Lecture 009 (November 30, 2005)
Example: f-local T-spectra

Suppose that C is an arbitrary small site, let T be a
pointed simplicial presheaf on C, and suppose that
f A — B is a cofibration of pointed simplicial
presheaves.

Let Sy be the set of cofibrations which is generated
over J by all shifted suspensions of the cofibrations

(DNA)U(CANB)—DAB

arising from all a-bounded cofibrations C' — D,
together with cofibrant replacements for all maps

»*S—1 —n] — S[—n). (1)
Recall that J is the set of maps
Y rCl—n| — XFD|—n]

arising from all a-bounded trivial cofibrations C' —
D of pointed simplicial presheaves. The result-
ing model structure is called the f-stable structure
for T-spectra. Say that the L-equivalences are f-
stable equivalences and that the L-fibrations are
the f-stable fibrations.

Every stable equivalence of T-spectra is an f-local
stable equivalence, since all the generators for the
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class of stably trivial cofibrations S are in the set
St.
There is a corresponding closed simplicial model

structure for pointed simplicial presheaves [1] in
which

e An object Z is injective if and only if Z is glob-
ally fibrant and Z — x has the RLP with re-
spect to all maps

(BAC)U(AAD)— BAD

e Amap g:V — W is an f-equivalence if and
only if the function

W.2) % [V, Z]
is a bijection for all injective Z.

e The cofibrations are the cofibrations of pointed
simplicial presheaves.

e Amap p: X — Y is an f-fibration if it has
the RLP with respect to all maps which are
cofibrations and f-equivalences.

e An object Z is f-fibrant (or injective) if and
only if Z is globally fibrant and the morphism

f*:Hom(B,Z) — Hom(A, 7)
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is a trivial global fibration of simplicial presheaves.

e The function complex hom(X,Y") is the ordi-
nary pointed function complex.

Theorem A: The f-local model structure for
pointed simplicial presheaves is proper if f is a
global section * — I for some (pointed) simplicial
presheaf 1.

This result is proved in [2].

The f-local model structures are always left proper,
so that point of the Theorem is the right proper-
ness assertion.

From the general theory, a T-spectrum X is f-
stable fibrant if and only if all pointed simplicial
presheaves X" are f-fibrant and all adjoint bond-
ing maps X" — Qr X" are f-equivalences.



Motivic stable category: 1T’ compact

For motivic homotopy theory, the underlying site
is the category C = (Sm|g)nis of smooth schemes
of finite type over a scheme .S of finite dimension
equipped with the Nisnevich topology, and one for-
mally inverts the O-section

f:*—>A1

as in the previous section for both simplicial presheaves
and presheaves of spectra on C to form the mo-
tivic model structures for simplicial presheaves and
presheaves of T-spectra, respectively. For presheaves
of T-spectra, we generally require that 71" is com-
pact.

Recall that a T-spectrum Z is motivic fibrant if
all level objects Z™ are motivic fibrant simplicial
presheaves and all adjoint bonding maps Z" —
QpZ" are motivic equivalences.

For a motivic fibrant T-spectrum Z, all objects 2"
are, in particular, fibrant for the Nisnevich topol-
ogy, and all adjoint bonding maps Z" — QpZ"*!
are sectionwise equivalences. It follows that every
motivic fibrant T-spectrum is stably fibrant for the
Nisnevich topology.



A simplicial presheaf Z is motivic fibrant (or injec-
tive) if Z is globally fibrant and the 0-section map
+ — A induces a trivial global fibration

Hom(A', Z) — Hom(x, Z),

and the latter requirement is equivalent to the as-
sertion that the maps

Z(A' x U) — Z(U)

are weak equivalences of simplicial sets for all schemes

U/S.
Here’s the upshot:

Lemma: Suppose given a filtered system i — Z;
of motivic fibrant simplicial presheaves, and let
be a globally fibrant model for the Nisnevich topol-
ogy. Then 7 is a sectionwise weak equivalence and
F(lim. Z;) is motivic fibrant.
—1

Proof: hi%, Z; satisfies the cd-excision property,
so that 7 is a sectionwise weak equivalence by Nis-
nevich descent. All maps

lim Z;(A' x U) — lim Z;(U)

— —
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are weak equivalences, so that all maps

F(lim Zi)(A' x U) — F(lim Z;)(U)

are weak equivalences. ]

This Lemma leads to the following construction of
motivic fibrant replacements in T-spectra.

Suppose that X is a T-spectrum, and consider the
composition

J i : '
X2 X L QiFuX = %nQéFAlX[k] L FQFu X,
where 7 : Y — F'Y is the natural strict fibrant
replacement for the Nisnevich topology and j1 :
X — F,uX is the natural strict motivic fibrant
replacement.

Lemma: Suppose that T' is compact. Then the
map

joi e X = FQiFynX
is a motivic stable equivalence, and the T-spectrum
FQF,1 X is motivic fibrant.

Proof: All strict motivic equivalences and all sta-
ble equivalences are motivic stable equivalences, so
that the map j - 7 - 51 is a motivic stable equiva-
lence.



All pointed simplicial presheaves Q% F, 1 X"** are
motivic fibrant, so that
QeF X" = lim Qf Fju X"
k
satisfies the conditions of the Lemma above. This
means that the horizontal maps in all diagrams

(QuF X)"(U)————— F(QFy X)"(U)

. |

Qr(QeEp X )" HU) —Qr(F(QrFp X)) (U)

are weak equivalences and that F'QQyFy1 X is strictly
motivic fibrant. O

Write
QuX =FQ/Fy X

and
Nat =710 Jar: X — QuX.

Remark: The use of the Nisnevich descent in the
verification that ()41 X is motivic fibrant avoids
an extremely delicate point: it is not true in gen-
eral that a motivic equivalence X — Y of glob-
ally fibrant simplicial presheaves induces a motivic
equivalence QX — QY.

We now have the following corollary:
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Corollary: A map f : X — Y of T-spectra is
motivic stable equivalence if and only if the in-
duced map Fy1 X — Fy1Y is a stable equivalence.

Proof: Consider the diagram

FuX " FQ,FuX

| |

FAlyﬁFQKFAly

The horizontal maps are stable equivalences for
the Nisnevich topology, so that one of the verti-
cal maps f, is a stable equivalence if and only if
the other is a stable equivalence. But finally,

fer QuX — QuY

is a map of stably fibrant 7T-spectra, and is there-
fore a stable equivalence if and only if it is a strict
equivalence, and this is true if and only if f is a
motivic stable equivalence. ]



Motivic stable category: T = S'A K, K
compact

This is the context where we have presheaves m, 4 X
of stable homotopy groups for an (STAK)-spectrum
X. Recall that

1 X (U) = @_}n[SSJF” AKXy

n

where the morphisms in the homotopy category
are calculated over the S-scheme U.

We have seen that a map f : X — Y of (ST A
K )-spectra is a stable equivalence if and only if it
induces isomorphisms

Je 7~T$,tX - ﬁ-3,1va

12

in sheaves of stable homotopy groups. Here 7, X
is the sheaf associated to the presheaf 7 ,X, for
the Nisnevich topology.

Alternatively, f : X — Y is a stable equivalence
if and only if all induced maps

f* : 7Ts,tX — 7-‘-s,th

of presheaves of stable homotopy groups are iso-
morphisms. This is a consequence of the compact-
ness of K.



We have also seen that f : X — Y is a motivic
stable equivalence if and only if the map Fj1 X —
F,1Y is astable equivalence for the Nisnevich topol-

ogy.
The motivic stable homotopy groups of an (S! A
K)-spectrum X are the presheaves stable homo-

topy groups
7TS7tFA1X.

Then we have the following:

Lemma: Amap f : X — Y of (S'AK)-spectra is
a motivic stable equivalence if and only if it induces
isomorphisms

in all presheaves of motivic stable homotopy groups.

Suppose that |

FLXLY
is a motivic strict fibre sequence, and form the di-
agram
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where j is a strict motivic trivial cofibration, p’
is a strict motivic fibration and j, is the induced
map on fibres. The motivic model structure for
pointed simplicial presheaves is proper (Theorem
A), so the map j, is a strict motivic equivalence
and can be identified with a strict motivic fibrant
model for F'. It follows that the sequence

FuF % FuX 2 Fay

is a strict fibre sequence of T-spectra, and hence
induces a long exact sequence

' 0
T 7Ts,tF’Aljjv S Ws,tFAlX 2, Ws,tFAly — Ws_l,tFAlF — ...

in presheaves of motivic stable homotopy groups.

Corollary: (of the paragraph above) The mo-
tivic stable model structure on (S' A K)-spectra
IS proper.

Lemma 1: Every strict motivic fibre sequence is a
cofibre sequence, up to motivic stable equivalence.

Proof: Suppose given a strict motivic fibre se-

quence |
rtuxty
Then p is a strict fibration for the Nisnevich topol-
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ogy, and so the canonical map
X/F —-Y

is a stable equivalence of (S A K)-spectra, and is
therefore a motivic stable equivalence. ]

Lemma 2: Suppose that

Ay A, As
fli J{fz J/f?,
By By B3

is a comparison of level cofibre sequences of (S A
K)-spectra. If any two of the maps fi, fo and
f3 are motivic stable equivalences, then so is the

third.

Proof: It is harmless to assume that all objects
are cofibrant.

From the proof of the corresponding result (Lemma
14) for the stable category for (S A K)-spectra in
Lecture 007, there are natural stable (hence mo-
tivic stable) equivalences It follows that there are
natural stable equivalences

d(SgB**)[-1] A S' ~ SrB[-1] ~ B.

All functors in this picture preserve cofibrant ob-
jects and level cofibre sequences. Suppose now that

12



Z is motivic stably fibrant. Then the diagram
hom(Bjs, Z) —hom(B;, Z) —hom(B, Z)
| |15 i
hom(A3, Z) —hom(A,, Z) —hom(A;, Z)
is a comparison of fibre sequences of infinite loop

spaces. Thus if any two of the vertical maps are
(stable) equivalences, then so is the third. (]

Lemma 3: Every cofibre sequence is a strict mo-
tivic fibre sequence, up to motivic stable equiva-
lence.

Proof: We've seen the argument before:

Suppose given a cofibre sequence
AL BS B/A

and take a factorization

RN

B/A

where 7 is a strict motivic equivalence and p is a
strict motivic fibration. Let F' be the fibre of p.
The canonical map p, : Z/F — B/A is a (mo-
tivic) stable equivalence by Lemma 1, and there is
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a commutative diagram

A—B—B/A

L :ly‘ |5+

F—7—Z/F

But then p.i, = 1 so that j, is a (motivic) stable
equivalence. It follows from Lemma 2 that the map
A — F'is a motivic stable equivalence. ]

Corollary: Every level cofibre sequence
A— B — B/A

has a naturally associated long exact sequence

o Tt Fp A — g Fn B — g Fi(B/A) 9, o1 F A — ...

of presheaves of stable homotopy groups.

Corollary: There are natural isomorphisms
Tor1tFu (Y ASYH 2 71 FaY

for all (ST A K)-spectra Y.

Corollary: (additivity) Suppose that X and Y
are (ST A K)-spectra. Then the canonical map

XVY - X xY

is a stable equivalence.
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