Lecture 007 (February 7, 2007)
Basic assumptions, ver. 2.0

Recall the set of basic assumptions for a set S of
cofibrations from Lecture 006:

S is a set of cofibrations such that:

1) A is cofibrant for all i : A — B in S.
2) S includes the set J of maps

Y¥Cl—n| — XFD]|—n], n >0,

which are induced by the a-bounded trivial cofi-
brations C' — D of pointed simplicial presheaves.

3) S includes all cofibrations
(ANAT)U (B AOAY) — BANAY, m >0,
for A— Bin S.

We shall now replace 3) by the following more in-
clusive assertion:

3)Ifi: A— Bisin .S then all cofibrations
(AND)U(BANC)— BAD

induced by ¢ and all a-bounded cofibrations C' —
D of pointed simplicial presheaves are in S.



Note that the T-spectrum A A C'is cofibrant if A
is cofibrant, so that the objects
(AND)U(BAC)
appearing in 3') are all cofibrant T-spectra.
If Aand X are T-spectra, then Hom(A, X) is the
pointed simplicial presheaf defined by
Hom(A, X)(U) = hom(A|y, X|y)
for U € C. The functor X — Hom(A, X)) is right
adjoint to the functor
s Pre,(C) — Spt(C)
which defined for pointed simplicial presheaves K
by K — ANK

Lemma 1: Suppose that J C I C S and that
I generates S in the sense that .S is the smallest
subset of itself which contains I and satisfies 3').
Then a map p : X — Y is injective if and only if
p is a strictl fibration and all maps

(4%, p«) : Hom(B, X) — Hom(A, X)X gom(4y)Hom(5,Y)

are trivial fibrations of simplicial presheaves for all
1:A— Bin I.

Proof: Suppose that (7%, p,) is a trivial fibration
for all © € I. Then p has the right lifting property
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with respect to all cofibrations
(ANF)U(BANFE)— BAF

which are induced by cofibrations £ — F’ of pointed
simplicial presheaves, for all i : A — B in I, by
3).

In particular, p has the RLP with respect to all

cofibrations induced by the map ¢ and the inclu-
slons

(DAE)U(CAF)—DAF

induced by all cofibrations £ — F and C' — D
of pointed simplicial presheaves. ]



Fibrations

Now suppose that S is generated over J by cofi-
brant replacements of the maps

YPT[—1 —n] — Sr[—n].

The resulting model structure on Spt,(C) will be
called the stable model structure, and the L-equiv-
alences and L-fibrations will be called stable equiv-
alences and stable fibrations, respectively.

In this case, we know from formal nonsense that
the stably fibrant objects are precisely the injective
objects: it follows from Lemma 1 that an object
X is stably fibrant if and only if X is strictly fi-
brant and all maps o, : X" — QpX"*! are weak
equivalences of pointed simplicial presheaves.

There is a similar criterion for injective fibrations:
amap p: X — Y is an injective fibration if and
only if p is a strict fibration and all diagrams of
pointed simplicial presheaf maps

X" _Ox_ QTXn—l—l

I

yn & QTyn+1

are homotopy cartesian.



In effect, Lemma 1 says that p is an injective fi-
bration if and only if p induces trivial fibrations of
simplicial presheaves

Hom(D, X)) — Hom(C, X)X tiom(c.y)Hom(C, X)

for all generators C' — D of the set S. These
generators include all cofibrations

X Al=n| — X7 B[=n]

arising from all a-bounded trivial cofibrations A —
B of pointed simplcial sets and n > 0, so that
p: X — Y must be a strict fibration. The other
members of the generating set for S are cofibrant
replacements for the maps

Y7 T=1—n] — Sp[—n]
for n > 0, which means that all maps
Xn — Yn XQTynJrl QTXTH_l

must be weak equivalences.

Every stable fibration is an injective fibration. The
point of this section is to establish a converse as-
sertion which holds in a wide variety of cases. The
basic message is that we need some kind of com-
pactness assumption on 1" for this to work out.



Starting with a T-spectrum X, define functors X +—
QFX for k > 0 by specifying that

Q"X = FX

and

Qk—!—lX _ QTQkX[l]
(fake T-loops). The map Q*X — Q*"1X is the
canonical map

QFX s QrQF XT1).

Set
QX = F(lim Q"X).
k
Say that T is compact up to equivalence if for any

filtered diagram ¢ — X; of globally fibrant pointed
simplical presheaves the map
@QTXi — QTF(h_H} X;)

is a local weak equivalence.

Observe that if T and T” are compact up to equiv-
alence, then T' A T" is compact up to equivalence.
In effect, there is a natural isomorphism

QrarY = QrQpY,



and there is a commutative diagram
hLQZ- QrQdp X, — = QTF(h_n;lZ QO X;)

l 5

QrQyp F(lim, X;) == QrF Qg F(lim, X))

The top horizontal map is a weak equivalence since
T is compact up to equivalence, and vertical map
on the right is a weak equivalence since 1" is com-
pact up to equivalence.

Lemma 2: Suppose that 1" is compact up to
equivalence. Then QX is stably fibrant.

Proof: All objects Q*X are strictly fibrant. In
the diagram

lny, Q"X : F(lim, Q"X)

| e B

ing, €7 QX [1] O (ling, Q“X)[1) — O F(lig, Q"X)[1

the indicated vertical map is an isomorphism by
cofinality, and the bottom horizontal composite is
a strict equivalence since 1" is compact up to equiv-
alence. It follows that

QX = F(lim Q" X)
k



is a strictly fibrant T-spectrum for which the canon-

ical map
o, QX — QrQX|[1]

is a strict equivalence. This means that QX is
stably fibrant. O

Lemma 3: Suppose that T' is compact up to
equivalence, and that ¢ +— Z; is a filtered diagram
of T-spectra such that every transition morphism
Z; — Z; induces a strict equivalence

Then each canonical map Z; — hgq2 Z; induces a
strict equivalence

QZ; — Q(lim Z;).

]

Proof: The map
lim Q" Z; — Qk(@ 7).

is a strict equivalence for each k > 0, since the k-
fold wedge T"* is compact up to equivalence. Note
that if £ =0, this is a property of globally fibrant
models. It follows that the induced map

lim QZ; — Qlim Z;

7 ]
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is a strict equivalence. Finally, all maps
QZ; — lim QZ;

are strict equivalences by the assumption on the
filtered diagram ¢ +— Z;. O

Lemma 4: Suppose that T' is compact up to
equivalence. Then the natural stably fibrant model
7 : X — LX induces a strict equivalence

0X — QLX.

Proof: Say that amap f : X — Y of T-spectra is
an equivalence after level NV if the component maps
X* — Y* are local weak equivalences for k > N.
If f: X — Y isan equivalence after level N, then
the map Q*X — QY is a strict equivalence for
k > N, and so the map QX — QY is a strict
equivalence. Each generating map for the set S is
an equivalence after level IV for some N, as are all
of its pushouts. It follows that the canonical map
7 : X — LX can be written as the composite

X=X0—>X1—>...

of maps between objects Xy, s € (3 for some infi-
nite cardinal 3 such that each map X, — X 4
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induces a strict equivalence QX; — QX .1, and

such that X; = lim X, for all limit ordinals
6 —>s<t

t < 0.

It follows from the Lemma 3 that each map X =
Xy — X, induces a strict equivalence

QX — QX
for s < 3, and hence that the map
X=X)—limX;,=LX
—

s<f

induces a strict equivalence

OX — QLX. [

Lemma 5: Suppose that 1" is compact up to
equivalence. Then the canonical map X — QX
is a stably fibrant model for each T-spectrum X.

Proof: Lemma 2 says that QX is stably fibrant.

In the diagram

X—QX (1)

Jl lj*

LX—QLX

the map j, is a strict equivalence by Lemma 4.
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All maps LX — Q*LX in the defining diagram
for QLX are strict equivalences. In effect, it LX —
QFL X is astrict equivalence, then Q¥L X is stably
fibrant and the map

Q'LX — QrQFLX[1] = Q"LX
is a strict equivalence, so that
LX — QMLX
is a strict equivalence. It follows that the map

LX — QX is a strict equivalence.

One concludes from the diagram (1) that X —
()X is a stable equivalence. ]

Corollary 5.5: The canonical map X — Q%X
is a stable equivalence for each £ > 0.

Proof: The map FX — QpF X|1] induces a level
equivalence QF X — Q(QpF X]|1]), and is there-
fore a stable equivalence. ]

Lemma 6: Suppose that T is compact up to

equivalence. Suppose given a pullback diagram

7 xy X I

b

L—5 Y
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of T-spectra such that p is a strict fibration and
f is a stable equivalence. Then the map f, is a
stable equivalence.

Proof: The induced diagram
Q(Z xy X)—QX

| |

Q7 QY

is strictly homotopy cartesian, and the map Q2 —

QY 1is a strict equivalence. It follows that the map
QZ xy X) — QX

is a strict equivalence, and so f, is a stable equiv-

alence. ]

Corollary 7: Suppose that T is compact up to
equivalence. Then the stable model structure on
the category of T-spectra is proper.

Lemma 8: Suppose that p : X — Y is a strict
fibration between stably fibrant T-spectra. Then
p is a stable fibration.

Proof: Suppose given a diagram

A—X (2)

i

B—Y
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where ¢ is a cofibration and a stable equivalence.
Then the induced map 2, : LA — LB is a strict
equivalence, as are the stably fibrant model maps
7:X — LX and 57 : Y — LY. The induced
diagram

LA—LX

z*l ip*

LB—LY
has a factorization

z*l lz” ip*

LB——~Vy - LY

JB

such that 74 and jp are strict trivial cofibrations
and px and py are strict fibrations. In the pullback
diagram
Vy Xpx X——X
jx*i le
Vx LX

the map jx, is a strict equivalence. The corre-

px

sponding map jy, in the diagram

LAV 2 Ve x v X

L |

LB~ Vy - W XyY
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is also a strict equivalence. It follows that the in-
duced map

VX XLXX—>VY XLyY

is a strict equivalence, and that the diagram (2)
has a factorization

A— VX XX X—X

R S

B—W Xy Y —Y
in which the middle vertical map is a strict equiva-
lence. The result follows by a standard argument:
one factorizes the middle vertical map as a trivial

strict cofibration followed by a trivial strict fibra-
tion. H

Proposition 9: Suppose that 7" is compact up
to equivalence, and suppose that p: X — Y is a
strict fibration. Then p is a stable fibration if and
only if the diagram

X—~LX (3)

|

Y —LY
is strictly homotopy cartesian.

Proof: Suppose that the diagram (3) is strictly
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homotopy cartesian. There is a factorization

LX L -7

U

LY

of Lp such that 5 is a stable equivalence and ¢ is an
injective fibration. But then Z is injective, hence
stably fibrant, so that j is a strict equivalence. It
also follows from Lemma 8 that ¢ is a stable fibra-
tion. By pulling back ¢ along 7, we see from the
hypothesis that the induced map

X—>Y><LyZ

is a strict equivalence. Every trivial strict fibration
is an stable fibration, and it follows that p is a
retract of an stable fibration, and hence is itself a
stable fibration.

Suppose that p : X — Y is a stable fibration.

Find a factorization

LX L -7

PN

LY

such that 7 is a trivial stable cofibration and ¢ is
a stable fibration. Then j is a stable equivalence
between stably fibrant objects, and is therefore a
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strict equivalence. In the pullback diagram

Y Xy 227

N E

Y LY

the projection map pr is a stable equivalence since

the stable model structure is proper by Corollary
7. It follows that the comparison

YXLyZ

\/

is a stable equivalence between stable fibrations,
and 6 is therefore a strict equivalence by a standard
argument. []

Remark: The assumption that T is compact up
to equivalence in Proposition 9 is only required for
showing that the diagram (3) is strictly homotopy
cartesian if p is a stable fibration.

Corollary 9.5: Suppose given a diagram
X& X/
P
_ .\
Y-V
such that p and p’ are strict fibrations, and jx
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and jy are strict equivalences. Then p is a stable
fibration if and only if p’ is a stable fibration.

Proof: The diagram
X—LX

I
Y—LY
is strictly equivalent to the diagram

X' —LX'

i

Y'— LY’
Thus the first diagram is strictly homotopy carte-
sian if and only if the second diagram is strictly
homotopy cartesian. O

Theorem 10: Suppose that 1" is compact up to
equivalence. Then every injective fibration of 7T-
spectrap : X — Y between strictly fibrant objects
is a stable fibration.

Proof: Forget that p is a strict fibration for the
moment, and say that a map p: X — Y between
strictly fibrant objects is semi-injective if all dia-
grams

XRHQTXN—H

I

Y — QTY”"H
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Certainly all injective fibrations are semi-injective.

All induced maps p; : Q¥X — QFY are semi-
injective if p is semi-injective. In effect, if p is semi-
injective, then the induced map p, : QrX|[1] —
QrY[1] is semi-injective, since the functor Z
QpZ|[1] preserves strict homotopy cartesian dia-
grams of strictly fibrant objects.

All diagrams
Xt QX ()
pl ips
yn—— kayn
are homotopy cartesian for £ > 0. In effect, if the
diagram (4), call it Dy, is homotopy cartesian, then
Pk 18 semi-injective so that the composite diagram
‘XF . Qan . Qk—HXn
Yy — Qkyn . Qk‘HY”

is homotopy cartesian, so that Dy is homotopy
cartesian.
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It follows that the composite diagram
Xl QFX" = F(lim, Q"X")
Y lim, QYY" - F(lim, Q"Y")

is homotopy cartesian if p is semi-injective.

Thus, if p is an injective fibration, then p is a strict
fibration and the diagram

|7
Y —QY
is strictly homotopy cartesian. The horizontal maps

are stably fibrant models by Lemma 5, so the map
p is a stable fibration by Proposition 9. ]

Corollary 10.5: Suppose that 1" is compact up
to equivalence. Suppose that p : X — Y is a strict
fibration. Then p is a stable fibration if and only
if there is a commutative diagram

XX x (5)

.

Yoy

such that jx and jy are strict equivalences, Y’ is
strictly fibrant and p’ is an injective fibration.
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Proof: Suppose that the diagram (5) exists meet-
ing these conditions. Then p’ is a stable fibration
by Theorem 10, and so p is a stable fibration by
Corollary 9.5.

Suppose that p is a stable fibration, and construct
a diagram (5) such that jx, jy are strict equiva-
lences, Y is strictly fibrant and p’ is a strict fibra-
tion. Then p’ is a stable fibration by Corollary 9.5,
and so p’ is an injective fibration. O
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(S A K)-spectra

Suppose that K is compact up to equivalence. The
class of pointed simplicial presheaves which are
compact up to equivalence is closed under finite
smash products and includes all finite pointed sim-
plicial sets. It follows that S' A K is compact up
to equivalence, so all results of the previous section
apply to (S A K)-spectra.

An (S'AK)-spectrum X determines a K-spectrum
object X™* in spectra, which at K-level n is the
spectrum

X XONKY XPAKYE L
X" UAK, X" SYPAXT S AXD, ...

The bonding maps are the maps o, defined by the
composites

SUA XA KT SIATARYT Gl e A XA KO

oAK" ! XU A il

up to level n — 1 (ie. for 7 > 1) and are identities
beyond. The K-bonding maps

Xn,* ANK — Xn+1,>:<

are identity maps up to level n — 1.
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Each K-spectrum object Z has a functorially as-
sociated “diagonal” T-spectrum dZ with

(dZ)" = Zmn
and with bonding maps given by the composites
GLA Rz SIAT Glp g p fo SIAGR Gl y e 0 gLt
There is a natural isomorphism

dX*) =X
for all (S* A K)-spectra X
Suppose that X is an (STAK)-spectrum, and write

QX =lim Q4X,

where the filtered colimit is taken over all finite n.

Then, by definition, QX = F(Q,X is the natural
strictly fibrant model for QQ,X.

Lemma 11: Amap f: X — Y of (S' A K)-
spectra is a stable equivalence if and only if it in-
duces a strict equivalence QX — Q/Y.

An (S A K)-spectrum X has bigraded presheaves
of stable homotopy groups ;X , defined by

7TS’tX<U) = hik’l [Sn+s A\ Kn+t‘U, Xn‘U}

n>0
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where the homotopy classes of maps are computed
for pointed simplicial presheaves on C/U = Sch |y,
and the transition maps are defined by suspension
with 1" in the “obvious” way: a representing map

o Sn+s A Kn—i—t X"
is sent to the composite

gntlts a pentlet SIATAKTHE Sl A KA Gts A ot
1N Sl/\K/\Xn 1>Xn+1.

These stable homotopy group presheaves are spe-
cializations of bigraded stable homotopy groups
ms+Y which are defined for K-spectrum objects
Y in spectra by

Ws,tY(U) _ L[Sk—i-s A [(l—l—t,}/k,l]U7
k.l

where the notation indicates that the homotopy
classes are computed over U € C. This means
that there are natural isomorphisms

7TS7tY = 7Ts7tdY

of presheaves for all K-spectrum objects Y. It
follows that there are natural isomorphisms

7-‘_s,t)(* = 7Ts,tX
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for all (S A K)-spectra X

The bonding maps Y" A K — Y"1 in a K-
spectrum object Y induce homomorphisms of sta-
ble homotopy classes of maps

[S[S] A Kn+t)yn]U N [S[S} A Kn+t+17yn+1}U
N [S[S] A Kn+t—|—27yn+2]U s
for all U € C, and the filtered colimit of the system
; y
1S WS’tY(U).

Note that there are isomorphisms of presheaves

WngXn(U) = Wk_n’_nX(U).

Lemma 12: Suppose that amap f: X — Y of
K-spectrum objects in spectra consists of stable
equivalences X" — Y. n > 0. Then the induced
map dX — dY is a stable equivalence of (S'AK)-
spectra.

Proof: If all maps X" — Y are stable equiva-
lences, then all homomorphisms

[S[s] A K™ X" — [S[s] A K" Yy
are isomorphisms, so that all induced maps
Tt X — Moy
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are isomorphisms of presheaves of groups. It fol-
lows that all induced maps

WngdX — WngdY

of presheaves of homotopy groups (pointed by the
canonical base point) are isomorphisms. Finally,
QrdX" = Q0rQud X" so that all QdX"™ are
presheaves of H-spaces. It follows that all maps
QrdX" — QudY" are sectionwise weak equiva-
lences, so that the morphism Q,dX — Q,dY is a
strict equivalence. The desired result then follows
from the Lemma 11. ]

Suppose that |
FLXLY
is a strict fibre sequence of (S'A K )-spectra. Every
map [ : Z — W of K-spectrum objects has a
factorization |
7=V
L
W

where ¢ is a strict fibration in each K-level and
7 is a cofibration and a strict weak equivalence in
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cach K-level. Take such a factorization

V%l

for the map induced by the T-spectrum map p :
X — Y, and let F be the fibre of ¢. Then there
are induced comparisons of fibre sequences of sim-
plicial presheaves

A

F’f%n ~ 7nn - Y

for each n > 0, and it follows (by properness
for pointed simplicial presheaves) that the induced
map F' — dF is a strict weak equivalence.

Strict fibre and cofibre sequences coincide up to
natural stable equivalence in (S' A K)-spectra.
The proof comes in three parts:

Lemma 13: Suppose that p: X — Y is a strict
fibration of (S A K)-spectra, with fibre F'. Then
the canonical map

X/F—=Y

is a stable equivalence.
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Proof: Take a factorization

XLy

N

Y
of the corresponding map of bispectrum objects,

where ¢ is a strict fibration and j is a strict trivial
cofibration in all K-levels. Let F be the fibre of g.
Then the map

V/F —Y**

is a stable equivalence in all K-levels, and so the
induced map

d(V/F) — d(Y**)

is a stable equivalence of (S'AK)-spectra by Lemma
12. The map

d(X™/F7) = d(V/F)
is a strict equivalence of (S A K)-spectra because
F=d(F*") — dF
is a strict equivalence. []

Lemma 14: Suppose that

Ay As As
f1i lfz J{f:a
B, By B3
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is a comparison of level cofibre sequences of (S A
K )-spectra. If any two of the maps fi, fo and f3
are stable equivalences, then so is the third.

Proof: It suffices to assume that all objects are
cofibrant.

Suppose that A is cofibrant and that X7 A denotes
the fake suspension of an (S' A K)-spectrum A.
Then the canonical map YXpA — All] is a stable
equivalence. In effect, if Z is stably fibrant, then
the induced map

hom(A[l], Z) — hom(XrA, Z) (6)
is isomorphic to the map
hom(A, Z[—1]) — hom(A,QrZ)

which is induced by the shift Z[—1] — QpZ (suit-
ably defined) of the canonical strict equivalence
Z — QpZ[1], where QrZ is the fake loop spec-
trum. It follows that the simplicial set map (6)
is a weak equivalence for all stably fibrant Z, and
so the map Y¥rA — All] of cofibrant objects is a
stable equivalence.

It follows that the natural map ¥pB — B[1] is
a stable equivalence for all (S A K)-spectra B,
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because each B is strictly equivalent to a cofibrant
object.

Shifting preserves stable equivalences, so the map
YpB|—1] — B is also a stable equivalence.

The bispectrum object (X7 B)** is naturally iso-
morphic to the fake Sl-suspension Y15 B** of
the fake K -suspension of B**. The object X B**
is an Sl-spectrum object in K-spectra, and so
one can use the telescope construction (cofibrant
model) for partial spectrum objects to show that
there are natural S'-stable equivalences

SB A S ~ N Y B

See Lecture 003. The “map” consists of S'-stable
equivalences in each K-level, and therefore induces
a natural stable equivalence

A B**)A S ~ d(Xa X B*) = Y B
by Lemma 12.
It follows that there are natural stable equivalences
dXgB**)-1]AS' ~%rB[-1] ~ B.
All functors in this picture preserve cofibrant ob-
jects and level cofibre sequences, so the process

can be iterated. The original comparison of cofi-
bre sequences therefore induces a comparison of
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fibre sequences

hom(Bjs, Z) —hom(B;, Z) —hom(B, Z)
| |15 i
hom(A3, Z) —hom(A,, Z) —hom(A;, Z)
of fibre sequences of infinite loop spaces. Thus if

any two of the vertical maps are (stable) equiva-
lences, then so is the third. ]

Lemma 15: Suppose that i : A — B is a level
cofibration of (S A T)-spectra, and take a factor-
1zation .

B——7Z

RN
B/A

of the quotient map 7 : B — B/A, where j is a
strict trivial cofibration and p is a fibration. Let F’
be the fibre of p. Then the induced map A — F
is a stable equivalence.

Proof: The canonical map p, : Z/F — B/A
associated to the fibration p : Z — B/A is a
stable equivalence by Lemma 13. There is also a
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commutative diagram
A—B—B/A
L :lj |+
F—7—Z/F
But p,j. = 1 so that j, is a stable equivalence.
It follows that the map A — F' in the diagram

(which is the map of interest) is a stable equiva-
lence, by Lemma 14 ]

Suppose that |

FLXLY
is a level strict fibre sequence of K-spectrum ob-
jects and that Y is strictly fibrant in all K-levels.
Then all induced sequences

are strict fibre sequences of presheaves of spec-
tra, and all spectra Q4"Y™ are strictly fibrant.

[t follows that there is a long exact sequence in
presheaves of stable homotopy groups of the form

0
- — WSQI};”LF” — WSQ?"X” — WSQ’};F”Y” — Ws_lﬂgnF” — ...
There are, as well, comparisons of fibre sequences
Qi Qttn X Qnyn

i | i

Qt[érnJrl Fn+1 Qt[érnJran—i—l : Qt[érnJrlY?H-l
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induced by the respective K-spectrum object struc-
tures. Thus taking a filtered colimit in n gives a
long exact sequence

- — T LN Tt X LN TstY 9, g1 — ...
(7)
in presheaves of bigraded stable homotopy groups.
Note that the “degree” s changes while the “weight”
t does not.

Any strict fibration p : X — Y has a strictly
fibrant replacement
XY
jxl J{J'Y
X' —Y'
p
where Y’ is strictly fibrant in all K-levels, p’ is
a strict fibration in all K-levels, and the vertical
maps are strictly trivial cofibrations in all K-levels.
Then the induced map F — F’ to the fibre F”
of p' is a strict equivalence. Also, any two such
fibrant replacements are strictly equivalent, and
hence equivalent in all sections and all levels. It
follows, by making choices that don’t matter, that
there is a long exact sequence of the form (7) for
any strict fibre sequence

FLXLYy
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Corollary 16: Every level cofibre sequence
A— B— B/A
has a naturally associated long exact sequence
o Tt A — e B — e (B/A) 9, To—14A — . ...
of presheaves of stable homotopy groups.

Corollary 17: There are natural isomorphisms
Ter1 (Y ASY 2, Y
for all (S* A K)-spectra Y.
Corollary 18: (additivity) Suppose that X and
Y are (S' A K)-spectra. Then the canonical map
c: XVY - X xY

is a stable equivalence.

Proof: The map ¢ induces an isomorphism
7T5’t(X V Y) = Ws’t(X X Y)

for all s,¢. In effect, ms4(X VY) = 7wy, X ® 754
from the long exact sequence for a cofibre sequence
(Corollary 16), and 7, /(X X Y) = 73, X ® m5,Y
on account of the long exact sequence for a fibre
sequence (7). It follows from Lemma 12 that the
map c is a stable equivalence. ]
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