DISTRIBUTION OF PRODUCTS IN FINITE
MONOIDS II: ALGEBRA

Lex E. Renner

1 Introduction
Let S be a finite monoid and let a € S. Define
Hy(a) ={(z1,...,2,) €S" |21+ ... -2y, =a}

and let
ho(a) = |Hy(a)| -

To get a grip on the behaviour of {h,(a) | n > 1} we define

h(a) = ha(a)t" .

n>1

h(a) was studied in [2] from a combinatorial perspective. We found that it could be pictured
as a generalization of the generating function for the Zeta Polynomial Z(P,n) of a finite
poset (P,>) [3; §3.11].

In this paper we continue our study of {h(a) | @ € S}. But this time we approach it from
a more algebraic perspective. For example

(i) What is the recurrence formula for {hi(a), ho(a),...} and how are these recurrance
formulae (as a € S varies) related? (See Proposition 2.4.)

(ii) Is there a canonical collection {Ry, Ry,..., R,—1} of rational functions that forms a
basis of Spang{h(a) | a € S}? (See Proposition 2.2.)

(iii) What role does Q[S] (the monoid algebra) play in the discussion? (See Section 2.)

We consider the example S = M, (F,) in detail. In a future paper we shall use the results
of this paper to obtain explicit calculations for a large class of finite monoids.



2 The Element «

Let S be a finite monoid and let Q[S] be the monoid algebra of S over Q. Define

a:ZSGQ[S].

seS

2.1 Lemma. (i) o" = Zhn(s)s where hy,(s) = [{(z1,...,2,) € S™ |21 - ... -z, = a}.

seS

(i1) 1 —C(ozt = <Z hn(s)t”_1> s =: Z h(s)s where h(s) € Q(t).
ses

n>1 seS

Proof. (i) results from gathering the terms of a straightforward calculation. Everything in
(i) is a formality except the fact that h(s) € Q(¢). But that follows from [2; Theorem
2.2]. O

A well-known theorem of undergraduate algebra says that we can write

a"=Ag+ Ao+ + A0t
where {1, qa,...,a" '} C Q[S] is linearly independent,
and {A4;} CQ.

Furthermore, the A;’s are unique. We write

mm(a) =X" - An_an_l — = AlX — A() .

2.2 Proposition. % =Ry+ Ria+ -+ R,_1a" " where

A tnfl
RO = OD
tTL*Q
R, = D
tTL*3 tTL*Q
R, o= —A,_
7D ''D
t t2 tn—Q
Ry=——Apj——-—A
7D 'D D
1 t 2
Ri==—-Ay1———A
'™ D 'D D

and

D=1—t(Agt" '+ +A,_1) .

Furthermore, Ay = 0 if S has more than one invertible element. So Ry = 0 in that case.

2



Proof. Write 1 a

= Ro+Ria+ - +R, 10" Soa = (1—at) (R +Ria+- - +R,_1a"1).

Expand this out using a” = Ag+A;a+---+A,_1a" !, and we obtain the advertised formulae
for R;; 1 =0,1,...,n— 1.

To complete the proof we only need to show that Ay =0 if G(S)={s € S|sg=gs=
1 for some g € S} contains more than one element.

If s € G(S), one checks easily that h,(s) = g"~! where g = |G(S)|. So h(s) = 1%% Now

let o = Z s € Q[S] and let @ € Q[S]/(S\G(S)) = Q[G]. With this identification

s€S
a = E s,
s€G(S)

so that min(a) = X? — gX as long as g > 1. But if f € Q[z] and f(a) = 0 then f(a) = 0.
So min(a) | min(«). But X | min(@), and so the constant term of min(«) is zero. O

2.3 Remark. (a) A simple calculation shows that

Span@{i,i,...,tn_Q} if Ag =0
Spang{Ro, ..., Rn_1} = R
Span{ﬁ,ﬁ,...,T} ZfA()?éO

In particular, {Ry,...,R,_1} is linearly independent over Q (and if Ay # 0 then
{Ro,...,R,_1} is linearly independent).

(b) An easy calculation shows that if we can write

o m
l—at 121 hilt)e:
where {x;} C Q[S] is a Q-basis, and {h;(t)} C Q(t), then
SP@"Q{hi(t)};il = Span@{Ri};gl .

It follows that (D) = {g € Q[t] | gh(a) € Q[t]}.

(c) We can also express the A;’s in terms of the R;’s. As before, expand out

a=(1-at)(Ry+ Ria+- -+ R, 1" ")

and again use o = Ay + Ay + - -+ A,_1a"" L. We then obtain

Ry (Ri—1-1tR Ro—tR1\ Rot — tRos\ .
“ TR, " ( tRy 1 )Oé " ( Ry ) T ( Ry )Oé .




Thus,

Ry
A =
’ tRn—l
Ry —1—1tRy
A o= LT
! tRnfl
Ry —tRy
Ay = —=—1
? tRn—l
Rn—l - tRn—2
Ay = —————
! tRn—l

because {1, a,a?, ..., a" '} C Q(¢)[S] is linearly dependent over Q(t).

2.4 Proposition. Let f(X)= X%~ (By+ BiX + -+ Bg_1X%). Then the following are
equivalent, where o = Z S.
ses

(1) fla) =
(ii) min(a) | f.
(1) haiym(S) = Bohm(s) + Bihmi1(s) + - -+ + Ba—1hmia—1(s) for all m > 0. Here we use

the convention L i .

if s =
ho(s) = { 0 ifs#1
(iv) (a) h(s) t2f(1/t) € Q[t] for any s € S.
(b) If tilmin(c) then t*|f.

Proof. (i) and (ii) are equivalent by elementary algebra.
(iii) is equivalent to saying

> ha(s)s = By + By <Z h1(3)3> 44 By (Z hd—l(s)'S)

seS seS seS

so that (using Z he(s)s = o)

seS
Oéd = BQ —f- BlOé —|— e —|— Bd_lOéd_l .

Hence, (i) and (iii) are equivalent.

Before we consider (iv) notice that if g(t) = t* H )" then t%99g(1/t) = H(l —
i=1

a; T)". Tt follows that g(¢)|f(¢) if and only if tdeg(g (1/t) | t1f(1/t), and t*| f whenever t*|g.

But from 2.2, D = t"min(«)(1/t), while from Remark 2.3 (b), h(s)t?f(1/t) € Q[t] if and

only if D[t¢f(1/t). Thus, (iv) is equivalent to (ii). O
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2.5 Theorem. With {R;(t) |i=0,...,n— 1} as in 2.2 we obtain
h(a) = ho(a)Ro(t) + hl (G)Rl (t) + -+ hn_l(a)Rn_l(t) .
Proof. Let h; = h;(a), h = h(a). Then
ho=:) hit™!
i>1
:h1+h2t++hn,1 tn72

—f- (6 —f- A1h1 —f- s —|— An—l hn_l)tn_l

+ (Aghy + -+ -+ Apq hp)t"

+ (Aohgy + -+ + Apy hyyr)t"

(using 2.4 with f = min(«a), where e = Agifa=1and e=0if a # 1)
=hy+hot+- o+ hy t"?
+ Agt"h + ¢
+ A" 'h
+ Agt™ % (h — hy)

+ Apat(h— (hy +he+ -+ hy_9))

(where § = Agt" ! if a = 1 and zero otherwise).

Thus, gathering terms
h(1—t(Agt™ 4 tA, g+ Ap ) =hy +hot + -+ Ry 1" 246
— Agt"?hy
— Agt™3(hy + hat)

— Ay at(hy + hot + -+ + hyy_ot"?)
= hl + (hg — An_lhl)t + (hg — An_lhg — An_ghl)t2

+ .-+ (hn—l - An—lhn_g —_— e — A2h1)tn72 + 5
= hl(l — A, qt—— Aztn72>

+ h2(t - An_1t2 — e — Agtn_2)

+ hnfltn_2 + 5 .

The conclusion follows immediately from 2.2.
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2.6 Remark. In practice, one should calculate h(a) using a slight variation of Theorem 2.5.

Indeed, for a € S, let
Qu={rxeS|a¢ SzS}.

Then €2, s the two-sided ideal of elements that cannot be involved in any product resulting
in a. Thus we can replace S by the Recs quotient S/Q, [1; page 17]. Usually, the minimal

polynomial of a will have lower degree for S/Q, than for S.

3 How To Find Min(a)

The results of 2.4 and 2.5 imply that, if we can compute min(«), everything else will fall
into place; once we calculate {hq(a),...,h,—1(a) | @ € S}. In this section we consider the
problem of actually finding min(«) in terms of salient properties of S. We first recall some

results from [2].
Let S be a finite monoid and let a € S. Define

@ = {beS|aS=0bS}
= {0/1,...,0,3}.

Define

r(ai/ar) r(ag/ay) ......
Ry = | rlai/as) r(az/as)

where

r(b/a) =|{z € S|a=nbz}|.
We say b > a if @ = bz for some z € S. By [2; Theorem 2.2] we have

h(a;) = m (Pai +t ZP(b/aJh(b))

b>a
where
P, 1
= Ad](ls - tR) :
P, 1
and
P(b/ay) r(b/ay)
: = Adj(I, — tR) :
P(b/as) r(b/as)

The following result gives us a crude starting point in our pursuit of min(«).



3.1 Proposition. Let S/R = S/ ~, where a ~ b if aS = bS. Fora € S/R define Rz as

above. Let o = Z s. Then min(a) divides t*( H det(tl; — Rz)) for some k > 0.
seS acS/R

Proof. By the above formula (x), if D is the generator of {f € Q[t] | fh(a) € Qt] for all a €

S} < Q[t]. Then D divides f(t) H det(1 . Thus, if deg(D) = m and deg(f) =n
acS/R
then t™D(1/t) divides t" f(1/t). But min(a) = t*™D(1/t) for some k > 0 by remark 2.3.2
and the proof of 2.2. Thus, min(a) divides t*1" f(1/t) = t*( H det(tl; — Ry)). O
aeS/R

A finite monoid S is R-homogeneous [2] if
(i) ay ~ ay ~ ag ~ ayg implies r(ai/as) = r(az/a4)
(ii) ay ~ as < b implies r(b/ay) = r(b/az).

By [2; Theorem 5.2] we have the following result:
Let S be R-homogeneous and let a € S. Then

h(a) = 1—%% G+¢§: (b/a)h ) (%)

where 7, = r(a/a) and s, = |[{z € S| z ~ a}|
3.2 Proposition. Let S be R-homogeneous.

(i) The following are equivalent.

(a) min(a)(0) # 0.
(b) {s€S|st=1 for somet e S}=:G(S)={l}.

(i) If G(S) 2 {1} then X|min(a) yet X*t min(a).

Proof. {From the proof of 2.2 we see that h(s) = 1%gt for s € G(S), where g = |G(S)|. We
also showed that if S = G(S5), then

. X2 gX if|G(9)|
W“®:{X—ﬁ if |G(9)] =

So we proceed inductively using 2.4. Let a € S\G(S). So a < 1. Assume inductively that
f(X)=X"—(By+ B X+---+ B, 1 X" !), and assume further that

(1) hn(b) = Boho(b) + B1h1(b) + -+ + By_1h,—1(b) for any b > a.
(i) X?1 .



It follows from (%) above that

hmii(a) — 7 hy(a) = Zr(b/a)hm(b) for any m > 0, where r = s,7,

b>a

since we have adopted the convention that
1 ifa=1
hol) _{ 0 ifa#1
So we calculate

(@) =7 h(a) = > r(b/a)[boho(b) + - - + Bu-1hn_1(b)]

— ZBZ- <Z r(b/a)hi(b)>

= 3" Bilhssi(a) — 7 hufa)]

Thus, h(a) “satisfies” the polynomial
g(X> = (X — T)(X” _ (BO + B X+ + anan_l) .

But if b > a then h(b) “satisfies” this polynomial because f(X) is a factor.
Inductively, this procedure manufactures a polynomial

h(X) = (X — ) (X = 1) .. (X = 11) fo(X)

where X2 gX i [0(S)
_ —gA 1
fo(X) = { X—1  if|G(S)

whose coefficients provide a linear recurrence for {h(a) | a € S} in the sense of Proposition
2.4 (iii). It follows from 2.4 that min(a)|h(z). The other conclusions follow from this and

g>1
1

our formula for h(X). O
3.3 Proposition. Let S be R-homogeneous and let 1(S) = {r € N | r = s,r, for some a €
S}. Then

X I (X =, if|Gs) > 1

. rel(S)
min(a) = . ,
[[x—n. o) =1
rel(S)

where 1 < n, < mazx {m

Sq;Ta; =T for some chain
ag < ap < ---<ap



Proof. All that remains here is to prove the inequalities involving {n, | » € I(S)}. The
upper bound amounts to showing that for any a € S the pole of

h(a) = 1_ia8a <1+tz (b/a)h )

b>a

at 1/r has order less than or equal to

ag < ap < ---<ap

ny(a) = max {n

S4.Tq. = 7 for some chain
1 1

But this follows immediately (by induction) once we assume it is true for h(b), b > a.
To see that each n, > 0, consider

Lo : Q[S] — Q[S]

defined by L,(a) = aa. Clearly, min(a) = min(Ly,).
So we compute. Let a € S. Then aa = a Z s = Zr(a/e)e + mex where r(a/a) =

ses e~a z<a
|{s|as = e}| and m, is some nonnegative integer. But S is R-homogeneous, and so r(a/e) =

r, = 1re. Thus,
ao =T, (Z e) —I—me:p

e~a r<a

So let A = Ze € Q[S]. Then

e~a

Ao = r s,A + Z l,x

r<a

where s, = ’{e €eSlen~ a}} and ¢, is some nonnegative integer.
Notice that V' = Spang{z|x < a} is L,-stable. Thus, L, has an eigenvector in Q- A®V C
Q[S] with the eigenvalue r,s,. Hence X — r,s, is a factor of min(«). O

3.4 Corollary. (a) Suppose S is R-homogeneous. Then the following are equivalent.

(i) « is semisimple.

X H —r;), |G(S) >1

(i) min(«o) = n where {r;} = {sara | a € S}.
[[x=r), 1GS)=1
i=1

(iii) For any a € S, h(a) has simple poles.

(b) Furthermore, if S has the property “‘a < b and r,s, = rpsy together imply that a ~ b”
then « is semisimple.



3.0.1 Example

In this example we consider the example S = M, (F,) in detail, where F, is the field with ¢
elements.
Let a € S. Then for some g, h € G(95),

1

gah = e; =

0
for some 0 < i < a (where ¢ = rank (e;)). It follows easily that
r(aja) =r(ei/e)) = |{z €S |e;=e,X}| .

An elementary calculation verifies

n(n—i) )

ri=r(e;/e;) =q

Next we need to find
si=|{beS|b~e}| = |Gl (F,) .

Another simple calculation yields

si=(¢" =" —q) . (¢"—q").
So A
sirg = q""Ng" = 1" =) (@ = ")
Notice that s;r; # s;r; if i # j. Thus by 3.4 above, « is semisimple, and so

n

min(a) = XH(X — """ = 1) ("= Y and

=0

D=]]a=¢""g" = 1) .- (¢" —g" ") X).

=0
Furthermore, by (%) of section 3

h(@z) = %W (1 + tZr(b/eJh(b)) .

b>e;

We use this to find an explicit formula of the form

h(e;) = 1—;7"13175 <1 —i—tZAi h(@)) .

j>i
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We first calculate
r(b/e;) =|{z € S| bz =¢e}| .

Suppose bxr = e;. Then
{r]br=e}=2+{y|by=0}.

Thus r(b/e;) = q* where d = dimg, ({y|by = 0}). An elementary calculation shows that
d =n(n — j), where j = rank(b). To find the sought after formulae, it remains to find

HbES‘ br = ¢ for some v }' for each j > .

rank (b) = j
Define
bx = e; for some =z L.
Xj_{bES‘ and rank (b) = j } for each j > .
Define
P, ={g € G| gei=ege}
where

G = GUl,(F,) .

Notice also that
PX;G=X; forallj>1.

After a little calculation we conclude the following:

Let
A is a 01 matrix with at
R,=< Ae M,(F,) | most one nonzero entry in
each row or column
and let
X;={r eR,|e €rR,, rank (r)=j}.
Then
X, =PFX; G.
Now
X=JX;= |J ew
J>i e€E(X)

and after a little more calculation we obtain
X = Cur(e) M)W
where W C R,, is the unit group and
AX) ={eit1, €2, en =1}

Thus,
Xj = H-ejG
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and

n

X = U X; .

j=i+1
But .
X[ = (@ =1 (=) { H H:Z }
where
[n] _ (¢"=1)-..-(¢g—1)
Il M@= (g=Dll(g"=1)- .- (g=1)]
So
he) = %m 1+t2r(b/ei)h(b)>
C b>e;
_ ﬁ 141t Z > r(b/en)h(d)
= ranblze(ib)zj
1 & n(n—j br = e; for some x
- 1 —r;sit 1+tj;lq o { b‘ rank (b) = j }' h(b)>
S i) 1)@ T h@-))
_ ( j;ﬂq ! ! ! {lej_ZL
= 1—gqnn=d(gn —1)-...- (¢ — 1)t '
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