Lecture 003 (November 10, 2005)
Suspensions and shift
Here’s a fine old result:

Theorem: [Freudenthal Suspension Theorem]

Suppose that a pointed space X is n-connected
where n > 0. Then the homotopy fibre F' of
the canonical map 7 : X — Q(X A S1) is 2n-
connected.

In particular the suspension homomorphism

7TZ'X — 7TZ<Q(X N Sl)) = 7TZ'+1(X N Sl)
is an isomorphism for ¢ < 2n and is an epimor-
phism for 2 = 2n + 1. This is the original meaning

of the word stable: the suspensions X A S™ are at
least n-connected, and so the map

mi(S"ANX) — 7w (37 X)
are isomorphisms in the stable range n <1 < 2n
(really 0 < i < 2n).

The proof of the Theorem (see [2], I11.3.10, p.175)
involves using the transgression (aka. differential
for the Serre spectral sequence) for the path-loop
fibration for X A S' to show that the induced maps

Hi(X) — Hi(QUX ASY)
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are isomorphisms for ¢ < 2n + 1. Then it follows
from a Hurewicz theorem argument that F' has the
advertised connectivity.

Here’s an easy observation:

Lemma 1: The natural map o, : X — QX][1] is
a stable equivalence if X is strictly fibrant.

Proof: This is an easy cofinality argument, using
the fact that 2°°X is the filtered colimit of the
system

X = QX[1] - Q*X[2] — ... O

Lemma 2: Suppose that X is a pointed space.
Then the canonical map

n: XX — ON(ETX)
is a stable homotopy equivalence.
Proof: The map
k(S AN X) — (27 X)
is an isomorphism for 0 < k < n — 2 by the
Freudenthal Suspension Theorem (NB: X might

not be connected, but S' A X is). In particular,
the map

Tor(ST2 A X) — i (B°X)
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is an isomorphism, as is the map

Tor(S* T2 A X) — mor(QSH3 A X)),
Similarly, the map

Top(Q(S* A X)) — T (QZ(E™X))

is an isomorphism (via Lemma 1). Now use the
commutative diagram

Tor(SF2 A X) T3 (U X)

| |

Top(QSH3 A X)) == mi (QX(E* X))

~

Remark: What we've really shown in Lemma 2
is that the composite

S X L OR((ETX) 2L QF(S(E7X))
is a natural stable equivalence.

Lemma 3: Suppose that Y is a spectrum. Then
the composite

Y L Oyy 2 QF(RY)
is a stable equivalence.
Proof: We show that the maps
LY L QvL,Y % QF(SL,Y)
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arising from the layer filtration for Y are stable
equivalences.

In the layer filtration
L)Y : Y% Y STAY" SEAYT L.

the canonical map X*°Y"|—n] — L,Y is a sta-
ble equivalence. In fact, it’s better than that: the
maps
(XY"[—n|)" — L, Y"
are isomorphisms for » > n. Thus, the maps
(QF (XY " [—n])))" — QF(X(L,Y))"
are weak equivalences for r > n, so that

OF (S(S°Y"[—n])) — QF(S(L,Y))

is a stable equivalence. The map n : X — QXX
respects shift. Now use Lemma 2 to show that the
composite

YV [—n] — QE(XFY[—n|) — QF (X(X°Y[—n]))
is a stable equivalence. ]

Theorem A: Suppose that X is a spectrum.
Then the canonical map

o: %X — X|[1]

is a stable equivalence.



Proof: The map o is adjoint to the map o, : X —
QX (1], so that there is a commutative diagram

X -T-0nX —2LOF(SX)

k lQU iQFO’

QX[1] TJQF(X[l])
The composite
X 2 ox1] 25 orx)

is a stable equivalence by Lemma 1, and the shifted
cofibration j[1] : X[1] — (FX)[1] is a strictly
fibrant model of X[1]. There is a commutative
triangle

X[1]—+F(X[1))

i

(FX)[1]
in which the indicated map is a strict equivalence.
It follows that the composite

X 25 0X[1] 2 QF(X[1))
is a stable equivalence. The composite
XL ovx 2 QF(EX)

is a stable equivalence by Lemma 3. The map Q2 F'o
is therefore a stable equivalence, so that Lemma 1
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implies that Fo : F(XX) — F(X]1]) is a stable
equivalence: in effect, (0F'o is a stable equivalence,
so that QQF'o[1] is a stable equivalence, so Fo is a
stable equivalence. ]

Here’s another, still elementary but much fussier,
result:

Theorem B: The functors X — X A S! and
X — XX are naturally stably equivalent.

Sketch Proof: ([3], Lemma 1.9, p.7) The isomor-
phisms 7 : ST A X" — X" A S! and the bonding
maps o A St together define a spectrum with the
space ST A X" in level n, and with bonding maps
o defined by the diagrams

STASTA XS A X
SIAT\L% %J{T
1 1 yntl 1
S*AX"AS UASan A S
and it’s not hard to see that there are commutative
diagrams
ST A SEA X%\lNg
T/\an Sl A Xn+1
/

SLASLA XY



[t’s also not hard to see that there is a diagram

SEASTASEA X

<anstnsine

(3,2,1)AX™ Sl A xXnt2
5-(STAG)

SEASEASEAXT
where (3,2, 1) is induced on the smash factors mak-
ing up S? by the corresponding cyclic permutation
of order 3.
The spaces STAXY, STAX?, ... and the respective
composite bonding maps (STAc)(S*AS'Ac) and
o - (ST A7) define “partial” spectrum structures
from which the stable homotopy types of the origi-
nal spectra can be recovered. The self map (3,2, 1)
of the 3-sphere S® has degree 1 and is therefore
homotopic to the identity. This homotopy can
be used to describe a telescope construction (see
3], p-11-15, and the next section) which is stably
equivalent to both of these partial spectra. O

Corollary:

1) The functors X — X[1], X — XX and X —
X A S are naturally stably equivalent.

2) The functors X — X[—1], X — QX and X —
hom, (S!, X) are naturally stably equivalent.
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In other words, the suspension and loop functors
(real or fake) are equivalent to shift functors, and
therefore define equivalences Ho(Spt) — Ho(Spt)
of the stable category.

The telescope construction
Observe that a spectrum Y is cofibrant if and only
if all bonding maps o : ST AY" — Y™ are
cofibrations.
The telescope T'X for a spectrum X is a natural
cofibrant replacement, equipped with a canonical
strict equivalence T'X — X. It is constructed
inductively as follows: we find natural trivial cofi-
brations
X+ oxh % PXE B <n,
such that
o XV =CX"=TX"and j, and ag are identi-
ties,
e CX" is the mapping cylinder for o : St A
X" — X" meaning that there is a pushout
diagram

Sl A X7 g Xn+1
dol jn+1
(Sl N Xn) N AL&CX"JA

8



for each n. Write o, for the composite
1
STA X" (SUA X AAL S5 oxrt
and observe that o, is a cofibration.

e Form the pushout diagram

S'A X" OX
Sl/\jnl
S'ACX" Onl
Sl/\anl
SIATX"z—TX"!

Then ¢ is a cofibration, and the maps j, 11, Qi1
are trivial cofibrations.

Lemma: Suppose that X is a spectrum with
bonding maps o : S' A X" — X" Suppose
that X’ is a spectrum with the same objects as X
and with bonding maps o' : S' A X" — X7+,
Suppose that j : X' — Z is a map of spectra such
that there are fixed homotopies

staxm

! N
(STAX™) AAL e g

d° o

St A X"
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from jo’ to jo in all levels. Then there is a canon-
ically defined map hy, : TX — Z. It j: X' - Z
is a strict weak equivalence then the map h, is a
strict weak equivalence.

Corollary: If the map j : X’ — Z of the Lemma
is a strict weak equivalence, then there are strict
weak equivalences

X —TX k7L x

Proof: The identity homotopies on the bonding

maps o induce a strict weak equivalence T'X —
X. O

Proof of Lemma: Suppose that h, : TX* —
7" has been defined for k < n such that h, is a
map of spectra T'X — Z up to level n. There is
a unique map h : CX" — Z"1 guch that the
diagram

Sl A X7 g Xn+1
doi jn—i—ll A
(STAX™) A AL S cyenst N

e\

Zn—|—1

commutes. Suppose that h.op = h up to level n.
Then there is a unique map h, : TX"t — Zn+!
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such that the diagram

Ox

StA X7 Ccxntl
Sl/\(anjn)i OénJrll
S'ATX" : TXm N
St A 7z 5 AR
commutes.

To see the commutativity, note that
hoo = h(Guid') = jo' = o((S" A j)

and h * au,), = izjn = 7 by the inductive assump-
tion h.a,, = h.

If 7 is a strict equivalence, then all maps h are
weak equivalences, so that the maps h, are weak
equivalences. ]
Remark: The construction of the Lemma is canon-
ical and therefore natural in important special cases.

1) Suppose that i — X; and i — X are spec-
trum valued functors defined on an index cate-
gory I such that X" = X for all i € I. Let
j : X" — Z be a natural choice of strict fibrant
model for the diagram X’ and suppose finally that
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there are natural homotopies
SUA X!
dl \0/
h
(S'AXP)NAL =27
0
StA X!

jo

where o and ¢ are the bonding maps for X and
X' respectively. Then the homotopies h canoni-
cally determine a natural strict equivalence h, :
TX — Z. This means that there are natural
strict equivalences

X —TX M 724 x'.

2) Suppose given partial spectra X (1) and X (2)
having objects S'AX?" and bonding maps oy, 09 :
S3A X2 — S A X2 pegpectively, such that
the diagram

S3 A X2 o

c Sl A X2n+2

S3A X2
commutes, where ¢ is induced by the cyclic per-
mutation (3,2, 1). Choose a natural fibrant model
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7 Y — FY for simplicial sets which preserves
products (like the Ex> functor), so that it can
be used to define a strict fibrant model F X (2) for
X (2), with spaces F'(S* A X*") and bonding maps

SPAF(S'AX) — F(S2Ax?) D2, p(ghax2m2)
Then the map jo; factors through the composite

53 A X2 R(S3) A F(X0M) - F(S* A X2
lF(@)
F(sl A X2n~|—2)

The map j - c: S — F(S?) is homotopic to the
identity via some choice of homotopy h, so that
jos is homotopic to joq. It follows that there are
strict equivalences

X(1) — TX(1) & FX(2) — X(2).

If X(1) and X (2) are the outputs of functors de-
fined on spectra (such as those arising from the
comparison of fake with real suspension), then these
equivalences are natural.
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Fibrations and cofibrations

Suppose that i : A — X is a levelwise cofibration
of spectra with cofibre 7 : X — X/A. Suppose
that o : " — X" represents a homotopy element
such that the composite

ST‘ i) Xn L Xn/An
represents 0 € m,.(X/A)". Then, by comparing
cofibre sequences, there is a commutative diagram
S" CS"——=S' NS —=S' A S
L
An+1 - Xn—H

where C'S™ ~ % is the cone on S". It follows that

the image of [a] under the suspension map

7TTXn N 7T7»_|_1Xn+1

is in the image of the map m 1 A" — 7, X"
We have proved the following:

Lemma: Suppose that A — X — X/A is a
levelwise cofibre sequence of spectra. Then the
sequence

mA—-mX — m(X/A)
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15 exact.

Corollary: Any levelwise cofibre sequence
A— X — X/A

induces a long exact sequence

A mA- X > m(X/A) D a A

This sequence is the long exact sequence in stable
homotopy groups for a level cofibre sequence of
spectra.

Proof: The map X/A — A A S' in the Puppe
sequence induces the boundary map

T(X/A) — m(ANSY) = m(A[L]) = A
since A A S! is naturally stably equivalent to the
shifted spectrum A[1]. (]

Corollary: Suppose that X and Y are spectra.
Then the inclusion X VY — X X Y is a natural
stable equivalence.

Proof: The sequence
0—-mX —->m((XVY)—-mY —0

arising from the level cofibration X C X VY is
split exact, as is the sequence

0—-mX —>m(XXY)—>mY —0

15



arising from the fibre sequence X — X xY — Y.
[t follows that the map X VY — X X Y induces
an isomorphism in all stable homotopy groups. [

Corollary: The stable homotopy category Ho(Spt)
is additive: the sum of two maps f,g: X — Y is
represented by the composite

XA xxxI%yvxyEyvy Ly

Corollary: Suppose that
A-"-B

P

C’TD

is a pushout in Spt where 7 is a levelwise cofibra-
tion. Then there is a long exact sequence in stable
homotopy groups

1,00 j—
A A (), m.Cem. B iR m.D 9 T A— ...

This is the Mayer-Vietoris sequence for the cofi-
bre square. The boundary map 0 : m; D — mj_; A
is the composite

mD —mD/C =miB/AS m_ A
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Lemma A: Suppose that A > X 5 X/Ais a
pointwise cofibre sequence in Spt, and let F' be the
strict homotopy fibre of the map 7 : X — X/A.
Then the induced map 7, : A — F is a stable
equivalence.

Proof: Choose a strict fibration p : Z — X/A
such that 7 — x is a strict weak equivalence.
Form the pullback

X7
p*l

|p

X —X/A

Then X is the homotopy fibre of 7 and the maps
1:A— X and x : A — Z together determine
amap i, : A — X. We show that 1. 1s a stable
equivalence.

Pull back the cofibre square
A *

|

X—=X/A

along the fibration p to find a (levelwise) cofibre
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square

U

|

X—Z
The spectrum Z is contractible, so a Mayer-Vietoris

?&:Bz
|

sequence argument implies that the map A —
X x U is a stable equivalence.
Also, from the fibre square

Aﬂﬁ
A——%
we see that the map A — A x U is a stable equiv-
alence. The map i, : A — X induces a section
0: A — A of the map A — A which composes
with the projection A — U to give the trivial map
x : A — U. It follows that there is a commutative
diagram

A" ¥

(111’*/ 0 l(lff’*)

AXxU=A=X xU

N

U
It follows that A is the stable homotopy fibre of the
map A — U, and so 7, is a stable equivalence. [
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Lemma B: Suppose that
FLELB

is a strict fibre sequence, where ¢ is a levelwise
cofibration. Then the induced map v : E/F — B
is a stable equivalence.

Proof: There is a diagram

F.,i F—"—E/F

N AN Y
= F’ L U E/F
F———~E——5 B

where p’ is a strict fibration, 7’ is a cofibration
and a strict equivalence, and @ exists by a lifting

property:

Then the map j. is a stable equivalence by Lemma
A, so that 6, is a stable equivalence. The map @ is
a strict equivalence, so it follows from a comparison
of long exact sequences in stable homotopy groups
that v is a stable equivalence. O

19



Remark: Lemma A and Lemma B together say
that fibre and cofibre sequences coincide in the sta-
ble category. This is a famous slogan in this busi-
ness.
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Cofibrant generation

We will show in this section that the stable model
structure on Spt is cofibrantly generated. This
means that there are sets I and J of stably trivial
cofibrations and cofibrations, such thatp : X — Y
is a stable fibration (respectively stably trivial fi-
bration) if and only if it has the RLP with respect
to all members of the set I (respectively all mem-

bers of J).

Recall that a map p : X — Y is a stably trivial
fibration if and only if it is a strict fibration and a
strict weak equivalence. Thus p is a stably trivial
fibration if and only if it has the RLP with respect
to all maps

YO0AY Im| — ECAL [m]
We have therefore found our set of maps .J.

[t remains to find a set of stably trivial cofibrations
I which generates the full class of stably trivial
cofibrations. We do this in a sequence of lemmas.
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Lemma 1: Suppose given the diagram

ANX—X

ji |s

A Y

i
in spectra, where j is a cofibration and ¢ is a lev-

elwise cofibration. Then the induced map j, :
ANX — Ais a cofibration.

Proof: From the diagram

g |

SEAY™ Ugtpyn X yn+l

one sees that it suffices to show that the compar-

ison 7, is a cofibration of pointed simplicial sets.
This follows from the fact that the diagram of
pointed simplicial sets

SIAAT<—SIA (AN X)) — (AN X))t

| | |

SLAY™ StaXn———xntl
has the left lifting property with respect to all

constant diagrams arising from trivial fibrations
p : Z — W: all vertical maps in the diagram
are cofibrations, and the square on the left is cofi-
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brant since the map S* A (AU X)" — STAY™ is
a cofibration. O

Corollary: Suppose given level cofibrations A C
X C Y such that the map A C Y is a cofibration.
Then the map A C X is a cofibration.

Lemma 2: Suppose that « is an infinite cardinal,
and suppose given maps

X

|s

such that A is a-bounded in the sense that « is
an upper bound for all |A" |. Suppose also that 4
is a levelwise cofibration and that j is a levelwise
cofibration and a stable equivalence. Then there
is an a-bounded subobject B C Y such that A C
B C Y and the map BN X — B is a stable
equivalence.

Proof: The cofibration B N X — B is a sta-
ble equivalence if and only if all stable homotopy
groups 73 (B/(B N X)) vanish.

One needs to know that if A is a-bounded then all
stable homotopy groups 7 A of A are a-bounded.
There is a strictly fibrant model Ex* A of A which
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is a-bounded. For this, see 111.4.8 of [2]:
Ex X, = hom(sd A", X),

the “last vertex maps” sd A" — A" induce a weak
equivalence X — Ex X, and Ex™ X = lim Ex" X
is a Kan complex. Finally, if Y is an a-bounded
Kan complex then all of its simplicial homotopy
groups are a-bounded.

Write Ag = A. Y is a filtered colimit of its a-
bounded subobjects, and the a-bounded set of el-
ements of the homotopy groups 7 (A /(AN X))
vanish in 75(A1/(A; N X)) for some a-bounded
subobject A; C X with Ay C A;.

Repeat the construction inductively to find a-bounded
subcomplexes

A=Ay C A C A C ...
of Y such that all induced maps
mo(Ai/(Ai N X)) = m(Aia /(A N X))

are 0. Set B = U;A;. Then B is a-bounded and
all groups 7 (B/(B N X)) vanish. [

Lemma 2 is an example of a “bounded cofibra-
tion condition”, and such things abound in nature.
Here’s another example:
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Lemma: Suppose that « is an infinite cardinal,
and suppose given cofibrations

X

|3

of (pointed) simplicial sets such that A is a-bounded.
Suppose also that 7 is a weak equivalence. Then
there is an a-bounded subobject B C Y with
A C B such that the map BN X — B is a

weak equivalence.

The proof of this result is slightly less trivial — see
X.2.8 of [2].

Corollary: Suppose given level cofibrations

X

|s

of spectra such that A is a-bounded. Suppose also
that j is a level weak equivalence. Then there is
an a-bounded subobject B C Y with A C B
such that the map BN X — B is a level weak
equivalence.

Proof: Exercise.
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Corollary: Suppose given a map X — Y which
is a level cofibration and a level (resp. stable) weak
equivalence, and suppose that X C A C X where
A is a-bounded. Then there is an a-bounded sub-
object B C X with A C B such that B — X is

a level (resp. stable) weak equivalence.

Corollary: Suppose given level cofibrations

X

|s

of spectra such that A is a-bounded. Suppose also
that 5 and 7 are level weak equivalences. Then
there is an a-bounded subobject B C Y with A C
B such that the maps BN X — Band B C X

are level weak equivalences.

Proof: Set A = Aj. There is an a-bounded By C
Y with Ay C By such that ByN X — By is a level
weak equivalence. There is an a-bounded subob-
ject A1 C Y with By C Ay such that Ag — X
is a level weak equivalence. Continue inductively,
and let B be the union of the subobjects

A=A, CcBycA CcBycC... O
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Lemma 3: The class of stably trivial cofibrations
has a generating set I.

Proof: Recall that the class of cofibrations is gen-
erated (ie. is the “saturation”) of the set J of maps

YCOAN | —k] — XTAL[—EK], k> 0.
Suppose given a diagram

A—X

il

B—Y
where j is a cofibration and f is a stable equiva-
lence. Then f has a factorization f = q -+ where
¢ is a stably trivial cofibration and ¢ is a stably
trivial fibration. Then there is a diagram

A—X
| 3
!
B—Y
where the lift 8 exists since j is a cofibration and
q is a stably trivial fibration.

Choose an infinite cardinal Ag such that Ap > | B|.
Then |#(B)| < Ap and Lemma 2 says that there
is a subobject D C Z such that D is Ag-bounded
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and such that the cofibration DNX — D (Lemma
1) is a stable equivalence. What we have, then, is
a factorization

A—DNX—X
ik
B D Y

of the original diagram through a set 7 of stably
trivial cofibrations, namely the Ag-bounded stably
trivial cofibrations, which depends only on j.

Let I = Ujes Tj and let C(1) denote its saturation.
Recall that J is the set of generators for the class
of cofibrations.

Now suppose that ¢ : U — V is a stably trivial
cofibration. Then 7 has a factorization

U-L-w
X lq
1%

where j is a member of C'(I) and ¢ has the RLP
with respect to all members of C(I). But then g
has the RLP with respect to all generators of the
class of cofibrations by the construction above, so
that ¢ has the RLP with respect to all cofibrations.
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In particular, there is a diagram

-

zl 7 lq

V—V
so that ¢ is a retract of 7. In particular, 7 is a
member of C(I) so that I is a generating set for
the class of stably trivial cofibrations. O

Suppose that « is an arbitrary choice of infinite
cardinal. An a-bounded cofibration is a cofibration
A — B such that B (hence A) is a-bounded in

the sense that |B | < « for all n,m. .

Corollary: Suppose that « is an infinite cardinal.
Then a map p : X — Y is a stable fibration if
and only if it has the RLP with respect to all a-
bounded stably trivial cofibrations.

Proof: Each member of the set [ is a-bounded.
L]

Remarks:

e The proof of Lemma 3b involves the verifica-
tion of a “solution set condition” — see [4],
but the argument given there was reverse engi-
neered from an earlier argument of Beke. The
overall idea is apparently due to J. Smith.
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e The Corollary above is claimed in [1], essen-
tially without proof. The proof envisaged there
is supposed to proceed by analogy with a Zorn’s
Lemma argument that is given for the corre-
sponding statement for simplicial sets (actu-
ally, for simplicial presheaves), but it’s not clear
that this actually works for spectra. The prob-
lem, ultimately, is that not every level cofibra-
tion is a cofibration in the Spt.
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