Lecture 011 (December 2, 2005)

Stable homotopy theory of symmetric spec-
tra

The stable model structure for symmetric T-spectra
(and the corresponding stable homotopy category)
arises from formally inverting the set S of level
cofibrations which is generated over the set J of
a-bounded level trivial cofibrations by the set of
cofibrations obtained by applying the functor V
to the cofibrant replacements of the maps

YET[—-1 —n] — Sp[—n],
where St is the sphere spectrum for the T-spectrum
category.

We also assume that if the cofibration A — B
is in S and K — L is an a-bounded cofibration
of pointed simplicial presheaves, then the induced
cofibration

(BANK)U(AANL)— BAL
is in the set S.

Say that an L-equivalence for this theory is a stable
equivalence, and that an L-fibration is a stable
fibration. The cofibrations for this theory are the
level cofibrations.



Note that an object Z is stably fibrant if and only if
the Z is S-injective. Furthermore, Z is S-injective
if and only if Z is injective and the underlying 7T-
spectrum U Z is stably fibrant.

There is a natural isomorphism
hom(V A, Z) = hom(A,UZ),

and it follows that every stable equivalence A — B
of T-spectra induces a stable equivalence VA —
V' B of symmetric T-spectra. Note that V' also pre-
serves level equivalences. The stable model struc-
ture for T-spectra is cofibrantly generated, and it
follows that every map f : X — Y of symmetric
T-spectra has a natural factorization

X=X,

k 2

Y
where 7 is a stably trivial cofibration and Upy is a
stable fibration. Applying this construction to the
map X — * determines a natural stably trivial
cofibration ¢ : X — X such that UXj is stably
fibrant. Finally, consider the composite

X5 X, LIx,
where 5 : X, — [IXj is the natural injective
model. Then X is of course injective and the
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map j : X, — 1X, is a level equivalence so that
UIX, is stably fibrant. The composite ji is a sta-
ble equivalence, and therefore determines a natural
stably fibrant model construction the category of
symmetric T-spectra.

[t follows that a map f : X — Y of symmet-
ric T-spectra is a stable equivalence if and only
if the induced map I.X; — IY; is a level equiva-
lence. This is exactly what is meant by a stable
equivalence of symmetric T-spectra in the original

sources [1], [2], [3].

The stable model structure for symmetric T-spectra
given here does not coincide with any of those ap-
pearing in the literature, because the fibrations
and cofibrations are not the same. All cofibra-
tions of symmetric T-spectra are cofibrations for
the present model structure, and the fibrations
are a little more restrictive. In the original sta-
ble model structure for symmetric T-spectra —
call it the HSS stable model structure for Hovey-
Shipley-Smith — a map p : X — Y is a fibration
of symmetric T-spectra if and only if the under-
lying map Up is a fibration of T-spectra. This is
not quite true here: it will be shown that a map



p: X — Y of symmetric T-spectra is a stable fi-
bration if and only if it is an injective fibration and
it restricts to a stable fibration Up of T-spectra.
We will see that this whole discussion requires ex-
tra assumptions for the basic results to be derived:;
in particular, T should be a suspension S' A K
where K is compact up to equivalence.

We begin by describing a construction for sym-
metric spectra which has no analogue for spectra,
namely a natural map ¢ : X — QpX][1] where
QX is a real (not fake) loop space.

Suppose that K is a pointed simplicial presheaf
and X is a symmetric T’ spectrum. Then Qi X =
Hom (K, X) is the symmetric T-spectrum with

QX" = Hom(K, X").

The symmetric group actions and the bonding maps
are defined by their adjoints. Specifically, if a €
Yn, then

a: Hom(K, X") - Hom(K, X")
is the unique map such that the diagram

Hom (K, X") A K**2Hom(K, X") A K

evi lev

X" a X"




commutes, where ev denotes the standard evalua-
tion (ie. counit) map. Similarly, the bonding map

S? AHom(K, X") - Hom(K, X?™")
is the unique map such that the diagram
SP AHom(K, X") A K2 Hom(K, X") A K

Sp/\evi lev
SPA X" 5 Xprn
commutes.

Suppose that X is a symmetric T-spectrum and
that n > 0. The symmetric spectrum X |n] has
X[nF = X" and a € ¥ acts on X[n]* as
the element 1 & o € >,.;. The bonding map
o SP A X[n]F — X[n]P* is defined to be the
composite

Sp/\Xn—l—k LN Xp—i—n—l—k c(p,n)®1 Xn—l—p—I—k

Every element v € >, induces an isomorphism
v @1 : X" — X" and all diagrams

ap A Xk 2 Xp+n+kc—>(p )&l APtk
Sp/\('y@l)l i(l@y@l J{v@l@l

k k k

XP A Xn+ 5 Xp+n+ C(p)ﬂ)@anvaJr

commute. It follows that each v € >, induces a
natural morphism of symmetric spectray : X[n| —

X|[n].



The map 6 : X" — QpX[1]" = Qr X is the
adjoint of the bonding map 7" A X" — X" in
that the diagram

TAX 2T A QpX T -L-Qp X AT

\ Je

Xl—l—n

commutes. One shows that the diagram

TP A anTp A QTXH—n

o—i |o

Xptn QT X1+p+n

commutes by checking adjoints.

Suppose that X is a symmetric T-spectrum. De-
fine a system k +— Q%X, k > 0 by specifying
that

QLX = Q5 IXk], k> 0.

In particular, Q\X = I X, where jy, : X — IX is
the natural choice of injective model for X. There
is a natural map QLX — Q&MX given by the
map

Okolk] - QEIX K] — QEQrIX1][E].
Set @y X = I(lim, QLX), and write n : X —



(xX for the natural composite

X 21X = QLX — lim QX 2 I(lim QL X).
k k
Lemma: Suppose that 7 : Y — F'Y is the natural
strictly fibrant model for T-spectra Y. Then there
is a natural strict equivalence 0 : FUX — UIX.

Proof: Recall that the injective structure on sym-
metric T-spectra is cofibrantly generated, and that
the trivial cofibrations for the structure are gener-
ated by the a-bounded level trivial cofibrations.
The class of trivial cofibrations for the strict struc-
ture on Spt(C) is generated by the cofibrations

X7 Al=n| — X7 B[-n]

which are induced by the a-bounded trivial cofi-
brations A — B. Applying the functor V to all
such cofibrations gives the a-bounded level trivial
cofibrations F,,A — F,,B, up to isomorphism.

Recall that, in general, 1Y = lii>n$<A 1,Y , where
L,Y — I,.1Y is defined by the pushout

C—LIY

|

D



for all diagrams arising from a-bounded level triv-
ial cofibrations C' — D, and

LY =lim LY
—

s<t

at limit ordinals t.

The object F'X for T-spectra X has a very similar
definition:
FX =limF, X
—

S<A

where F X is obtained by pushing out F5.X along
generating trivial cofibrations and F; X = 1ir_>ns<t F. X
at limit ordinals ¢ < A.

I claim that there is a map of systems
Os: F,UX — UILX
which consists of strict weak equivalences.

Suppose that 6, exists. Then all diagrams
S®Al—n]— FUX -2-UILX

|

> B[—n]
determine commutative diagrams
F,A— 1, X

F,B——1I..,X
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where 7, i1s an a-bounded level trivial cofibration.
The induced diagrams

% A[—n]|— FUX -2 -UILX

| |

¥ *°B[—n] Ul, 1 X
therefore induce amap 61 : Fs ] UX — Ul 1 X

such that the diagram
FUX % -UIX

| |

FonUX ;UL X
s+1

commutes. It follows that 6,,1 is a strict equiv-
alence. Filtered colimits preserve strict equiva-
lences, and the forgetful functor U preserves fil-
tered colimits, and so one concludes that the in-
duced maps

0, LUX — ULLX

are strict equivalences at limit ordinals ¢. The
statement of the Lemma follows. O

Lemma 1: Suppose that T' is compact up to
equivalence. Suppose that f : X — Y is a map of
symmetric T-spectra such that the induced map
UX — UY is a stable equivalence of T-spectra.
Then f is a stable equivalence.
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Proof: In level n, the lim Q%X is the filtered
colimit of the system

2
[X" % QpIxntt 217, 2 pxnt2 P17,

The comparison FUX — UIX induces a com-
mutative diagram

FUX”HQTFUX”HHQ%FUXWFQH' ..

| |

UIX" — QpUIX" —— QU X"

in which all the vertical maps are weak equiva-
lences of pointed simplicial presheaves. It follows
that there are induced natural weak equivalences

lim Ok FUX" L. QUX"

lim, Q[}U]X"MU%?.EUQEX”
Thus if f : X — Y induces a stable equivalence
U f, meaning a level equivalence QU X — QUY,
then the map of symmetric T-spectra f, : QX —

@xY is a level equivalence.

If a symmetric T-spectrum Z is stably fibrant then
all objects Q%Z are stably fibrant and all maps
Z — QL7 are level equivalences. It follows that
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QgZ is stably fibrant and that the natural map
Z — @Qx 7 is a level equivalence.

Finally take a stably fibrant model X — LX for
a symmetric T-spectrum X and consider the dia-
gram

X——LX

d ~|n

(X —QsLX

The indicated maps are stable equivalences, so that
X is a natural retract of Qx X in the stable homo-
topy category. Thus, if f : X — Y induces a
stable equivalence UX — UY’, then the induced
map Py X — @QyY is a level and hence stable
equivalence, so that f is a stable equivalence. [

Corollary 2: Suppose that 7' = S' A K where
K is compact up to equivalence, and suppose that

FLXLY

is a level fibre sequence of symmetric T-spectra.
Then the canonical map X/F — Y is a stable
equivalence.

Proof: The induced map U(X/F) — UY is a
stable equivalence of T-spectra by Lemma 13 of
Lecture 007. ]

11



Lemma 3: Suppose that 7' = S' A K where K
is compact up to equivalence. Suppose given a
comparison of cofibre sequences

Al Bl Bl/Al

f1J/ J{f2 lf?,
AZ B2 BQ/AQ

Then if any two of fi, fo, f3 are stable equivalences,
then so is the third.

Proof: There is a natural isomorphism
QrZ[1] = QaQrZ(1]

and the canonical map Z — QpZ[1] is a level
equivalence if Z is stably fibrant. It follows that
the induced diagram

hom(By/Ay, Z) —=hom(B;, Z) —hom(A;, Z)

| | |

hom(B; /A, Z)—hom(B;, Z) —hom(A;, Z)

is a comparison of fibre sequences of infinite loop
spaces for each stably fibrant object Z, and so if
any two of the vertical maps is a weak equivalence
then so is the third. O

Corollary 4: Suppose that T = S' A K where
K is compact up to equivalence. Suppose that
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1 : A — B is a cofibration of symmetric T-spectra,
and take a factorization

Bl-z7

RN

B/A

such that j is a cofibration and a level equivalence
and p is an injective fibration. Let F' be the fibre
of p. Then the induced map A — F is a stable
equivalence.

Proof: It follows from Lemma 15 of Lecture 007
that the map UA — UF is a stable fibration. [J

Corollary 5: Suppose that T = S' A K where
K is compact up to equivalence. Then the stable
structure for symmetric T-spectra is proper.

Proof: Suppose given a pullback diagram

w2 x

w

ZTY

such that p is a level fibration with fibre " and f
is a stable equivalence. Then the diagram above
may be replaced up to stable equivalence by the
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comparison of cofibre sequences

F—t

L

W—">X

L

W/F—X/F

by Corollary 2. But then f, is a stable equivalence
by Lemma 3. []

Lemma 6: Suppose that T = S' A K where
K is compact up to equivalence. Suppose that
amap p: X — Y is a stable equivalence and that
Up: UX — UY is astable fibration of T-spectra.
Then p is a level weak equivalence.

Proof: The map p is a level fibration. Let F' be
the fibre of p and consider the fibre sequence

FLXLY

The canonical map X/F — Y induces a sta-
ble equivalence U(X/F) — UY of T-spectra by
Corollary 2, so that X/F — Y is a stable equiva-
lence of symmetric T-spectra by Lemma 1. It also
follows that the map m : X — X/F is a stable
equivalence of symmetric T-spectra. The compar-
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ison of cofibre sequences

F——X—X/F

T

implies that the map ' — * is a stable equivalence
of symmetric T-spectra by Lemma 3, so that F' is
levelwise contractible since it is stably fibrant.

But then UX — U(X/F) is a stable equivalence
of T-spectra, so that Up : UX — UY is a stable
equivalence of T-spectra as well as a stable fibra-
tion. It follows that Up : UX — UY 1is a level
equivalence. ]

Lemma: Suppose that T = S' A K, where K
is compact up to equivalence. Then an injective
fibration p : X — Y of symmetric T-spectra is a
stable fibration if and only if Up : UX — UY is
a stable fibration of T-spectra.

Proof: If p : X — Y is a stable fibration, then
p is an injective fibration, and Up : UX — UY
is a stable fibration. The last claim follows from
the observation that the functor V' preserves stable
equivalences and cofibrations.

Suppose that + : A — B is a cofibration and a
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stable equivalence. Then ¢ has a factorization

ALz
Xiq
B

where ¢ is an injective fibration such that Uq is a
stable fibration, and j is a cofibration which is a
stable equivalence and has the left lifting property
with respect to all such maps. In effect, there are
two factorizations

; Y lpsi
2

B
where pg is a map such that Up, is a stable fibra-

tion and j, is a stably trivial cofibration which has
the LLP with respect to all maps ¢ such that Ugq is
a stable fibration. The map j; is a level trivial cofi-
bration and p,; is an injective fibration. But then
Ups; is a strict fibration which is strictly equiva-
lent to a stable fibration, so that Up,; is a stable
fibration. Set ¢ = py; and j = 3;7s.

But then ¢ is also a stable equivalence, so it is a
level weak equivalence by the Lemma. Thus, g is
a trivial injective fibration, and therefore has the
RLP with respect to all cofibrations. It follows
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that ¢ is a retract of 7 and therefore has the LLP
with respect to all injective fibrations p such that
Up is a stable fibration.

[t follows that every S-injective fibration is a stable
fibration. ]

Say that p : X — Y is an HSS-fibration if Up :
UX — UY is a stable fibration. Say that the
map ¢ : A — B is an HSS-cofibration if it has
the LLP with respect to all maps which are stable
equivalences and HSS-fibrations.

Lemma 6 implies that every map p : X — Y
which is both an HSS fibration and a stable equiv-
alence must be a level equivalence. It follows that
the class of HSS cofibrations includes all maps F,,A —
F,, B which are induced by a-bounded cofibrations

A — B of pointed simplicial presheaves.

Proposition: Suppose that 7' = S' A K where
K is compact up to equivalence. Then the cat-
egory Spt(C), with the classes of stable equiva-
lences, HSS-fibrations and HSS-cofibrations as de-
fined above, satisfies the axioms for a proper closed
simplicial model category:.

Proof: The stable model structure on T-spectra is
cofibrantly generated. It follows that every map f :
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X — Y of symmetric T-spectra has factorizations

Xj/ff&Y
N
W

where p is an HHS stable fibration and 7 is a stable

equivalence which has the LLP with respect to all
HHS fibrations, and ¢ is an HSS cofibration and ¢
is an HSS fibration such that Uq is a level trivial
stable fibration (the latter by Lemma 6). It follows
in particular that j is an HSS cofibration and that
q is a stable equivalence.

Suppose that the map ¢ : A — B is an HSS cofi-
bration and a stable equivalence. The 7 has a fac-
torization |

A7

NP

B
such that j is an HSS cofibration which has the
LLP with respect to all HSS fibrations and is a
stable equivalence, and p is an HSS fibration. Then
p is a stable equivalence by Lemma 6. It follows
that ¢ is a retract of 7. O
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The smash product

Recall that S7® X is the free symmetric spectrum
associated to symmetric space X.

Lemma: Suppose that Y is a symmetric spec-
trum. Then there is a canonical isomorphism of
symmetric spectra

Y/\(ST®X)%JY®X.

Proof: The composite
YRSroX 25 4V X BYeX

induces a natural map Y A (Sp ® X) — Y ®
X. The unit of Sy induces a map of symmetric
spaces X — Sp ® X which then ineduces a map
of symmetric spectra Y @ X — Y A (Sr ® X).
These two maps are inverse to each other. ]

Lemma: There is a natural bijection
hom(X ® G,,(SY),Y) = hom(X, Y([n|)
for morphisms of symmetric T-spectra.

Proof: There is a natural bijection

hom(G,S° ® X,Y) = hom(X, Y[n])
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of maps of symmetric spaces. One checks that this

adjunction respects symmetric spectrum structures.
]

Corollary: There is a natural isomorphism

Fo(A) A E(B) = Fyo(AA B).

Proof: There are isomorphisms
F,ANF,B = (S ® (Go(SYYA A A (ST ® (Gm(SO) A B))
~ (S7 ® Go(S") © Gon(S”) A (A A B)

There are isomorphisms of maps of symmetric spec-
tra

hom(St ® G,(S") ® G, (SY),Y) = hom(Sr ® Gy, Y[m))
= hom(St, Y [m + n)).
It follows that
St ® Gp(S°) @ Gn(SY) =2 St @ Gy (S°)
as symmetric spectra, and the desired result fol-
lows. O

Corollary: The functor X +— X|n| preserves in-
jective fibrations and trivial injective fibrations.

Proof: The functor Y — Y ® G,(S") preserves
level cofibrations and level equivalences. ]
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Theorem A: Suppose that 2 : A — B is a pro-
jective cofibration and that 57 : €' — D is a level
cofibration of symmetric T-spectra. Then the map

(2,7)« - (BAC) Uiane) (AND)— BAD

is a level cofibration. If 2 and 7 are both projective
cofibrations then (i, 7). is a projective cofibration.
If j is a stable equivalence, then (7, j), is a stable
equivalence.

Proof: For most of these statements, it suffices to

assume that the projective cofibration ¢ is a map
F,A" — F, B’ which is induced by a cofibration
i . A" — B’ of pointed simplicial presheaves.

If p: X — Y is an injective fibration then the
induced map

Hom(B', X)[n] — Hom(A’, X)[n]x Hom(A/’y)([n])Hom(B’, Y)[n]
1

is an injective fibration which is trivial if p is trivial.

This statement in the case when p is trivial implies
that the map

(2, §)« - (FuB'NC)Jg, wncy(FRA'AD) — F,B'AD
is a level cofibration.

The fact that the map (1) is an injective fibration
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implies that the map (4, 7).« is a level weak equiv-
alence if j is a level weak equivalence.

[f C'— D is aprojective cofibration, then it can be
approximated by cofibrations of the form F,,C" —
F,,D', and then the map (i, j), is the result of
applying the functor Fj,.,, to the cofibration

(B/ A\ Cl) Uarnern (A/ A D’) — B'AND
of pointed simplicial presheaves.

If 5 is a stably trivial level cofibration, then it is
in the saturation of the set S of maps generated
by all a-bounded level trivial cofibrations £ — F
and all maps

FTAESY— Sr A F,(SY

induced by the canonical map FiT' — Sy, subject
to the requirement that the map (the “tensor”)

(CANF)UDANE)— DAF
isin Sforallz:C — D in S and all a-bounded

cofibrations £ — I of pointed simplicial sets. If
the map 7 determines a stably trivial cofibration

(C AF,B)U(D A F,A) — D A F,B,

for all cofibrations A — B of pointed simplicial
presheaves, and if £ — F'is an a-bounded cofi-
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bration of pointed simplicial presheaves then the
cofibration determined by

(CAF)U(DANE)— DAF

and the map F,,A — I, B is the map determined
by i : C'— D and the map determined by apply-
ing F}, to the inclusion

(FANA)U(ENB)— (FNB).
We therefore only have to show that “tensoring”

the generators of S with maps F,,A — F,,B gives
stable equivalences.

The tensor of F,,A — F,B with a map FiT A
F.S5% — Sy A F,S° is the same as the tensor
of the map FiT A Fy,n(S°) — St A Eyn(SY)
with the map A — B, and this is in S. We have
already seen that tensoring with F, A — F, B does
the right thing for level trivial cofibrations. O

Lemma B: Suppose that T = S' A K where K is
compact up to equivalence. Suppose that 2 : A —
B is a projective cofibration and that j : C' — D
is a level cofibration of symmetric T-spectra. Then
the map (i, 7), is a stable equivalence if 7 is a stable
equivalence.

Proof: The cofibre of (i, j), is the smash B/A A
D/C. The quotient B/A is projective cofibrant,
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and so there is a level weak equivalence
B/ANK — B/AND/C,

where K — D/C'is a projective cofibrant model
for D/C'. Then the stably trivial cofibration % —
B/A induces a stable equivalence

*=x\NK — B/ANK.

Thus, the cofibre B/A A D/C of (i, ). is stably
trivial, so that (¢,7). is a stable equivalence by
Lemma 3. []

Corollary C: If f : X — Y is a stable equiv-
alence and A is projective cofibrant, then the in-

duced map fAA: X ANA — Y A Ais a stable
equivalence.

Proof: Any stably trivial cofibration 5 : C' — D
induces a stable equivalence AN C — A A D, by
Theorem A. The morphism f : X — Y has a
factorization |

X7

N

Y
such that j is a cofibration and p is a trivial injec-
tive fibration. The map p hasasectiono : Y — Z
since all symmetric T-spectra are cofibrant for the
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injective structure, but then o is a stably trivial
cofibration so that AANc : AANY — AN X isa
stable equivalence, and so AAp: ANZ — ANY
is a stable equivalence. The map j is also a stably
trivial cofibration, so that AANj) : ANX — ANZ
is a stable equivalence. O

Corollary D: Suppose that ¢« : A — B and
j : C — D are projective cofibrations. Then the
induced map

(4,7)« - (BAC)Uiancy (AND) — BAD

is a projective cofibration which is stably trivial if
either ¢ or 7 is a stable equivalence.

Take away the adjective “projective” in the state-
ment of Corollary D, and you have the descrip-
tion of what it means for a model structure to be
monoidal, subject to having a symmetric monoidal
smash product. Example: the pointed simplicial
set (or presheaf) category with the obvious smash
product is monoidal.

Corollary E: Suppose that 7' = S* A K where
K is compact up to equivalence. Then the HSS-
stucture on the category Spt#(C) of symmetric T-
spectra is monoidal.
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Proof: The cofibrations for the HSS-structure are
the projective cofibrations. O

Here’s an issue, perhaps: the HSS-structure on
symmetric T-spectra is monoidal when it exists,
which is so far only in the case where T is a sus-
pension of an object which is compact up to equiv-
alence. On the other hand, the stable structure for
symmetric T-spectra and Corollary D both obtain
in extreme generality, and there is a universal de-
scription of a derived tensor project: set

XAsY =X"AY'

where 7y : X' — X and my : Y/ — Y are
projective cofibrant models for X and Y respec-
tively. The standard description of a monoidal
model structure may not be exactly the right thing.
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