Lecture 006 (April 4, 2005)
Grothendieck topologies

A Grothendieck site is a small category C equipped
with a topology T.

A Grothendieck topology T consists of a collection
of subfunctors

R C hom(U), U €C,

called covering sieves, such that the following ax-
ioms hold:

1) (base change) If R C hom( ,U) is covering

and ¢ : V — U is a morphism of C, then the
subfunctor

o (R)={y:W—=V]d-y€ER}
IS covering.

2) (local character) Suppose that R, R' C hom(, U)
are subfunctors and R is covering. If ¢~ 1(R')
is covering for all ¢ : V' — U in R, then R’ is
covering.

3) hom( ,U) is covering for all U € C



Typically Grothendieck topologies arise from cov-
ering families in sites C having pullbacks. Covering
families are sets of functors which generate cover-
Ing sieves.

Suppose that C has pullbacks. A topology T on C
consists of families of sets of morphisms

{gbaan—>U}, UeC,

called covering families, such that the following ax-
ioms hold:

1) Suppose that ¢, : U, — U is a covering family
and that ¢ : V — U is a morphism of C.
Then the collection V' xy U, — V is a covering
family for V.

2) If {¢po : Uy — V} is covering, and {7,z :
W3 — U, 1s covering for all o, then the fam-
ily of composites

Wi =5 Uy 2

IS covering.

3) The family {1 : U — U} is covering for all
UeC.



Examples:

1) X = topological space. op|x is the poset of
open subsets U C X. A covering family for an
open subset U is an open cover V,, C U.

2) X = topological space. loc |y is the category
of all maps f : Y — X which are local home-
omorphisms. f is a local homeomorphism if
each £ € Y has a neighbourhood U such that
f(U) is open in X and the restricted map U —
f(U) is a homeomorphism. A morphism of
loc|x is a commutative diagram

y -y’
N4
X

where f and f’ are local homeomorphisms. A

family {¢, : Yo — Y} of local homeomor-
phisms (over X)) is covering if X = U, (Y,).

3) X = a scheme (topological space with sheaf
of rings locally isomorphic to affine schemes
Sp(R)). The underlying topology on X is the
Zariski topology. Zar|y is the poset with ob-
jects all open subschemes U C X. A family
Vi C U is covering if UV; = U (as sets).

¢:Y — Xisétaleat y € Y if
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a) Oy is a flat Oy(,-module (¢ is flat at y).

b) ¢ is unramified at y: O,/ MO, is a finite
separable field extension of k(f(y)).

Say that a map ¢ : Y — X is étale if it is étale at
every y € Y.

4) S = scheme. The étale site et|s has as objects
all étale maps ¢ : V' — S and all diagrams

V-V

N /o
S

for morphisms (with ¢, ¢' étale). A covering
family for the étale site is a collection of étale
morphisms ¢; : V; — V such that V' = U¢;(V;)
as aset. Equivalently every morphism Sp({2) —
V lifts to some V; if ) is a separably closed field.

5) The Nisnevich site Nis|g has the same under-
lying category as the étale site, namely all étale
maps V' — S and morphisms between them.
A Nisnevich cover is a family of étale maps
Vi — V such that every morphism Sp(K) —
V' lifts to some V; where K is any field.

6) A flat covering family of a scheme S is a set
of flat morphisms ¢; : S; — S (ie. mophisms
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which are flat at each point) such that S =
Ui (S;) as a set (equivalently LS; — S'is faith-
fully flat). (Schlg) is the “big” flat site. Pick
a large cardinal x; then (Sch|g) is the cate-
gory of S-schemes X — S such that the car-
dinality of both the underlying point set of X
and all sections Ox (U) of its sheaf of rings are
bounded above by k.

7) There are corresponding big sites (Sch|s)zar,
(Schls)et, (Schls)nis, ... and you can play sim-
ilar games with topological spaces.

8) Suppose that G = {G,} is profinite group such
that all G; — G; are surjective group ho-
momorphisms.  Write G = limG;. A dis-
crete G-set is a set X with G-action which
factors through an action of G; for some 1.
Write G — Setys for the category of G-sets
which are both discrete and finite. A family
U, — X in this category is covering if and
only if UU; — X is surjective.

9) Suppose that C is any small category. Say that
R C hom( , x) is covering if and only if 1, € R.
This is the chaotic topology on C.

10) Suppose that C is a site and that x € C. Then
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the slice category C/x inherits a topology from
C: a collection of maps y; — y — x is covering
if and only if the family y; — y covers v.

Definitions: Suppose that C is a Grothendieck
site.

1) A presheaf (of sets) on C is a functor C? —
Set. This definition generalizes, of course: if
A is a category, an A-valued presheaf on C is
a functor C? — A. The set-valued presheaves
on C form a category (morphisms are natural
transformation), written Pre(C). There’s no
consistency in notation: eg. sPre(C) denotes
presheaves on C taking values in simplicial sets.

2) A sheaf (of sets) on C is a presheaf F' : C? —
Set such that the canonical map
F(z) — lim F
() S ()
is an isomorphism for each covering sieve R C
hom(z, ). Morphisms of sheaves are natural
transformations: write Shv(C) for the corre-
sponding category Shv(C) is a full subcategory
of Pre(C). One can also speak of sheaves in any
complete category:.



Exercise: If the topology on C is defined by a
pretopology (so that C has all pullbacks), then F
is a sheaf if and only if all pictures

{ 6]

arising from covering families are equalizers.

Facts about covering sieves:

1)If RC R C hom( ,x) and R is covering then
R’ is covering. (v }(R) = v (R for all v €
R)

2) If R, R C hom( ,z) are covering then RN R’
IS covering.

Suppose that R C hom( ,z) is a sieve, and F'is a
presheaf on C. Write
F(z)p= lm F(y)

y—rER

If S C R then there is an obvious map
F(x)r — F(z)s

Write
R
where the colimit is indexed over the filtering dia-

gram of all covering sieves R C hom( ,z). Then
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x +— LF(x) is a presheaf and there is a natural
presheaf map

n:F — LF

Say that a presheaf G is separated if (equiva-
lently)

1) the map n : G — LG is monic in each section,
ie. all functions G(x) — LG(x) are injective

2) Given a, 8 € G(x), if there is a covering sieve
R C hom( , x) such that ¢*(«) = ¢*(3) for all
¢ € R, then a = (.

Lemma:
1) LF is separated, for all presheaves F'.
2) If G is separated then LG is a sheaf.

3)If f: F — G is a presheaf map and G is a
sheaf, then f factors uniquely through a presheaf
map f,: LI — G.

The object L?F is a sheaf for every presheaf F,
and the functor F' — L?F is left adjoint to the

inclusion Shv(C) C Pre(C). The unit of the ad-
junction is the composite

FLrrpL 1?2F



One often writes n : F — L*F = F for this
composite.

Exactness properties:

Fact: The associated sheaf functor preserves all
finite limits.

Proof LF is defined by filtered colimits, and finite
limits commute with filtered colimits. ]

Fact: Shv(C) is complete and co-complete. Limits
are formed sectionwise.

If X : I — Shv(C) is a diagram of sheaves, then
the colimit in the sheaf category is Lz(liig X), where
lim X is the presheat colimit.

Fact: Every monic is an equalizer.
Proof If A C X is a subset, then there is an
equalizer
p
A— X —X / A

The same holds for subobjects A C X of presheaves,
and hence for subobjects of sheaves, since L? is ex-
act. []

Fact: If 0 : I — G in Shv(C) is both monic and

epi, then 6 is an isomorphism.



Proof 6 appears in an equalizer

o L
FHG?K
since @ is monic. @ is an epi, so f = g. But then
lg : G — G factors through 6, giving a section

o : G — F. Finally, 806 = 6 and 6 is monic, so
o =1. O

Definitions:

1) A presheaf map f : FF — G is a local epi-
morphism if for each a« € G(z) there is a cov-
ering R C hom( ,x) such that ¢*(x) = f(ys)
for all ¢ € R.

2) f: F — G is a local monic if given o, 5 €
F(z) such that f(a) = f(3), there is a cov-
ering R C hom( ,z) such that ¢*(a) = ¢*(0)
for all ¢ € R.

Lemma: The natural map n : F' — LF'is a local
monomorphism and a local epimorphism.

Lemma: Suppose that f : F' — G is a presheaf
morphism. Then f induces an isomorphism of as-
sociated sheaves if and only if f is both a local epi
and a local monic.
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A sheaf map g : E — F is a monic (resp. epi) if
and only if it is a local monic (resp. local epi).
Say that a presheaf map f : /' — G which is both

a local epi and a local monic is a local isomor-
phism.

Definition: A Grothendieck topos is a cat-
egory £ which is equivalent to a sheaf category
Shv(C) on some Grothendieck site C.

Grothendieck toposes are characterized by exact-
ness properties:

Theorem: (Giraud) A category £ having all finite
limits is a Grothendieck topos if and only if it has
the following properties:

1) £ has all small coproducts; they are disjoint
and stable under pullback

2) every epimorphism of £ is a coequalizer

3) every equivalence relation R = F in £ is a
kernel pair and has a quotient

4) every coequalizer R = E — () is stably exact

5) there is a (small) set of objects which generates

£.
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Some explanations:

1) ; A; is disjoint if all diagrams
0——A4;

L

Ai —L; AZ

are pullbacks for ¢ # j. U; A; is stable under
pullback if all diagrams

L; B/ X B AZ'4>|_|Z' Az

| |

B ——B
are pullbacks.

3) An equivalence relation is a monomorphism
m = (mg,my) : R — E x E such that

a) the diagonal A : A — A x A factors through
m (a ~ a)

b) the composite R = F x E - E x E factors
through m (a ~ b= b ~ a).

¢) the map
(mgmg*,m1m1*> 'R XE R— RxR

factors through m (transitivity) where the pull-
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back is defined by
R XE R%R

mo | o

R—mi—~FE

The kernel pair of a morphism v : £ — D
is a pullback

R—E
of
E “u D

(Ex.: every kernel pair is an equivalence rela-

m

tion). A quotient for an equivalence relation
(mo,m1) - R — E x E is a coequalizer
mQ

R E—FE/R

4) a coequalizer R = F — () is stably exact
if the diagram

RxoQ = ExgQ — @
is a coequalizer for all morphisms Q" — Q.

5) a generating set is a set { A;} which detects
non-trivial monomorphisms: if a monomorphism
m : P — @ induces bijections hom(A4;, P) —
hom(A;, Q) for all 4, then m is an isomorphism.
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Exercise: Show that any category Shv(C) on a
site C satisfies the conditions of Giraud’s theorem.
The family L*hom( ,z), x € C is a set of genera-
tors.

How Giraud’s theorem works:

If A is the set of generators for £ prescribed by
Giraud’s theorem, let C be the full subcategory
of £ on the set of objects A. A subfunctor R C
hom( , x) on C is covering if the map

U y—z

y—rER
is an epimorphism of &£.
Every object E € & represents a sheaf hom( , F)

on C, and a sheaf F' on C determines an object

m gy
hom( ,y)—F

of £.

The adjunction

hom( lim  y, K) = hom(F, hom(, F))
hom( ,y)—F

determines an adjoint equivalence between £ and

Shv(C).
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Examples:

1) Suppose that G is a sheaf of groups, and let
G — Shv(C) denote the category of all sheaves
X admitting G-action, with equivariant maps
between them. G — Shv(C) is a Grothendieck
topos, called the classifying topos for G, by
Giraud’s theorem. The objects G x hom( , x)
form a generating set.

2) If G = {G,} is a profinite group with all tran-
sition maps G; — G epi, then the category
GG — Set, of discrete G-sets is a Grothendieck
topos. The finite discrete G-sets form a gen-
erating set for this topos, and the site of finite
discrete G-sets is “the” site prescribed by Gi-
raud’s theorem.
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