Lecture 014 (April 4, 2005)
Localization: some details

As before, A is a small category, and A — Set is
the category of A-sets, or functors A” — Set.

The class of anodyne cofibrations (or anodyne ex-
tensions) is the saturation of the set of inclusions

A(S) specified by
Yol ) uA"@M;,) CcA"«0" (1)
(A" u(Bod") c BeO". (2

Recall that we are tacitly assuming that A — Set
is equipped with a pairing

® : (A — Set) x (O— Set) — A — Set
which behaves well with respect to inclusions of

both A-sets and inclusions of cubical sets. Most
often, the pairing ® is specified by

XeO'=X xI™"
where I is an A-set equipped with two distinct
rational points x — 1.

In all that follows, the definitions and proofs de-
pend on the generating set S and the pairing ®.



An injective morphism is a map p : X — Y which
has the RLP wrt all anodyne extensions, and an
object X is injective if X — % is an injective mor-
phism.

A weak equivalence is a map f : X — Y which
induces a bijection 7(Y, Z) — w(X, Z) for all in-
jective Z. A cofibration is just a monomorphism,
and a fibration is a map which has the RLP wrt
all trivial cofibrations.

We shall sketch the proof of the following:

Theorem A: (Cisinski, “Swiss army knife theo-
rem”) With the definitions given above, the cate-
gory of A-sets has the structure of cubical model
category.

There is a properness assertion as well:

Theorem B: Suppose that the interval theory
® on A-sets is defined by an interval I. Suppose
that all cofibrations in the set S pull back to weak
equivalences along all fibrations p : X — Y with
Y fibrant. Then the corresponding model struc-
ture on A-sets is proper.

The proof of Theorem B can be found in “Cate-
gorical homotopy theory”.



Proof of Theorem A
1) Cardinality tricks

Suppose that T' is some set of cofibrations of A-
sets, and choose a cardinal a such that a > (
where ( is an infinite cardinal chosen as above (ie.
so that | X @ O" < v if | X| < ~, for all v > ().
Suppose also that a > |T| and that a > | D] for
al C' — DinT.

Suppose that A > 2

Every f : X — Y has a functorial system of fac-
torizations

X - B (f)

X 2

Y
for s < X defined by the lifting property for maps
in 7', and which form the stages of a transfinite
small object argument.

Specifically, given the factorization f = f,is form
the pushout diagram

Up C—— Es(f>

| |

Lip DHES-H(f)



where D runs through all diagrams

Cj“%VE%(f)

|

D Y

with ¢ in T. Then fo1 : Es1(f) — Y is the
obvious induced map. Set Ey(f) = lim _ Ey(f)
at limit ordinals ¢ < .

Then there is a functorial factorization

XZ%AEA(f)
p lfx
Y

with E)(f) =lim__ E(f). Also fy has the right
lifting property with respect to all C' — D in T,
and 7, is in the saturation of 7.

Write L(X) = E\(X — %).
Lemma:

1) Suppose that ¢t — X; is a diagram of cofibra-
tions indexed by w > 2% Then the map

Lim L(X:) — L(ILH Xi)

t<w t<w

is an isomorphism.

2) X — L(X) preserves cofibrations.
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3) Suppose that v is a cardinal with v > «, and let
F,(X) = the subobjects of X having cardinality
less than . Then the map

lim  L£(Y) — L£(X)
YeFy(X)

is an isomorphism.
4) If | X| < 2% where w > A then |L(X)] < 2%

5) Suppose that U, V" are subobjects of X. Then
the natural map

LIUNV)— LU)NLYV)
is an isomorphism.

Proof [t suffices to prove all statements with £(X)
replaced by E1(X). There is a pushout diagram

Ur(C' x hom(C, X)) X

| |

Up(D x hom(C, X)) — E1 X

Then, in sections,

FX = I?I((D(a,) — C(a)) x hom(C, X)) U X (a).

so 5) follows. The remaining statements are exer-
clses. []



Corollary: Every A-set map f : X — Y has a
functorial factorization

X1z

N

Y
where 5 is anodyne and p is injective.

Remark: The Lemma also gives us a set of good
properties for the injective model construction X —
L(X), including cardinality bounds.

Suppose that a > ¢, a > |A(S)| and that a > | D|
for all C' — D in A(S). Suppose that A > 2%

Here is the bounded cofibration condition:

Lemma: Suppose given a diagram

X
i
A—Y

of cofibrations such that ¢ is a weak equivalence
and |A| < 2}, Then there is a subobject B C Y
with A C B such that |B| < 2* and BN X — B

is an equivalence.

Proof The proof is due to Cisinski. It is inno-
vative in the sense that it uses nothing but naive
homotopy:.



The map i, : LX — LY is a cofibration (by the
previous lemma) and is a naive homotopy equiv-
alence of injective objects. There is a map o :
LY — LY such that o -7, ~ 1 via a naive homo-

topy h : LX @ 0! — L£X. Form the diagram

(LY @O U (£X o 0Y ™ rx

Ly @O

The other end of the homotopy H gives a map o’
such that ¢’ - 7, = 1, and 4,0’ ~ i,0 ~ 1. We can
therefore assume that o -4, = 1.

Suppose that A, C Y and |A,] < 2} Then
LA, ® O < 2% Also, there is a 2*-bounded
subobject A4, 1 such that Ay, C A1 and there is
a diagram

LAS ® |:|1 4>£AS+1
i l

LY ® Dl?ﬁy
where K : 1,0 ~ 1.

This is the successor ordinal step in the construc-

tion of a system s — A with s < A (recall that
A>2%and A=Ay Let B= MLQS Ag. Then, by
construction, B is 2*-bounded and the restriction
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of the homotopy K to £LB @ ' factors through

the inclusion 7, : LB — LY.
There is a pullback

L(BNX)2Zcx

B

LB——~LY
and 1,0(LB) C LB. It follows that there is a
map o' : LB — L(B N X) such that ¢’ -7 = 1.
K restricts to a homotopy £LB @ (' — LB (by
construction), and this is a homotopy io’ ~ 1. [



2) Trivial cofibrations are preserved by
pushout

Note first that anodyne extensions are closed under

pushout.

Lemma: Suppose given a diagram
cME
iy
D

where ¢ is a cofibration, and suppose that there is
a naive homotopy h : C @ O! — E from f to g.
Then g, : D — D U, E is a weak equivalence if
and only if f, : D — DU E is a weak equivalence.

Proof There are pushout diagrams

?%C@)Dl h lf
i . i
DED Ue (C@ Dl)T)D Uf E
J\ |
DeO'——(De0)Yu, B

where the top composite is f. dos, j and j, are
anodyne cofibrations. Thus f, = h'- do, is equiva-
lent to A’ and h' is equivalent to h,, so f is a weak
equivalence if and only if A, is a weak equivalence.



Similarly, g, is a weak equivalence if and only if A,
is a weak equivalence. ]

Lemma: Suppose that © : C — D is a trivial
cofibration. Then the cofibration

CeOHu (Do) — Dl
is a weak equivalence.

Proof The diagram

Ceod'—=Dod—LD o0t

} | }
Col'—De'—LD g}

induces a diagram
(CeOhu(Deod)—(CeOY)u (LD ol

! }
DO LD !

in which the horizontal maps are anodyne exten-

sions, and hence weak equivalences.

There is a factorization

C--p
NP
D

where 4’ is anodyne and p is both injective and a
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weak equivalence. In the induced diagram

(CeOYu (LD ®o0)—(C O u (LD o0
| J
LD O LD O}

the top horizontal map is induced by the homotopy

equivalence
LD @ 00" — LD ® o0,

and is therefore an equivalence by the previous
Lemma. The bottom horizontal map is also a ho-
motopy equivalence. The left hand vertical map is
an equivalence by comparison with the map

(CeOYhYu D eod) — D Ot
which is an anodyne extension. ]

Lemma: The class of trivial cofibrations is closed
under pushout.

Proof If j : C — D is a cofibration and a weak
equivalence, then every map a : C' — Z with Z
injective extends to a map D — Z.

In effect, there is a homotopy h : C @ O — Z
from « to a map - 7 for some map B : D — Z,
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and then the homotopy extends: diagram

(ComhuDe{1) ™2z

DeOl

Note that the vertical map is an anodyne exten-
S101.

The diagram
(CeOYHu(DeoO)—(C'"eOY)Yu (D o0t

! |
D! D' [

is a pushout. The left vertical map is a trivial

cofibration by the previous Lemma, and therefore
has the left lifting property with respect to the map
Z — . Thus, if two maps f, g : D' — Z restrict
to homotopic maps on C’, then f ~ g. ]
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3) Many injective maps are fibrations

Lemma: Suppose that p : X — Y is injective
and that Y is injective. Then p is a fibration.

Proof Suppose given a diagram

ALX (3)
i\ |p

BﬁY

where ¢ is a trivial cofibration. Then there is a
map 6 : B — X such that - ¢ = « since X is
injective,
The constant homotopy 4 @ O' &5 A & X ex-
tends to a homotopy h : B ® 0! — Y as in the
diagram

(Ao 0" U (B oO) Lralirl

BoO!

since the vertical map is a trivial cofibration and
Y is injective. It follows that there is a homotopy

apr A

AgOl—X
i |p
B ® Dl?y
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from the original diagram to a diagram

ASX

$04$p

B7Y
p

Form the diagram

DUETE
B@Dl—h>Y

to show that the required lifting exists for the orig-
inal diagram. ]

Corollary: Every injective object is fibrant.
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4) Final approach

Lemma: (CM4) Suppose that p : X — Y is a
fibration and a weak equivalence. Then p has the
right lifting property with respect to all cofibra-
tions.

Proof Suppose first that Y is injective. Then p is
a naive homotopy equivalence, and has a section
o:Y — X. The map o is a trivial cofibration so
the lift exists in the diagram

(Y @ 0Y) U (X a0t 72l

i H . ¢
X @Ot WY ® O _y

since the left vertical map is a weak equivalence
by one of the Lemmas above. It follows that the
identity diagram on p : X — Y is homotopic to
the diagram

XX

p| %7 |p

Y Y

Thus, any diagram

is homotopic to a diagram which admits a lifting.
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It follows that p has the right lifting property with
respect to all cofibrations.

I[f Y is not injective, form the diagram

xX-1-7
p| la

Yf;ﬁ(Y)

where j is an anodyne cofibration, ¢ is injective,
and 7 is an injective model for X. Then ¢ is a
fibration (previous Lemma) and is a weak equiva-
lence, so that ¢ has the RLP wrt all cofibrations,
by the previous paragraph.

Factorize the map X — Y X ) Z as

X——Ww
S
Y XL(Y) Z

where 7 has the right lifting property with respect
to all cofibrations and ¢ is a cofibration. Write
g« for the induced map Y X,y) Z — Y. Then
the composite g, has the RLP wrt all cofibrations
and is therefore a homotopy equivalence. The cofi-
bration ¢ is also a weak equivalence, and it follows
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that the lifting exists in the diagram

XX x

iy /P

ZizY
so that p is a retract of a map which has the RLP
wrt all cofibrations. O]

Corollary: A map p: X — Y is a fibration and
a weak equivalence if and only if it has the RLP
wrt all cofibrations.

Proof of Theorem A: One part of CMD5 is

also a consequence of the last Lemma: every map
f: X — Y has a factorization

Iy
N /P
W

X

where 7 is a cofibration and p is a fibration and a
weak equivalence.

The other part of CM5 follows from the bounded
cofibration condition: every f : X — Y has a

factorization
f

X—Y
N,/
A
where 7 is a cofibration and a weak equivalence

and ¢ is a fibration. In order to conclude that j is
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a weak equivalence, we need to know that trivial
cofibrations are closed under pushout, but this was
proved above. O
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