Lecture 005 (April 4, 2005)

Suppose that A is an I-diagram of abelian groups,
and that K(A,n) — GK(A,n) is a globally fi-
brant model of K(A,n).

Write I'GK(A,n) =lim, GK(A,n).
—1
Lemma: There are isomorphisms

lim " A i<
mlWGK(A,n) = s Z ="
0 1>n
Proof There are short exact sequences
0— KAn—-1)— E(A,n) - K(A,n) —0

where F(A,n) is a diagram of simplicial abelian
groups which is acyclic in each section. There is a
comparison of fibre sequences

K(An—1)——=FE(An) K(A,n)

i | i

GK(A,n—1)—GE(A,n)—5GK(A,n)

where the vertical maps are globally fibrant mod-
els and p is a global fibration. The global fibration
GE(A,n) — x is a weak equivalence, and has
RLP wrt all inclusions OA"™ — A" of constant di-
agrams, so [',GE(A,n) is a contractible simplicial



set. The sequence
INGK(A,n—1) - T.GE(An) - T.GK(A,n)

is a fibre sequence since p is a global fibration.
Thus

WZF*GK(A, ’I’L) = 7TZ'_1F*GK<A, n — 1)
for + > 1 while

Tl GK(A,n) =[x, K(A,n)] =lim" A.

%
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Use induction on n ]



Postnikov towers

Suppose that X is a Kan complex (aka. fibrant
simplicial set).

For z,y € X,, write © ~ y if Z|g, am = sk, am.

There are commutative diagrams

Ak 4 A"
sk, AF—=gk, A™
for all ordinal number maps € : k — n. Thus,
if x ~ y then 0*(z) ~ 0*(y). Thus the assign-
ment m — P,X,, = X,/ ~ respects simplicial

structure, and there is a natural simplicial set map
T, X — P,X.

There are also canonical induced maps P, 1 X —
P, X making the diagrams

Tn4+1
X 7 n—l—lX

e

P, X
Facts: (1) m, : X — P, X is a Kan fibration.
(2) m, induces isomorphisms m, X — m;P,X for
0<¢<n,and m;P,X =0 for 5 > n.

(3) The map P,,1 X — P,X is a fibration with
fibre K (m,11X,n + 1).



(4) X = Linn P.X.
Proof of (1) Consider the lifting problems
AP -2 X
Ampr X
m, X, — P, X, is a bijection if » < n, so the lift
exists if m < n.

If m = n + 1 then any representative x of [z] :
A" — X restricts to y on AP C sk, A"

If m > n+ 1, then sk, A" = sk, A" so any
extension z : A" — X of y : A" — X satisfies
2] = [z] in P, X. (]

Suppose X : I — S is a diagram of Kan com-
plexes, and form the tower
POX<—P1X<—P2X%

of pointwise fibrations. Take a globally fibrant
model

P X~—PX~—PX~—- -

| | |

(all vertical maps weak equivs, GPyX globally fi-
brant, all p global fibrations).
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Then
(1) lim G P, X is globally fibrant, and X — lim GP, X
— P—

is a weak equivalence (non-trivial in other con-
texts).

(2) The fibre of p : GP, 11X — GP,X is a glob-
ally fibrant model for K(m,+1X,n + 1) which will
be denoted by GK (711X, n).



What are we trying to do in general?

Calculate
T Y = 8" Y], = [[S", X|, = 7, holim X

(maps in the pointed homotopy category) where
X — Y isaglobally fibrant model of an I-diagram
X. These are the “hypercohomology” groups for
I determined by the non-abelian object X.

NB: " = A"/OA™ and T* : S — S’ is the
constant diagram functor.

mlLY = m (058", Y) =[S, Y],

since Y is globally fibrant. It doesn’t matter which
globally fibrant model X — Y we use, so Y could
be @ GP,X.

lim I''\GP,X =TI'.lim GP,X
— —

The tower of fibrations

determines a calculational device, namely the “de-
scent spectral sequence” for m, holim X.



Towers of fibrations

Suppose
Yo £y, £, £

is a fibrant tower of pointed simplicial sets (all
maps fibrations, Yy Kan complex). Let F), be the
fibre of p : Y,, — Y,,_1. Consider the picture

)
Ts1Ys Mi—sYsi1 = Mi—s—1Fs19
pi iz
0 i !
7Tt—s+1YS—1 ’ 7-‘-75—5}75 ’ 7Tt—sYs
p pi
! )
T—s11Ys 2 T Y 1 — T 1L

Here’s a definition
gt =i (Im(p ) fker(pY)), > s
NB: Mod out by action of ker(p"!) if t — s = 0.
Then we obtain differentials d,. : £51 — 51
d? = 0 with £/, = homology of complex
gf—r,t—'r’—l—l dr, gﬁ,t dr, g;—i—r,t—l—r—l
We have spectral sequence {E5'} “converging” to

T_g llr_n Y,,. This is the Bousfield-Kan spectral se-
quence for a tower of fibrations.



Here are some of the most useful results (which
don’t depend on convergence!):

Lemma: Suppose that f : X — Y is a morphism
of fibrant towers such that

1) the induced map E51(X) — E1(Y) is a bijec-
tion for all s, ¢,

2) E55(Y) = * for all s.

Then the induced map lim X — lim Y is a weak
— —
equivalence.

Proof Exercise: think about r = 1 first.

Lemma: Suppose that X is a fibrant tower and
that £5 = * for 0 <t — s < k. Then lim X, 1s
k-connected.

The hypotheses of the Lemma imply that
lim 7Tan = x = hml 7T@'+1Xn
— —

for 0 <4 < k. Use the Milnor exact sequence.



Descent spectral sequence

Consider the fibrant tower
NGPX £ 1.GPX £ ...

The fibre F,, of p : 'GP, X — I''GP,_1X is a
equivalent to I',GK (7, X, n). Thus

&' =m_F, ¥ m_J.GK(m,X,s) = lim* "I F,

for 0 <t — s < s andis 0 in other degrees.

Thomason’s re-indexing trick: ES'; = £4217% gives
Ey' =lim® mX

with differentials

_ . st s+rt+r—1
dfr' — dr_l . ET — ET

Example: The Bousfield-Kan spectral sequence
for a cosimplicial space X

By’ = HimX = m_holim X 2 7,_ /Tot(X).
Bousfield and Kan write m%m, X for HimX.

Note: re-indexing preserves total degree t — s.



