τ (x ∧ y) =

y ∧ x. The dotted arrow (bonding map induced

by σ ∧ S1) differs from S1 ∧ σ by precomposition

by τ ∧ Xn. The flip τ : S1 ∧ S1 → S1 ∧ S1 is

non-trivial: it is multiplication by −1 in H2(S
2).

This observation was a source of difficulty in stable

homotopy theory for many years.

• X = simplicial set: write Z̃(X) for the ker-

nel of the induced map Z(X) → Z(∗). Then

Hn(X, Z) = πn(Z(X), 0) and H̃n(X, Z) = πn(Z̃(X), 0)

(reduced homology). If X is pointed, then

there is a natural isomorphism Z̃(X) = Z(X)/Z(∗),
and there is a natural pointed map

X
η−→ Z(X) → Z̃(X),

denoted by h for “Hurewicz”. If A is a simpli-

cial abelian group, there is a natural simplicial
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map

γ : S1 ∧ A → Z̃(S1)⊗ A =: S1 ⊗ A.

The Eilenberg-Mac Lane spectrum H(A) as-

sociated to A consists of the spaces

A, S1 ⊗ A, S2 ⊗ A, . . .

with bonding maps

S1 ∧ (Sn⊗A)
γ−→ S1⊗ (Sn⊗A) ∼= Sn+1⊗A.

• X = spectrum, K = pointed simplicial set.

There is a spectrum hom∗(K, X) with

hom∗(K, X)n = hom∗(K, Xn),

and with bonding map

S1 ∧ hom∗(K, Xn) → hom∗(K, Xn+1)

adjoint to the composite

S1∧hom∗(K, Xn)∧K S1∧ev−−−→ S1∧Xn σ−→ Xn+1.

There is a natural bijection

hom(X ∧K, Y ) ∼= hom(X,hom∗(K, Y )).
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X = spectrum and n ∈ Z: the shifted spectrum

X [n] is the spectrum with

X [n]m =


∗ m + n < 0

Xm+n m + n ≥ 0

Examples: X [−1]0 = ∗ and X [−1]n = Xn−1 for

n ≥ 1. X [1]n = Xn+1 for all n ≥ 0.

Remarks: 1) There is a natural map ΣX →
X [1] defined by the bonding maps. We’ll see later

that this is a stable equivalence, and that there is

a stable equivalence ΣX ' X ∧ S1.

2) There is a natural bijection

hom(X [n], Y ) ∼= hom(X, Y [−n])

and of course X [n][−n] ∼= X , so that all shift

operators are invertible.

3) There is a natural bijection

hom(Σ∞K[−n], Y ) ∼= hom(K, Y n),

so that the nth level functor Y → Y n has a left

adjoint.

4) Given a spectrum X , the nth layer LnX is the

spectrum

X0, . . . , Xn, S1 ∧Xn, S2 ∧Xn, . . .
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There are obvious maps LnX → Ln+1X → X

and a natural isomorphism

lim−→n
LnX ∼= X.

The functor X 7→ LnX is left adjoint to truncation

up to level n. The system of maps

Σ∞X0 = L0X → L1X → . . .

is called the layer filtration of X . Here’s an exer-

cise: show that there are pushout diagrams

Σ∞(S1 ∧Xn)[−n− 1] //

σ∗
��

LnX

��

Σ∞Xn+1[−n− 1] // Ln+1X

The category of spectra is “the” (or rather “a”)

home for stable homotopy theory, and stable ho-

motopy theory itself is the outcome of formally

inverting the suspension. It will take a few defini-

tions and results to put the theory in place.
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Strict structure

Say that a map f : X → Y is a strict (level-

wise) weak equivalence (resp. strict (levelwise)

fibration) if all maps f : Xn → Y n are weak

equivalences (resp. fibrations) of (pointed) simpli-

cial sets.

A cofibration is a map iA → B of spectra such

that

• i : A0 → B0 is a cofibration of (pointed) sim-

plicial sets, and

• all maps

(S1 ∧Bn) ∪(S1∧An) An+1 → Bn+1

are cofibrations.

NB: All cofibrations are levelwise cofibrations.

Given spectra X, Y , the function complex hom(X, Y )

is a simplicial set with

hom(X, Y )n = hom(X ∧∆n
+, Y ).

Proposition: With these definitions the category

Spt of spectra satisfies the axioms for a proper

closed simplicial model category. This model struc-

ture is also cofibrantly generated.
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Proof: Suppose given a lifting problem

A
α //

i
��

X
p

��

B β
//

>>

Y

where i is a cofibration and p is a strict fibration

and strict weak equivalence. Then the lifting θ0

exists in the diagram

A0 α //

i
��

X0

p
��

B0
β

//

θ0 ==

Y 0

and then θ1 exists in the diagram

(S1 ∧B0) ∪(S1∧A0) A1(θ
0
∗,α)

//

cof
��

X1

p
��

B1
β

//

θ1
55

Y 1

Proceed inductively to show that the lifting prob-

lem can be solved. The lifting problem is solved in

a similar way if i is a trivial cofibration and p is a

strict fibration. We have proved the lifting axiom

CM4.

Suppose that f : X → Y is a map of spectra, and
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find a factorization

X0 i0 //

f !!CC
CC

CC
CC

Z0

p0
��

Y 0

in level 0, where i0 is a cofibration and p0 is a

fibration. Form the diagram

S1 ∧X0 //

S1∧i0
��

X1

f

��

i∗
wwnnnnnnnnnnnnn

S1 ∧ Z0 //

S1∧p0
��

(S1 ∧ Z0) ∪X1

f∗ ''PPPPPPPPPPPPP

S1 ∧ Y 0 // Y 1

and find a factorization

(S1 ∧ Z0) ∪X1 j //

f∗ ''OOOOOOOOOOOOO Z1

p1
��

Y 1

where j is a cofibration and p1 is a trivial fibration.

Write i1 = j · i∗. Then we have factorized f as

a cofibration followed by a trivial fibration up to

level 1. Proceed inductively to show that f =

p · i where p is a trivial strict fibration and i is a

cofibration. The other factorization statment has

the same proof, giving CM5.

The simplicial model structure is inherited from
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pointed simplicial sets, as is properness. The gen-

erating sets for the cofibrations and trivial cofibra-

tions, respectively are the maps

Σ∞(Λn
k)+[m] → Σ∞∆n

+[m]

and

Σ∞(∂∆n)+[m] → Σ∞∆n
+[m]

respectively.
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