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Abstract. Upper bounds on the essential dimension of algebraic groups can be found by
examining related questions about the integral representation theory of lattices for their Weyl
groups. We examine these questions in detail for all simple affine algebraic groups, expanding
on work of Lorenz and Reichstein for PGLs,. This results in upper bounds on the essential
dimensions of these simple affine algebraic groups which match or improve on the previously
known upper bounds.

1. Introduction

The purpose of this paper is to use integral representation theory to obtain upper
bounds on the essential dimension of certain linear algebraic groups. Throughout the
paper, we will work over a fixed algebraically closed field k of characteristic zero. Let
G be a fixed linear algebraic group over k.

A G-variety X is an algebraic variety with a regular G-action. X is a generically
free G-variety if G acts freely (with trivial stabilizers) on a dense open subset of X. A
dominant G-equivariant rational map of generically free G-varieties X and Y is called a
G-compression and is denoted by X --» Y. Then the essential dimension of an algebraic
group is

ed(G) = mindim(Y/QG),

where Y is taken over the set of generically free G-varieties for which there exists a
G-compression from a linear generically free G-variety X to Y. Essential dimension
comes up naturally in a number of interesting situations. It is a numerical invariant of
the group G which is often the number of independent parameters needed to describe
certain algebraic objects associated to G. In [Re], it is shown that:

e ed(PGL,,) is the minimum positive integer d such that every division algebra of
degree n over k can be defined over a field Ky with trdeg, Ko < d;

o ed(O,,) (respectively ed(SOy,)) is the minimum positive integer d such that every
quadratic form in n variables (respectively of determinant 1) is equivalent to one
defined over a field of transcendence degree < d;
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e ed(Gz) (respectively ed(F4)) is the minimum positive integer d such that every
octonion algebra (respectively exceptional 27 dimensional Jordan algebra) can
be defined over a field of trdeg, (Ko) < d.

The methods used for computing, or at least estimating, the essential dimension of
an algebraic group G are geometric, algebraic and cohomological. In a few cases, the
value of the essential dimension is known. The following proposition, due to Reichstein,
gives a summary of most of the known exact values for ed(G):

Proposition 1.1. ([Re])

(a) ed(G) = 0 if and only if G is a connected algebraic group with Levi subgroup
isomorphic to Ly X -+ x L, with L; 2 k>, Sp,,, or SL,, for some n;

(b) ed(O,) =n;

(¢) ed(SOy,) =n—1;

(d) ed(Gz) = 3.

The exact values for a few other simple groups are known. Rost [Rol] has calculated
the essential dimension of the Spin,, groups for n < 14. The essential dimension of
PGL,, is known for n = 2,3,4,6. The result for n = 4 is due to Rost [Ro2], the others
are due to Reichstein [Re]. Kordonskii [K] showed that the essential dimension of Fy
is 5. For the other simple algebraic groups, both upper and lower bounds are known
(see [Re]), but naturally one seeks to make improvements.

The case of PGL,, has attracted some attention due to its connection with generic
division algebras. Let A be a central simple algebra with centre K containing k. Define

T(A) = min{trdeg; (Ko) | A= K ®k, Ao, Ao is a central simple Ky-algebra}.

Let UD(n) be the universal division algebra, the k-subalgebra of M, (x;;,y;;) generated
by 2 generic n by n matrices X = (z;;) and Y = (y;;). Then ed(PGL,,) = 7(UD(n)),
see [Re]. Procesi found the initial bound of n? for ed(PGL,), see [Pr]. The following
proposition summarizes currently known bounds on the essential dimension of PGL,,:

Proposition 1.2.

e ed(PGL,) =2, n=2,3,6, see [Re|;

e ed(PGLy) = 5, see [Ro2)];

e ed(PGL,) < n? — 2n, see [Re|;

e ¢d(PGL,) < ed(PGLy,,) < ed(PGL,,) + ed(PGL,,), (m,n) =1, see [Re|;
e ed(PGL,~) > 2r, see [Rel;

e ¢d(PGL,) < (n—1)(n—2)/2, n > 5 odd, see [LR], [LRRS].

In the last result, due to Lorenz and Reichstein, lattice-theoretic techniques were
used. Note that this result was reproved in [LRRS] using different methods. In this
paper, we will expand upon the techniques used in [LR] in order to improve on bounds
for the essential dimension of certain adjoint algebraic groups.

Let G be a reductive algebraic k-group. Let T be a maximal torus, let N be the
normalizer Ng(T) of T, and let W be the Weyl group of G with respect to T. Let
X(T) = Hom(T, k*) be the character lattice which has a natural action of W. Reichstein
showed in [Re] that

ed(G) < ed(N).
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Following the work of Saltman in [Sa2], we construct generically free N-varieties from
information about the integral representation theory of the associated Weyl group. This
analysis leads to some new bounds on the essential dimension of certain simple algebraic
groups and produces an interesting class of irreducible Weyl group lattices.

The inequality ed(G) < ed(V) is often strict. The bounds that we get from integral
representations of Weyl groups seem to be most effective in the case of simple adjoint
groups. In Section 2, we will define edy (X (7)), which will be the best possible bound
on ed(N) that can be obtained from our construction of generically free N-varieties
from integral representations of the associated Weyl group. So we will have

ed(G) < ed(N) < edyw (X (T)).

It is not known whether the last inequality is strict.
The first main result of the paper is the following.

Theorem 1.3. For a simple adjoint algebraic group G of rank n, not of type A1, B,,
ed(G) < ed(N) < edw (Z®) < |Pg| —n — 1,

where N is the normalizer of the mazimal torus T and ® (respectively ®y) is the (short)
root system associated to G and T. If G is of type A1,B,, then ed(G) < ed(N) <
edw (ZP) < 2n.

Corollary 1.4. We have the following bounds on the essential dimension of the simple

adjoint algebraic groups:

Type A1: ed(PGLg) <

Type Ap,n > 2: ed(PGL ) <n?—2n;

Type By, : ed(SO2,41) < 2n;

Type Cpyn > 3 : ed(PSpy,) < 2n% —3n —1;

Type Dy,,n > 4 :ed(PO,,) < 2n% —3n —1;

ed(Eg(adj)) < 65;
ed(Ex(adj)) < 112;
ed(Eg) < 231;
ed(Fy) < 19
ed(Gz) <

Remark 1.5. For an arbitrary simple algebraic group G, Kordonskii obtained by diffe-
rent means the bound ed(G) < dim(G) — 2rank (G) — 1 in [K2]. Since dim(G) —
2rank (G) — 1 = |®| — n — 1 where rank (G) = n and ® is the root system associ-
ated to G and a maximal torus T, we see that our bound matches this one in the simple
adjoint simply laced cases and improves upon it in the simple adjoint nonsimply laced
cases. For the adjoint group of type C,, our bound of 2n? — 3n — 1 improves on Kor-
donskii ’s bound of 2n? — n — 1. In later work [K], Kordonskil found a bound of 5 for
the group of type F4 which is considerably better than our corresponding bound of 19.
The essential dimension of the remaining simple nonsimply connected adjoint groups of
type Gz, A1, and B,, were determined by Reichstein in [Re]. In these cases, our bound
matches Reichstein’s values.
The second main result produces a new bound for ed(PGL,,),n > 4, as follows.



340 N. LEMIRE

Proposition 1.6. Forn >4, ed(PGL,,) < ed(N) < edg, (ZA,—1) <n? —3n+ 1.

Although this bound is not an improvement in the case of odd n covered by Lorenz
and Reichstein, it gives the best currently known bound in the case where n is a power
of 2, or at least divisible by a large power of 2.

The rest of this paper is structured as follows. In Section 2, we discuss the connection
between the determination of upper bounds on the essential dimension of a simple
algebraic group and a lattice-theoretic question about the associated Weyl group. We
will use this discussion to define edw (X (7")). In Section 3, we will prove Theorem 1.3
and Corollary 1.4 after some preliminaries on root systems and permutation resolutions.
In Sections 4 and 5, we examine some of the lattice-theoretic questions posed in Section 2
which are motivated by the study of essential dimension and find upper bounds on
edy (X(T)) for the simple algebraic groups.

2. Essential dimension and Weyl group lattices

Let G be a reductive algebraic k-group where k is an algebraically closed field of
characteristic 0. Let T' be a maximal torus, N = N¢(T'), the normalizer of T', W the
Weyl group. Let X(T') = Hom(T, k*) be the character lattice.

A construction due to Saltman [Sa2] produces a generically free linear N-variety from
an exact sequence of W-lattices

0—>M—>PL>X(T)—>O,

with M = Ker(f) a faithful W-lattice and P a permutation W-lattice. We will gener-
alise his construction here, and then we will make connections to upper bounds on the
essential dimension of N extending results in [LR] for PGL,, to an arbitrary reductive
algebraic group G.

Proposition 2.1. To any map of W-lattices f : L — X(T') which extends to a map
of W-lattices f : P — X (T') where P is a permutation W -lattice, one can associate an
irreducible N-variety X having the following properties:

(a) Functoriality: A commutative diagram

X(T)
Y
C
Lo m

of W-lattices, where f : L — X(T) extends to a W-map f:P— X(T) for
a permutation lattice P, leads to a dominant rational map of N-varieties X :
Xf i d )(f0 N

(b) dim(X;/N) = rank (Ker(f));

(¢) Xy is generically free if and only if f is surjective and Ker(f) is a faithful W -
lattice;

(d) If L = P is a permutation lattice, then Xy is birationally equivalent to a linear
N -variety.

L
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Proof. Let f: L — X(T) be a W-map of lattices. Let k[L] be the group algebra of L
with k-basis {e! | I € L} written exponentially. We will show that there is a twisted
N-action on k[L] and hence on the irreducible variety Spec(k[L]) which satisfies

n - (ke') = ket t-el=f()(t)e', neEN,teT,lcL (1)

where nT" € W is the image of n € N in W = N/T. In [Sa2], Saltman does this for
a permutation lattice L = P. We will extend his construction to a more general class
of W-lattices. For example, for any permutation projective lattice L, we may extend
f:L— X(T)to f: P — X(T) where L is a direct summand of the permutation
lattice P.

Let the permutation W-lattice P have permutation basis p;,7 = 1,...,7. We will
define a kN space V; with k-basis {e?” | i =1,...,r}, which satisfies

n-(ke?) = keT)Piy  p.ePi = f(p)(t)ePine Nt eT,i=1,...,r (2)

The permutation lattice P can be decomposed into a direct sum of transitive com-
ponents P = @7, P;. Let f; : P; — X(T) be the restriction of P to P;. First observe
that if we determine for each j = 1,...,m, a kN space ij which satisfies (2) for
fj : Pj — X(T), then V; = ®7L,V; would satisfy (2) for f: P — X(T). So it suffices
to construct V; for a transitive permutation lattice P = ZW¢q = Z[W/W,] and a W-map
f: P — X(T) satisfying (2).

Note that, although the extension of groups

1—T —N-LW-—1
does not in general split, Saltman shows in [Sa2, 2.5] that for each ¢ € X (T),
1 — T/Ker(p) — Ny /Ker(p) — W, — 1 3)
does split as a sequence of W modules where W, is the stabilizer subgroup of ¢ in W
and N, = 7~ (W,,).
We may apply this result to f(q) € X (T). Let Vj be the permutation space k[W/f(q)/V[/(}]

with permutation basis e?, k = 1,...,d (written exponentially). (3) shows that we can
define an action of J\Gg( g On Vo which extends the permutation action of Wf( 2 and such

that ¢t € T acts on Vj via

t-ett = flgr)(t)e™.

Indeed, we have
tw - e = flw- q0) (e % =w - [Flg)](He” ™ = flg) (™ tw)e™ = w(w tw) - e

forteT,we Wf(q)’ k=1,...,d, so the actions of T" and Wf(q) combine to define a

locally free action of N F(q) O .

(g
Let Vi = Ind%f( )Vo. Note that the dimension of V; is r = rank (P). Let s = [N :

Nf(q)] =[W: Wf(q)]- For a transversal nj,j =1,...,s of Nz, in N,

{nj@e™ |j=1,...,s k=1,....d}
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is a k-basis of Vf and, correspondingly,
;T -qlji=1,...,s; k=1,...,d}

is a permutation basis of P. Relabelling this basis of P as p;,i = 1,...,r and the

corresponding basis of Vf as ePi i = 1,...,r, we may observe that {ePi |i=1,...,7}
satisfies (2). Indeed, t € T acts as required on this basis, since for j = 1,...,s, k =
1,...,d, we have

t-nj®@el*=n;® (n;ltnj) el =n; ® f(qk)(njfltnj) el
= [n; - (F(ar)] )]y @ e = [f(n;T - qi)(8)]n; @ .

We also find that n € IV acts as required on this basis: Since there exists n’ € N i@
which satisfies nn; = nyn’ for some [ € {1, ..., s}, we have

n-lkn; et =mn @n - ket =kny @ e Tt = femT (T an) = penT (0T a)

using the identification e™7T % = n; @ ek,

Let S 7 be the multiplicative subgroup of l{:(VJa)>< generated by k£* and the ePi i =
1,...,7. Note that T acts trivially on Sf/kzx, which is then a W = N/T lattice isomor-
phic to P. As abelian groups, Sy = k* @ P = k[P]*, the units of the group algebra of
P. So the N-action on Sy induces an extension of N-modules

[a] = [0 — kX — Ek[P]* — P — 0] € Exty (P, k*) = H'(N, Hom(P, k*)).
Note that the action of N on k[P]* can be completely defined by the 1-cocycle « as
n-e? =a,(n"t(p))e" P 4)

The N-action on the units k[P]* extends naturally to k[P] and hence to the k-variety
Spec(k[P]). We will write X ; = Spec(kq[P]) to remind us of the twisted action by «
where [a] € Exty (P, k*) defines the N-action via (2). Note that the N-variety X7 with
the N-action induced by (2) satisfies (1) for L = P.

Now for the W-map of lattices f : L — X (T') and its extension f : P — X (T'), the
inclusion L — P induces an inclusion of N-varieties Spec(k[L]) — Spec(k[P]) = X .
Define X as Spec(k[M]) with this induced N-action. Let [§] be the image of [a] under

the induced map
Exty (P, k™) — BExty (L, k).

Then Xy is Spec(kg[L]) as an N-variety.
Now .
K(X3/T) = k(X;)" = ko (Ker(f))

as a W = N/T-field where

('] € Bxctly (Ker(f), k*) = Exthy (Ker(f), k)
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is the image of [a] under

Exty (L, k*) — Exty (Ker(f), k).
Then

k(X/T) = k(Xp)" = k(X;) Nk(X})T = kg (Ker(f))
as a W-field where
(3] € Extyy (Ker(f), k*) = Bxty (Ker(f), k*)

is the image of [5] under

Exth (L, k*) — Exty (Ker(f), k)
so that

K(X¢/N) = k(X/T)" = kg (Ker(£))".

Since the transcendence degree of k(X /N) = kg (Ker(f))" over k is rank (Ker(f)), we
see that dim(X;/N) = rank (Ker(f)).

X is a generically free T-variety if and only if f is surjective [OV, Theorem 3.2.5]
and X7 /T is a generically free W-variety if and only if Ker(f) is a faithful W-lattice. So
Xt is a generically free N-variety if and only if f is surjective and Ker(f) is a faithful
W-lattice [LR, Lemma 2.1].

A commutative diagram as in Proposition 2.1 (a) induces an injective W-equivariant
map from kg,[Lo] — kg[L], and hence a dominant rational N-equivariant map

X, : X7 = Spec(ks|L]) - X, = Spec(kg, [Lo])-

If L = P is a permutation W-lattice, the N-variety X ; = Spec(kq[P]) is birationally
equivalent to a linear N-variety. [

Corollary 2.2. If there exists a commutative diagram of W -lattices

X(T)
N
Py© - P

with P permutation and Ker(fq) faithful, then

ed(G) < ed(N) < rank (Py) — rank (G).

Proof. By Proposition 2.1, the diagram above induces a dominant N-equivariant map
Xp : Xy -—» Xy, from a generically free linear N-variety X; to a generically free
N-variety Xy,. Then

ed(N) < dim(X;/N) = rank (Ker(fy)) = rank (Pp) — rank (G)
as required. [

The following general definition for an H-lattice Y will give an upper bound on ed(N)
from representation-theoretic information about the W-lattice X (T').
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Definition 2.3. Let H be a finite group and Y a ZH lattice. Let P(Y) be the set of
pairs (P, ) such that P is an H-permutation lattice, 7 : P — Y is an H-epimorphism
with Ker(7) a faithful H-lattice, and let

r(Y) = min{rank (P) | (P,7) € P(Y)}.
Let PE(Y') be the set of extension classes

[0 — Ker(r) — P =Y — 0]
such that (P,7) € P(Y). Let M be a faithful H-lattice such that
E=0— M —P—Y — 0] e PEY),

and let ed(§) be the minimum rank of a faithful H-sublattice My such that

¢ € Im(BExt}; (Y, My) — Exty (Y, M)).

Then define
edg (V) = min{ed(§) | £ € PE(Y)}.

Remark 2.4. This definition was suggested by Reichstein [Rem] and was motivated by
Merkurjev’s definition of the essential dimension of a functor [Me]. By Corollary 2.2,
we note that

ed(G) < ed(N) < edw (X (T)),

as the existence of a diagram of the form as in Corollary 2.2 is equivalent to
¢ € Im(BExtyy (X (T), Mo) — Exty, (X(T), M))
where & € Extiy, (X (T), M) corresponds to the extension class
00— M — P— X(T)— 0] € PE(X(T)).

Note also that r(X(T)) — rank (G) gives a first (rough) upper bound for edy (X (T)).
In the case of PGL,,, Lorenz and Reichstein in [LR] showed

(n—=1)(n—2)

ed(PGL,) < 5 :

n odd,n > 5,
by showing that there exists a commutative diagram of Z.S,, lattices
0 —— ZAS?El — Z[Sn/snfﬂ — ZA, 1 — 0

L

0 —> A(ZA.-)

ZAn—l — 0
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where ZA,,_1 is the root lattice and X is a Sj,-lattice. They showed this by cohomological
means. That is, they showed:

Exty (ZAn—1, N2 (ZA,_1)) — Exty (ZAn—1, (ZA,—1)®?)
for n > 5 odd using
NA(ZA, 1) — (ZA,_1)®? — Sym?(ZA,_1)

and the fact, proved by Lemire and Lorenz in [LL], that Sym?(ZA,,_,) is stably permu-
tation for n odd. So, in fact, they found a bound on edg, (ZA,_1) for n > 5 odd. In this
paper, we will show that the same reduction for the even case is impossible. However,
we will now prove Proposition 1.6 to improve on the n? — 2n bound for the even case
using similar techniques.

Proof of Proposition 1.6. Let U, be the standard permutation lattice for S, with
permutation basis
{ei|1<i<n}

where
o(e;) = €o(i), 0 € Sp,1<i<n.

Then the root lattice ZA,,—1 is the kernel of the augmentation map € : U, — Z,
e; — 1. So we have the following exact sequence of S),-lattices:

0 — ZA,_1 — Z[Sn/Sn-1] — Z — 0.
Tensor this sequence with ZA,,_1 and use the fact that
ZA, 1 @z Up = P = @rpslier ®es), (es—er)@est— e, @es

to obtain an exact sequence
0— (ZAn_1)®2 — P N ZA,—1 — 0

where f(e, ® es) = es — e,.. Note that P = Z[S,,/S,,—2]. Now define g : P — U, by
gle, ® e5) = es and put Py = Ker(g) and My = Kerf NKerg = (ZA,_1)®? N By. If
{r, s, t} are all distinct, then the element e, ® e, — e; ® e, is in Py and maps to e; — e,
under f. Therefore, f(Py) = ZA,_1 if n > 3, and we obtain a commutative diagram of
S,— lattices:

0 —— (ZA,1)®? ——= P _ 1 ZA,_1 —— 0

L1,

0 My B -

ZAp_1 —= 0

Note that

rank M, = rank P — rank U,, — rank ZA,,_1 = n® — 3n + 1.



346 N. LEMIRE

Furthermore, if n > 4, then My is faithful. Indeed, let 1 # o € S,,, say o (i) # i. Choose
Jj & {i,o(i)} and choose two distinct elements r, s & {i,j}. Then the element

m=(es—e)®(e; —e;) €P

satisfies f(m) = 0,g(m) =0 and o(m) # m.

We can now apply Corollary 2.2 to complete the proof of the proposition. Note that
in this case, we could actually apply Lemma 3.2 and 3.3 of [LR] as we are in the PGL,
case. O

We will show that for each irreducible root system ® # A;,B,,, a minimal element
of P(Z®) is given by (P(®),n(®)), where P(®) = ®nca,Ze, is the permutation lattice
on the set of short roots &7 and

w(®): P(®) — ZP, e, — a.
Let K(®) = Ker(n(®)). Tt turns out that P(A,_1) = Z[S,/Sn_2], K(An_1) = ZAD?,

and the Formanek—Procesi sequence above is precisely that given by (P(A,—1), 7(An—1)).
There is also an analogous construction to that of (5). Let

P_ ((I)) = @a€(¢o)+Z(ea - 6—01)'

Then P_(®) is clearly a W-sublattice of P(®). Let K_(®) = P_(®) N K(®). Then
K_(An_1) = N*(ZA,_1) and 7(®) restricted to P_(®) gives the exact sequence

0— K_(®) — P_(®) — 2ZP — 0,

as in the case of A,,_1.
In Section 4, we examine the cohomological properties of the sequence

0— K(®) — P(®) —Zd — 0. (6)
We consider when it is possible to have (6) in the image of the map
Extyy, (Z®, K_(®)) — Extyy, (Z®, K(®))

and find that this is possible if and only if ® = A,,_1, n odd. More generally, we examine
the question of when compressions of the above sequence are possible.

In Section 5, we determine minimal elements of P(X(T)) and r(X(T)) for each
simple algebraic group G with maximal torus 7". This gives us rough upper bounds on
edw (X (T)) in each case.

3. Essential dimension of simple adjoint groups

In this section we will determine an upper bound on the essential dimension of the
simple adjoint groups. We first discuss some preliminary material about permutation
resolutions and root systems.
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3.1. Permutation resolutions

Let H be a finite group and Y an H-lattice. We want to determine (P,7) € P(Y).
That is, we want to find an H-epimorphism 7 : P — Y from an H-permutation lattice
P with Ker(w) being a faithful H-lattice.

We will begin with some general observations about homomorphisms from permuta-
tion lattices.

Remark 3.1. Let Hy be a subgroup of H. Then Homgzpy(Z[H/Ho],Y) is in bijective
correspondence with Yo, This is just the easiest case of Shapiro’s Lemma, i.e., for
n = 0. Explicitly, any ¢ € Homgzy (Z[H/Hy],Y) is completely determined by its value
on Hy, g(Hy), which must be fixed by Hy. Conversely, for any y € Yo the map
Z[H/Hy] — Y, hHyw— hy, is a well defined H-map.

Notation. Let y; € Y and let H; be a subgroup of Hy, fori =1,...,k where H, is the
stabilizer subgroup of y € Y in H. Then fy, . . will denote the H-homomorphism

fyl,___,yk : @?=1Z[H/HZ] — Y, (thI; ey thk) — Zle hzyz

Remark 3.2. Let H;, i = 1,...,k be subgroups of the finite group H, let y; € Y for
i = 1,...,k and let Y be an H-lattice. Then fy, ., is an H-epimorphism from
@®F_|Z[H/H;] onto Y if and only if
(a) H; < Hy, foralli=1,... k;
k
(b) Zi=1(ZH)yz‘ =Y.

Proposition 3.3. Suppose H is a finite group and Y is a faithful H-lattice such that
QY is an irreducible QH space. Then:

(a) Suppose g : P — Y is an H-epimorphism. Then M = Ker(g) is a faithful H-
lattice if and only if for every nontrivial normal subgroup N of H, rank (P™) <
rank (M);

(b) rank (Z[H/Ho|™) < [H : Ho]/2 for any subgroup Hy of H,, any 0 #y €Y and
any nontrivial normal subgroup N of H. In particular, Z|H/Hy] is a faithful
H-lattice;

(¢c) If ZHy =Y for some Hy < H,, then g: Z[H/Hy| — Y,hHy — hy is an
H-epimorphism such that M = Ker(g) is a faithful H-lattice if [H : Hp) >
2rank (V).

Proof. (a) Let N be a normal subgroup of H. Then 0 — MY — PN — Y/ is an exact
sequence. YV is an H-sublattice of Y so that QY is a QH submodule of QY. But
QY is irreducible and faithful as a QH module so that QY'Y = 0, and hence YV = 0.
So MY = PN and hence rank (M*?) = rank (P"). Note also that PV < Ker(r) = M
as m(PN) c YV = 0 so that rank (PY) < rank (M).

Let No = Ker(H — Aut(M)), then MNo = M so that rank (M) = rank (P™V°). Now
if rank (PY) < rank (M) for all nontrivial normal subgroups N of H, then Ny = 1 so
that M is a faithful H-lattice.

Conversely, suppose M were a faithful H-lattice and N is were a nontrivial normal
subgroup of H. If rank (P") = rank (M), it follows that M = P" as both P/P" and
P/M are torsion free and PV C M. This would contradict the fact that M is a faithful
H-lattice. So rank (PY) < rank (M) for every nontrivial normal subgroup N of H.

k
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(b) Claim: Given 1 # hg in Hy, there exists an h € H such that h=thoh ¢ H,.

Suppose not. Then hohy = hy for all h € H. But QHy = QY as QY is an irreducible
QH module. This implies that hg fixes all elements of QY, which contradicts the fact
that QY is a faithful QH module. So, by contradiction, there exists h € H, h~*hoh & H,,
as claimed.

Note that it follows from the claim that H, cannot contain a nontrivial normal
subgroup NN of H since otherwise for any hg € N C Hy, there would exist h € H such
that h='hoh € H, and hence not in N, contradicting the normality of N.

Now let N be an arbitrary nontrivial normal subgroup of H and let Hy be a subgroup
of Hy,. From the above remark we know that N N H, is a proper subgroup of N and
hence N N Hy must also be a proper subgroup of N. Using Mackey decomposition, we
will determine Res& (Z[H/Hy)):

ResN(Z[H/Ho)) = ®p=nni,Z[N/hHoh™" N N]

where the sum is taken over the set of double cosets of N and Hy in H. Fortunately,
since NN is normal, the double cosets of N and Hy in H correspond to the left cosets of
the subgroup N Hy in H. Note also that the subgroups hHoh~' NN are all conjugate in
H since N is normal. So rank (Z[H/Ho]") is the number of N-orbits in Res¥ (Z[H/Hy)),
or equivalently, the number of cosets of NHy in H. But this number is

|H||N N Ho|
|Hol| V|

Since N N Hy is a proper subgroup of N, rank (Z[H/H,]") is at most |H|/2|Hy| = [H :
Hy)/2. Tt follows that Z[H/Hy) is a faithful H-lattice.

(¢c) We already know that ¢ : Z[H/Hy] — Y,hHy — hy is an H-epimorphism.
By (a), to check that M = Ker(g) is a faithful H-lattice, we need only show that
rank (Z[H/Ho)V) < rank (M) for all nontrivial normal subgroups N of H. But by (b),
given a nontrivial normal subgroup N of H, rank (Z[H/Ho|N) < [H : Hp]/2. Since
rank (M) = [H : Hy] — rank (Y), rank (Z[H/Ho|") < rank (M) if [H : Hy] > 2rank (V).
O

3.2. Weyl groups, root lattices and weight lattices

Let ® be a root system with Weyl group W = W (®). Let (-,-) be a fixed W-invariant
bilinear form on Q®.

If ® is irreducible, there are at most two root lengths, and all roots of a given length
are conjugate under W. If ® has two distinct root lengths, we refer to short and long
roots. The set of short roots, @, is again a root system with respect to the same root
pairing (-,-). If ® is irreducible with only one root length, then ® = ®(. In the cases
in which there are two root lengths, the WW-orbit of a short root spans the root system
over 7Z.

The weight lattice of ® is

A@)={ Q2| (\a)€Z,ac D}

where (v, w) = 2(v,w)/(w,w). We will sometimes abbreviate A(®) by A where there is
no confusion.
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For each root system ®, we will fix a root system base A = {aq,...,a,}. Let s;
be the reflection in the root ;. Let {w1,...,w,} be the set of fundamental dominant
weights corresponding to A. That is, (w;,a;) = d;; for all 4, j. Note that any weight
A € A(®) can be written uniquely as A = Z?=1<)\,o<j>wj and that Z® C A(®). A
weight is called dominant with respect to A if (A, a;) > 0 for all ¢ = 1,...,n. We
will refer to Humphreys’ lists of bases [Hul, pp.64-65] and their corresponding sets of
fundamental dominant weights [Hul, p. 69] for each irreducible root system ®.

If J is a subset of {1,...,n}, the parabolic subgroup

Wy=(s;jljeJ)

is the Weyl group of @, the root system with base Ay = {o; | j € J}.
The isotropy subgroup of A\ € A is

Wy ={weW | wk=2A}

There is a nice description of W for any A € AT where A* = {>"1" | m;w; | m; > 0} is
the set of dominant weights with respect to the base A. That is:

W)\ = <Si | Si>\ = A>
So in each case the isotropy subgroup is a proper parabolic subgroup of W. Since
$;{W; = Wy — 6ijai,

we see that W, = (s1,...,8;,...5,) corresponds to the maximal parabolic subgroups
of W. Let A\ € A. Then there exists a unique w € W such that wx € At. If w\ =
Z?:l kiw; € A+,

’LUW)(LUfl = Wy = <Sj | kj = O> = ﬂkj;ﬁOij.

A root a € ® can be written uniquely as o = 2?21 c;a; where the ¢;’s are integers
that are of the same sign. If ¢; > 0 for all 7, then « is called a positive root with respect
to A. We denote by @, the set of all positive roots in ¢ with respect to the base A. For
a positive root & = Y7, ¢;;, the height of « is defined as height(a) = Y"1, ¢;. There
exists a unique highest root which is always long. There also exists a unique highest
short root which we will denote by a.

3.3. Proof of Theorem 1.3

Let G be a simple group of adjoint type with maximal torus T". Since G is adjoint, the
character lattice X (T') associated to T' and G is Z®, the root lattice of the root system
® associated to G and T. Let the Weyl group of ® be denoted by W = W ().

Set P(®) to be the permutation W-lattice with Z-basis

{ea | v € Do}

in bijective correspondence with the set ®¢ of short roots in ®. Let W act on P(®) via
Weq = €y, for all w € W,a € ®y. Then there exists a natural W-epimorphism from
P(®) to Z®P, namely

7 =7(P): P(®) — ZP, e, — .
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Let K(®) be the kernel of this map. Note that 7 : Z[W/W5] — P(®), wWg — eyg is a
W-isomorphism for which f5 = 7(®) o g where f5 : Z[W/W5] — P(®), wWg — wa.
Note that P(A,) = Z[Sp+1/Sn—1] and 7(A,,) corresponds to the map
Z[Sn+41/Sn—1] — ZAn, yij — & — ;.
So K(A,) = (ZA,,)®? and the exact sequence
0— K(®) — P(®) —ZP® — 0
is a direct analogue of the Formanek—Procesi sequence for other irreducible root systems.

Proof of Theorem 1.3. For the first statement, let p : P(®) — Z, e, — 1 be the
augmentation map. Assume ® # A;, B, and set Py(®) = Ker(p) and K¢ = Ker(p) N
K(®). Since ® # A1, B, there exist a, § € ®¢ with (o, 5) = —1. So a+ 5 = sg(a) € Po.
But then 7(Py(®)) = Z® since a+ 3 € p(Po(P)) and the W-span of a short root is Z®.
For the a, 3 € ®g above, a+ 5 € ®p, © = eq + €3 — ea+p € K(P) and p(x) = 1. This
shows that p(K(®)) = Z.
So we have the following commutative diagram with exact rows and columns:

Ko(®) —— Py(®) — Zd

|

K(®) —— P(®) —= 7& -
Z j— Z
In order to apply Corollary 2.2 to this diagram, we need to verify that K (®) and Ko(®)
are faithful W-lattices.
We have that P(®) = Z[W/W5] and that, under this isomorphism, the map © = 7(®)
corresponds to
fa : Z[W/Wa] — Z(I), wW& — wa.

Since ® # Aq,B,, rank (P(®)) = [W : W3] = |®o| > 2n, and hence we may use
Proposition 3.3(c) to conclude that K(®) is a faithful W-lattice. Now, since

0 — Ko(®) — K(®) —Z —0

is exact, Ko(®) must also be a faithful W-lattice, otherwise there would exist a nontrivial
normal subgroup N which fixes both Ky(®) and Z and hence also fixes K(®). By
contradiction, Ko(®) is also a faithful W-lattice. Then the result follows by applying
Corollary 2.2 since rank (P (®)) = |®o| — 1.

For the second statement, note that for ® = Ay, B, there exists a commutative
diagram of the form

0 —— P(®) & K(D) P(®) @ P(®) 7® 0

ﬂ L

0 —> P_(®) & K(®) — P_(D)® P(D) Zd 0
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where P_(®) is the W-sublattice of P(®) with Z-basis {eq —e_o | @ € (Pg)+}. Since
® = A1, B, we have P_(®) = Z® and hence it is W-irreducible and thus a faithful
W-lattice. This shows that P_(®) @ K(®) is W-faithful. Since K(®) and P_(®) both
have rank n in this case, and P(®) & K (®) is W-faithful, the second statement follows
from an application of Corollary 2.2. [

Remark 3.4. Note that Corollary 1.4 now follows directly from Proposition 3.3 and the
cardinalities of the corresponding short root systems. Observe also that we will later
prove in Corollary 5.9 that (P(®),w(®)) is a minimal element of P(Z®) if ® # Ay, B,
and (P(®) @ P(®),(m(®),0)) is a minimal element of P(Z®) if ® = A;,B,. Then
T(Z‘I)) == |‘b0| if ¢ 7& Al, Bn and T(Z‘I)) = 2|(I)0| if = Al, Bn

4. Existence of N-compressions of X (g

In this section, we look for N-compressions of X (g) where
m(®): P(®) — ZP, e, q,

for an irreducible root system ®. We first discuss some preliminaries about the coho-
mology and W-lattice structure of the root and weight lattice of ®.

4.1. Cohomology and representation theoretic properties of the root and
weight lattices

We will use the notation and definitions of Section 3.2. Let W = W(®) be the Weyl
group of an irreducible root system ® and let Z® be its root lattice, ®¢ its set of short
roots and A its weight lattice. Let a be the highest short root of ®.

Let Supp{a} = {j | (@, ;) # 0} and let I = {1,...,n}\ Supp{a}. Set ®; to be the
subroot system of ® with base {«; | ¢ € I} and set Wy = W(®;). Then, by the above
discussion, W5 = W7.

The following lemma gives a list of the highest short root &, I and Wy for each
irreducible root system.

Lemma 4.1. Let the notation be given as above. For any irreducible root system @,
the highest short root & is a dominant weight so that Wz = W (®;). The following is a
list of a, W5 and ®; for each irreducible root system ®.

For ® = A1, a =2w;, I =¢ and Wz = 1.
Ford=A,,n>2 a=wi;+w,, &1 =A,_2 and Wz 2 W(A,_2).
For ® =B, a = w1, ®; =B,,—1 and Wz =2 W(B,,_1).

For®=C,, a=ws, &; =A1UC,_2 and W5 = W(Al) X W(Cn,Q)
For ® =D, a =wsy, &1 = A1 UDy_2 and Wz 2 W (A1) x W(D,,_2).
For ® = Eg, @ = wa, &7 = As and Wz = W(A5).

For ® = E7, a= w1, (I)[ = DG and Wa =W DG)

For ® =Eg, a = wg, Py =E7 and Wag =W
FOT@ZF;;, a:’(D4, (I)[:B;g andW&%W
For® =Gy, a=w, ®; =A and W =W
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Proof. Suppose (@, a;) < 0 for some j. Then s, (&) = @+ «; is another short root with
height larger than that of &. By contradiction, (&, a;) > 0 for all i = 1,...,n so that &
is a dominant weight. By [Hu2, pp.22-23], W5 = (sq, | (@, aq) = 0) = W(®y) = Wr.
The rest of the lemma is simply a list of the highest short roots [Hul, p.66] expressed
in terms of the fundamental dominant weights for the convenience of the reader. [

The following technical lemma gives cohomological information about the W-lattice
Z®. It was first proved in [Kl]. The proof is supplied for the convenience of the reader
as the above reference is not easily accessible.

Lemma 4.2. Let ® be an irreducible root system. Then

. [ Z)2Z if®=A.,B,,
H= (W, 22) = { 0, otherwise.

Proof. By definition,
Hil(VV, Z(I)) = Kerze (Nw)/ ZwEW Iqu>(w — 1)

For every a € 9,
Ny (a) = ZwEW wa = |[Wy| dewaﬂ =0

where the last equality follows from the fact that Wa = W(—a) = —Wa. Since the
root lattice is spanned by ®, this shows that Kerze(Nw) = Z®. Since A is a Z-basis
for the root lattice, we have Kerze (Nw) = & Zay;.

Recall that if a finite group H is generated by a subset .S, and X is an H module,
we have } 7, .y Imx(h —1) = Y7  gImx(s —1). Applying this fact to the generating
set {s; |i=1,...,n} for W, we find that

Swew Imze(w —1) = 30 Tmze(s; — 1) = >0, (3072, Z{ay, i) ai.
By examining the Cartan matrix for each irreducible root system, we observe that

{{oj, o)} = 2, ifi=nand ®=A; or® =B,;i=n,
W il = 1, else.

ged
Jj=1,..

Ln

Together with the first paragraph this gives the result of Lemma 4.2. [

We now need some more information about the structure of A(®g) as a W-lattice.
Note that

A®@y) ={veQPy=Q2 | (v,8) € Z for all § € Dy}

where (v,w) = 2(v,w)/(w,w) is still defined using the fixed W (®)-invariant bilinear
form (-,-). This shows that even if ®¢ # @, the lattice A(D¢) is still a W (P)-lattice. In
fact, when ®¢ # @, W(®) = Aut(Po).

Lemma 4.3. (Z®)* is isomorphic as a W(®) lattice to A(Dy).
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Proof. Let 1,..., 3, be aroot system base for ®,. Let A1,..., A, be the corresponding
fundamental dominant weights. Then (i, ..., 3, is a Z-basis for the root lattice for ®.
Let (-, -) be the W (®)-invariant bilinear form on Q® used to define (-, -). Let r = (&, @).
Note that r = (a, ) for all a € ®g. Define

0: A(®o) — (ZB)*, A (\,).

Since §(A) = (A,-) = 2(X,), it is clear that O(X\) € (Z®)* and that ¢ is a Z-linear map
from the bilinearity of (-,-). Now f(w))(a) = 2(wA, o) = 2(A\, w™ ) = (wh)(cv) for all
A € A(Dy) and o € . Moreover, %()\i,ﬂj) = (N, B;) = 6;5 = B7(p;) for all 7,5 so that
0(X\;) = 37 for all 7. This shows that 6 is a W (®)-isomorphism as required. O

The next lemma describes the structure of A(®) as a Wy lattice. It requires some
more notation and conventions about the structure of the base chosen for ®g.

Notation. We will denote the base of the short root system ®g by Ag = {61,...,0n}
and its corresponding fundamental dominant weights by {A1,..., A, }, which will give a
Z-basis for A(Pg). If & = Pg, we will choose §; = ; for all i = 1,...,n so that Ag = A
and \; = w; foralli=1,...,n. When ® # ®,, we will choose the order of Ay to match
that of the base of the root system ®( that we chose before (i.e., [Hul, pp. 64-65]). The
order of the fundamental dominant weights A1, ..., A, will then correspond. Note that
the highest short root & of ® is the highest root of ®y and hence is a dominant weight
with respect to Ag. If ® = B,,, then @y is of type AT; if & = C,,, then @ is of type Dy;
if ® = Fy4, then ®¢ is of type Dy, and if & = Gg, then ®q is of type A;. In each case
W(®) = Aut(Py).

Lemma 4.4. For any subset J of {1,...,n},
0 — A®)V(®) 5 A(D) — A(D;) — 0

is an exact sequence of Wy = W (®j)-lattices. It is also an exact sequence of Aut(®P y)-
lattices.

Proof. Note that

$;W; = Wy — 6ijaj =w; — (Sij ZZ:1<aj7ak>wk; 1< i,j <n.
Then since W(®;) = (s; | j € J), we have that A(®)V(®7) = @4 ;Zw;. Let w&-’,j eJ
be the set of fundamental dominant weights with respect to Ay = {«a; | j € J}. Then

J — ) iy ) J oo
SiW; =Wy — 0ij Zkgl(%aaﬂwkv 1,7 € J.

Now &; = w; +A(®)W(®1) j € J is a Z-basis for A(®)/A(®)"(®7) and from the above,
it is clear that

A(q))/A((I))W(CbJ) - A((I)J)a ﬁj = w_}]a.j € J7

is an isomorphism of W(® ;)-lattices. In fact, it is also an isomorphism of Aut(® ;) =
W(® ;) x Diag(A s)-lattices where Diag(A ;) is the diagram automorphism group of A s,
since Diag(A ;) permutes w;,j € J. O
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4.2. Compressions of the analogue of the Formanek—Procesi sequence

In this section, for the Weyl group W = W (®) of an irreducible root system ® # Aq, B,
we ask when there exists a commutative diagram of W-lattices

0 —— K((I)) P((I)) 0

7.
L H 7
X 7.

or, equivalently, when

[0 — K(®) — P(®) @ 70 0] € Im(Exty, (Z®, K_(®)) — Extyy (Z®, K(®))). (8)

Recall that P(®) is the W-lattice with Z-basis {en | @ € ®p} on which W acts by
permuting the short roots and P_(®) is the W-sublattice

P_(D) = DacayZ(eq — €—n)-

The W-map
7=m(P): P(®) — ZP, en+— a,

is surjective with kernel K(®) and K_(®) = K(®) N P_(®). As we have discussed
before, in the A,,—1, n > 3 case we have

K(An-1) = (ZA,-1)®?,  P(An_1) = Z[Sn/Sn—2], K_(®) = N*(ZA,_1),

and the sequence in the top row of (7) is the Formanek—Procesi sequence. In the A,
case, Lorenz and Reichstein in [LR] found a better upper bound on ed(PGL,), n > 5
odd, using a special case of Corollary 2.2, by showing that a commutative diagram
as above exists in this case. It is natural to ask whether we could find an analogous
bound on the essential dimension of the other simple adjoint groups by answering the
analogous question for the corresponding root systems. Unfortunately, we will find in
Proposition 4.13 that there exists a diagram of the form (7) if and only if ® = A,,_4,
n > 5 odd. We will do this by answering the cohomological question (8). In order to do
this, we need to first look at the W-lattice structure and the cohomology of the lattices
in the exact sequences

0— K(®) — P(®) —Zd —0

and
0— K_(®) — P_(®) — 2(Z®) — 0

where the second map in the second sequence is the restriction of 7(®) to P_(®).
Now
P_(®)=ZW OW; x (s5) ZL¢
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as a W-lattice where Z¢ is the rank 1 ZW3 X (sg) lattice on which W5 acts trivially and
sg acts as multiplication by —1. Let Py (®) be the W-sublattice of P(®) with Z-basis

{eat+ea|a€ (o)}
so that
P+((I)) =W OWs x (s5) Z

as a W-lattice. There exist natural surjective W-lattice homomorphisms from
P(®) — PL(D), eqreqte_q,

with kernels P+(®). Note that P_(A;) = ZA; and that P_(B,) = ZB,. In both
cases, eg, — e_g, — [J; defines the isomorphism. This shows that K (®) = Py (®) is a
permutation lattice for & = Aq, B,,. Note that in general, for all ®, P, (®) is a sublattice
of K(®).

We need to determine Ext{y, (Z®, K (®)) and Extjy, (Z®, K_(®)) in order to ascertain
when the induced map

Extyy, (Z®, K_(®)) — Extyy, (Z®, K(®))

is surjective. Applying cohomology to the analogue of the Formanek—Procesi sequence
above, we obtain the exact sequence

Homyy (Z®, P(®)) — Homyy (Z®, Z®) — Extyy, (Z®, K(®)) — Extiy, (Z®, P(D)).

We will first determine Extiy (Z®, P(®)) and find that it is usually zero.
Recall that P(®) = Z[W/W5] where a is the highest short root of ®. Note that W
is the parabolic subgroup W; where I = {1,...,n} \ Supp{a}.

Proposition 4.5.

Z/2Z if d =B,,

Exty, (Z®, P(®)) = H' (Wa, A(®o)) = {0 else.

Proof. The first isomorphism follows from the fact that P(®) = Z[W/W5] and then

Exty, (Z®, P(®)) =~ H! WHom(Z@ P(®)))
! Hom(Z®,Z))
7( ®)")

A(®o))

where the first isomorphism follows from Shapiro’s Lemma and the third from Lem-
ma 4.3. So it suffices to determine H*(Wg, A(®g)) in each case.
If®=A,n=1,2, then Wiz = 1 so that the result is trivial in this case.
fe=A,n2=3; Dn, Eg, E7, Es, then &y = @, so by Lemma 4.4,

1

H
H

1%
2

1

(

(W
I(W

H(W.

II2

0 — A(@)Va — A(®) — A(DP;) — 0
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is an exact sequence of W5 = W7 lattices. Then
0= HI(W&, A(@)W&) — Hl(Wa,A(CI))) — Hl(Wa,A(CI)[))

is exact. Now HY'(Wgz,A(®;)) = H' (Wi, A(®r)) & H Y (W[, Z®;). For A,, n >
4; Eg, E7, Eg, @5 is an irreducible root system not of type A; or B,, so we have
HY (W5, A(®r)) 2 H Y (W;,Z®) = 0, and hence H! (W5, A(®)) = 0 in these cases.

For As, W5 = (s2) and s9 fixes w1, w3, but sso(ws) = w1 — wa + ws. Since {w; —
wy + w3, we, w3} is an alternate basis for A(P), we see that A(P) = ZW5 @ Z so that
H' (W5, A(®)) = 0.

For Dy, Wa = (s1, 83, 84) = (C2)3. Now for i = 1,3,4, s;(ww;) = —w; + we; si(wj) =
w;, j # 1, so that s; permutes the basis w;, —w; + w2, w;, wk, where {2,1,5,k} =
{1,2,3,4}. Hence H'({s;), A(®)) = 0 for i = 1,3,4. Applying the inflation-restriction
sequence to A(®), we note that

HY (W /(51), A(@) ) — H' (W, A(®)) — H({s1), A(®)) =0
is exact. So H*(Wg, A(®)) = H*((s3, 84), ®}_5Zww;). Applying the inflation-restriction
sequence again, we see that H(Wz, A(®)) = H!((s3), ®?_,Zw;) = 0, since s3 permutes
— w3 + w2, W3.
For D,,n > 5, Wy = (s1,83,...,8,) = W(A1) x W(D,,—2). Since W(D,,_2) =

(83,...,8n) is a normal subgroup of W5, we may apply inflation-restriction to obtain
the exact sequence

0 — H'(Wa/W(Dn2), A(®)"Pr=2)) — H' (W5, A(®)) — H'(W(Dp_2), A(D)).

Applying Lemma 4.4 and cohomology to J = {3,...,n} and W(D,,—2) = W(®,) for
W = W(D,,), we find that

0= H'(W(Dy—2), A(®)" ©-2)) — H'(W(Dy—2), A(®)) — H'(W(D,—2), A(®,))

But by Lemmas 4.3 and 4.2, H*(W(D,,_2),A(®;)) 2 H Y (W (D,,_2),Z®;) = 0. So we
may conclude that

HY (W, A(®)) = H ({s1), &7, Zeon) = 0,

since s; permutes the basis —wy + wo, w;.

For Cp, n > 3, W5 = (s1,83,...,8n) = W(A1) x W(C,—2). Note that W(Pg)z =
W(A;) x W(D,,_2) is a normal subgroup of Wy with A(®¢)"V(®)s = Za. But since
Wa /W (®p)s is generated by an element which permutes A,,—1 and A,, and fixes all other
Xi,i #n —1,n (in particular & = A2), we see that

H' (Wa /W (®o)a, A(®o)" (P0)%) =0,
so that by inflation-restriction,

0 — H'(Wz, M(®o)) — H'(W(Po)a, A(Po)) = H' (W(Dn)a, A(Dy)) =0
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is exact, where the last equality follows from our calculations for D,,,n > 4 and D3 = As.
So HY (W5, A(®g)) = 0.

For Fy, W5 = (s1,89,s3) & W(B3) and &9 = D4. Note that W(®g)s is a normal
subgroup of Wz with A(®g)V(®0)a = Za. But since W5 /W (®p)g is isomorphic to a
subgroup which permutes A1, A3, A4 and fixes & = Ay, we see that

Hl(Wa/W((I)O)am A(q)O)W((I)O)&) = Oa
so that by inflation-restriction,
0 — H'(Wa, A(®q)) — H'(W(Po)a, A(®o)) = H'(W(Da)a, A(Ds)) =0

is exact, where the last equality follows from our calculations for D4. So HY(Wg, A(®o))
=0.
For Gg, W5 = (sq,) = Ca. We can see directly that sq, (A1) = —A1 and Sq,(A2) =
A2 — A1 so that s,, permutes the basis Ay — A1, A2 of A(®g). So HY(Wg, A(®g)) = 0.
Lastly, for By, n > 2, W5 = (s2,...,$n) Z W(Bn_1), &g = AT and A(Dg) = @], Z)\;
where \; = %ei. So A(®g) =Z i & B ZN, 2 Z S ZB,_1 as W5 = W (B,,_1) lattices.
But then H'(Wg, A(®g)) = H' (W (B,—1),ZB,_1). Now C;~! is a normal subgroup of

W(Bj—1) with ZBTCLZ__1 =0and W(B,_1)/Cy 2 S, 1, so by the inflation-restriction
sequence,

HYW(B,_1),ZB,_1) = HY(Cy~',ZB,, ;)%
> [H'(Cp, 2 )" 1) = [(z/22)" ') = 22,

since S,,—1 permutes the n — 1 copies of H1(Ca,Z_). So HY (W5, A(®)) = Z/27Z in this
case. [

Then, by Proposition 4.5, for all ® # B,,, we find that
Extiy (Z®, K(®)) = Coker(Homyy, (Z®), P(®)) — Homyy (Z®, Zd)).

To determine Homyy (Z®, P(®)) and Homyy (Z®, P, (®)), we need to find the Wx-orbits
on Pg.

Notation. Let the irreducible components of ®; be denoted by &7,k =1,...,r. We
will denote ®7, N @ by CIJ(I)k. Define

O(a); ={B € P | (B,a) =i}
for a € ®g,i = 0,£1,£2. Lastly, set
Pi(a) ={j|aj € O(@)}.

Lemma 4.6. The orbits of W5 = Wy on ®g are @?k,k =1,...,r; £Wr-a;), j €
Pi(a); {a} and {—a}. Moreover,

O(@)o = Up_1 @0, O(@)11 = Ujep, Wi - (£a;),  O(a)+2 = {£a}.
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Proof. Wj stabilizes the sets
O(a)’t - {/6 € @ | <ﬂaa> = Z}a i =0,zx1,+2,

since for w € Wy, (wf, @) = (wfh,wa) = (B, &). Note that ®q is the disjoint union of the
sets O(a);, i = 0,1, £2. We need now determine how the O(a); split into Wx-orbits.
It is clear that O(a), = {a} and O(a)_2 = {—a}. Since these are each one element
sets, they are Wx-orbits.

Observe that for all roots «, 3, we have (o, 3) = 0 if and only if (5,a) = 0 and
(a, BY(B,) > 0. The first observation implies that for § = 2?21 mia; € Oa); we
have

(B,a) = ZjESupp{a} mjay, a) = i. 9)

Using the second observation above and the fact that « is dominant, we see that 8 €
O(a)p if and only if 8 € &; N Py. So the Wi-orbits of O(a)y are in bijection with the
connected components of ®;. That is, the W;-orbits of O(a)o are <I>(I)k, k=1,...,r as
required.

Observe that for A; and B,, we have P (&) = @. But by (9), we see that O(a); = @
as well in these cases, as required. For all other ®, P;(a) = Supp(a). For A,,n > 2,
Py (@) has cardinality 2, and for all other cases P; (&) has cardinality 1.

Assume ® # Ay, B, so that P (a)=Supp(a). We claim that O(a); = Ujep, &) Waay.
From (9), we see that if 3 = Y°7 | mja; € O(@)1, then

ﬁ = qj + Zk&Supp(&) MEQ (10)

where j € Supp(a) = Pi(a), so that § € & N ®3. We proceed by induction on the
height of § € O(a); to show that § € Wxa;. If height(3) = 1, then 8 = «o; € Wxa;.
Let 8 € O(a)1 have height(8) > 1. Then § € ®4 N ®( is not a simple root. This
means that there exists a simple root aj such that (G, ax) > 0 [Hul, p.50]. If this
holds for «;, it implies that (3, ;) = 1 as both roots are short and not equal. Then
v =35;) =08—-—0a; € 1N Py and (F,7) = 1 so that s,(5) = a; or f = s,a; €
Wrag. If (8,05) < 0, then there exists ay, k # j, with sp(8) = f — ar € O(a)
with height(si(5)) = height(3) — 1. Note that s;(5) € @4, so that by (10), we have
k & Supp(a), and hence ay, € ®;. By the induction hypothesis, sx(5) € Wra;, and so
B € Wraj as s, € Wr. So O(a)1 = Ujep, @) Wiy, as required.

Since O(a)-1 = —O(a)1, we see that this implies that O(a)_1 = Ujep, (@) Wr(—ay).
O

Corollary 4.7. If ® # A,,, then P(®)"a has Z-basis
{ZBEO(&)l g, Zﬁe@(&),l €3, €5,€—5 U {Zﬁecb?k eglk=1,...,r}
and Py (®)"a has Z-basis

{Escow@, (s +e-p)eatealU{ise eolk=1. .1}
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Proof. If ® # A,,, then O(a@): is itself a Wx-orbit. The rest of the first statement
follows from Lemma 4.6 and the fact that P(®) is a W-permutation lattice with basis
{ea | @ € ®p}. The second statement follows from Lemma 4.6 and the fact that
P (®)Ws = P(@)Van P (®). O

If ® = A,, n > 2, then K_(ZA,) = A*(ZA,) is an irreducible S,,;-lattice. The
next lemma proves the analogous result for the W-lattice K_(Z®) for ® # A;,B

Lemma 4.8. K_(®) is an irreducible W-lattice if ® # A1, B

Proof. Recall that K_(®) = 0 for ® = A;,B,,. For ® = A,,n > 2, K_(®) = \*(ZA,)
which is an irreducible ZS,,;1-lattice [FH, Ex.4.6, p.48]. Now assume ® # A,,B,,.
Note that

QP(®) = QP_() & QP, (&)
as QW-modules. Note also that from Corollary 4.7,

QP(2)"* = Qea ® Qe—a ® QY sco@m), €8 + QY peco@)_, €8 ® ®i=1Q Zﬁe@‘}k €s
so that
QP(®)Wax(sa) = (QP(®)Wa)(sa) = Q(ez+e_a)BQ Zﬁeo(&)il eg®dT_,Q Zﬁ@?k €3,
since s (@) = —a; B € O(@)+1 if and only if s5(8) € O(a)+1 and sz(3) = fif § € ®;.

Now
Homgw (QP-(®), QP (®)) = Homguy, x(s,) (AP~ (), Q)
QP (#))"V= ()
= (QP(®))Wax{s2) N QP_(®) = 0.
The last equality follows from the fact that if € (QP(®))Wa*{sa) 0 P_(®), then

1

r=plea te-a)+ q(ZﬁeO(&)il es) + Xpe1 5k(25e¢gk €s) = Y pea, MBEH

for some p,q,s1 € Q and m_g = —mg for all 5 € ®5. Now p=m_z5 = —mg = —p
implies that p = 0. Since § € O(&)41 implies —3 € O(a)x1, we see that ¢ = 0,
and since 3 € @?k if and only if —(3 € @?k, we see that s = 0,k = 1,...,r. So we
see that QP_(®) and QP4 (®) have no common irreducible QW-submodules. Then by
Corollary 4.7, we have

dim (Homguy (QP_ (®), QP_(®)))

dim (Homgw (QP(®), P(®)))
— dim (Homgw (QP; (®), Py (®)))
dim ((QP(®))"*) — dim ((QPy. (@)= s)) = 2.

But dim(Homgw (QP-(®), QP_(®))) is Zle n? where k is the number of irreducible
components of QP_(®) and n; is the number of irreducible components of QP_(®) of
the ith type. Since

QP_(2) = QK_(®) & Q@
is a decomposition of QW-modules with Q® irreducible, then QK _(®) must be an
irreducible QW-module. Hence, K_(®) is an irreducible W-lattice as required. O

The following lemma will be useful for computing Extiy, (Z®, K (®)).
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Lemma 4.9. For any a € Py,

Zﬁe@o (a, B)B = 2ha
where h is the Cozeter number of the irreducible component ®(, of o to which o belongs.
In particular,

Zﬁe@(a)l 8= (h—-2)a.
Proof. Observe that

ZBE% (o, B)B = Zi—z ZBEO(@L (o, B)B = Zﬁeo(a)l B+ Zwe@(a)_l (=) + 4da.
Since O(a)-1 = —O(a)1, we see that

256‘1’0 <Ot, ﬂ>/6 = 2(Zﬁ60(a)1 ﬂ + 20&)
So the two statements are equivalent.
Note that

ZB@I)O (a,3)8 = Zﬁe@() (a, B)B,
since (o, 3) =0 for all § € O\ ;.
Now
79y — L%, aw Zﬁecb() (o, B)8,
is an element of Homyy (Z®), Z®}) = Zid. So ) 4, (@, )3 = Na for some N € Z.
Applying (-, @) to both sides of this equation, we see that

N = % Zﬁe@o <O¢, ﬂ>2
By symmetry,
N =|0(a)1| + 4.
Moreover, since every a € ®g can be expressed as a = wa for some w € W and
O(wa); = wO(a);, we have
N =|0(a)1| + 4.
Since « is the highest root in the irreducible component of ®g to which it belongs,
we have by [Hu2, p. 84] that height(a) = h — 1.
We will compute length of an element of W(®,) with respect to the base Ay C &
of ®y. Note that by [Hu2, p. 14],

length(sz) = {8 € (o)™ | sa(8) € (Do)} = [{B € R0 | (B,a) > 0} =]O(@)1] +1.

The following claim will complete the proof:
Claim: length(sg) = 2height(a) — 1.
Assuming this claim, we see that |O(&)1]| + 1 = 2h — 3 so that N = 2h, as required.

To complete the proof we prove a slightly stronger statement than the claim. Namely,
we show that

length(s,) = 2height(a) — 1 for all o € (®g)™

by induction on the height of . For a simple root «, it is clear that length(s,) =1 =
2-1—1 = 2height(a)—1. Assume height(«) > 1. Then « is a positive nonsimple root. So
there exists a simple root 3 with («, 3) > 0, [Hul, p.50]. Then sg(a) = a— € (Pg)"
has height(sg(a)) = height(a) — 1, whereas by [Hul, p.43] and [Hu2, p.12], we have
length(ss,o) = length(sgsass) = length(sgse) — 1 = length(s,) — 2. Applying the
induction hypothesis to sg(a), we get length(s,) — 2 = 2(height(a) — 1) — 1 so that
length(s,) = 2height(a) — 1 as required. O
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Lemma 4.10.

Z/hZ, ®=A,,Bn,,

Coker(Homyy (Z®, P(®)) — Homy (ZP,ZP)) = { ZJ2hZ,  otherwise.

Under the map induced by the commutative square

P_(®) 2Tq> 0
P(®) 7d 0

the image of
Coker (Homyy (Z®, P—(®)) — Homyy (Z®, 2Z9))
mn
Coker (Homy (Z®, P(®)) — Homyy (Z®, Z®))

s a subgroup of index 2 for all ® # A,, n even. For ® = A,, n even, the map between
these cokernels is an isomorphism.

Proof. First note that since Q is the splitting field for the irreducible module Q®, we
have Homgw (Q®, Q®) = Q1id, and hence Homy (Z®, Z®) = Zid.
Now we have

—1

*
—

(n
Homyy (Z®, P(®))

IR

Homyy, (ZCI), ZW @ zw, Z)

X
N2
|
—

(p

IR

Homyy (Z®, Homgzy, (ZW, Z))

—~
<
=
|
—

IR

HomZWI (Z(I), Z)
(Hom(z®, Z))""

-1

—~
S}
=

> (A@)"
Z(3a), ®=A,,B,,

~ M +ZA,, ®=A,,n>2,
Za, otherwise.

We need to unravel these isomorphisms in reverse in order to determine the map
Homyy (Z®, P(®)) — Homyy (Z®, Z®). First of all, the isomorphism 7 : ZW ® zw, Z —
P(®) is defined by w ® 1 — e,5. Next, the isomorphism p is defined as

p : Homgw, (ZW,Z2) — ZW Qzw, Z, [ — ZwGW/WI w® flwh).

It is the natural isomorphism between coinduced and induced modules [Br, p. 70]. Third-
ly, the isomorphism [Br, p. 64]

¢ : Homzyy, (Z®, Z) — Homyy (Z®, Homzw, (ZW, Z))
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is given by
g la— [w— g(wa)]].

Lastly, the W-isomorphism 0 : A(®¢) — Hom(Z®,Z) is given by
(M) (@) = (A, @)

where A € A(®g) and o € ®y. Note that, since Z®y = Z®P, a Z-linear homomorphism
from Z® to any other Z-module can be determined from its restriction to ®.

Now we have to work backwards. Let p : (A(®0))"" — Homy (Z®, P(®)) be the
composite map 7. 0 p, 0 o f. Let A € A(®o)"" and o € ®g. Then

6(N)(a)

GO = [we (A wa)l,

p@OO)@) = Yoewyw, w® A wa).
)

Lastly, p(A) (@) = n(p«(¥(0(N)))(@) = X pew/w, (A, wla)e,z. Evaluating this at
A= aq, we get ZweW/WI (wa, a)ewa = Y peq, (B a)eg. For & # A, By, the element
& generates A(®o)"" and, if ® = Ay, B, then & generates A(®o)"7. Now pu(a) is
the homomorphism [ — > 5.4 (8, a)eg] € Homw (Z®, P(®)) which, according to

Lemma 4.9, maps to 2hid € Homy (Z®, Z®) under the map

= <)\,O¢>,

Homyy (Z@, P(q))) — Homy (Z®,ZP).

This proves the first result for ® # A,,,n > 2. Note that u(a)(Z®) C P_(®P) so that, in
fact, Homy (Z®, P_(®)) = Homyy (Z®, P(®P)) in these cases. This shows that

Coker (Homyy (Z®, P—(®) — Homy (29, 2Z®))) = Z/hZ

as required.

For ® = A,, n > 2, recall that ® = {e; —¢; | i # j} and A = Ay = {e; — €511 |
i=1,...,n}. We have & = wy + w, = €1 — €n4+1. We need to determine the image
of @ and @, under the isomorphism from A(®)"" — Homy (Z®, P(®)). Evaluating
pat A=, k=1,n,weget p(wy) = [ 3, cw/w, (@, wla)e,s). It is sufficient
to determine the value of this map at o = & to determine its image in Homy (Z®, Z®).
So for each root a = €; — €5, we need an element w € S,41 such that o = wa. We have:

Lin+1)a = e—ej (L0 {Ln+1} =g,
(jyn+la = e —¢g;,i=1; j#n+1,
(i,)a = ei—éepy1, i# 1, j=n+1,
(Ln+1,j)a = eny1—e€j,
(Ln+1,5)'a = (Ljn+l)a=cj—e, i=n+1, j#1,
(Lis,n+1)a = e —en,
(Li,n+1)ta = (Ln+li)a=cpi1—6i, i#n+1, j=1,
id@ = a,

(I,n+1la = -—a.
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This implies that

M(wl)(a) = Z;L:Q(eal_fj - eaw,+1_€j) + €ei—eny1 — Cepyi—er
and

M(wn)(a) = Z?=2(68j7€7l+1 - eEj*t?l) + €e1—ent1 — Cepqr—er-
In either case, we see that for k = 1,n, pu(wi) € Homy (Z®, P(®)) is mapped to
(n + 1)id € Homwy (Z®,Z®P) as required for the first result. Let au(w) + bu(wy,) €
Homyy (Z®, P_(®)). Then (ap(wyi) + bu(wy))(@) € P_(®) implies that a = b. So
Homyy (Z®, P_(®)) is generated by p(wi + wy,) = p(@), which has image h(ja —
2a)) € Homyy (Z®, 2ZP). So

Coker(HomW(Z(I), P_(®)) — Homyw (Z9P, 2Z<I>)) >~ 7/hZ

as required. However, the induced map between the cokernels is equivalent to the map
between 27 /2hZ and Z/hZ induced by the inclusion 2Z »— Z. This is a surjection (and
hence an isomorphism) if and only if h =n+1isodd. O

Lemma 4.11. Extyy, (Z®, P_(®)) =0.
Proof. For A1, B,,, we have that P_(®) = Z® so that

Extyy (P-(®), P-(®)) = Extiy, (o) (P () |y x(sa)s Ze)
Extiy, (o) (Ze)", Ze)

H' (Wa x (sa), (Ze)")* @ Ze)
H'(Wg x (sz),Z™) = 0.

Il

Il

IR

Now assume that ® # A1, B,,. We have the exact sequence of W-lattices
0— P_((I)) — P((I)) — P+((I)) — 0.
Now

Homyy (Z®, Py (D))

Il

Homw (Z®, ZW Qzw, x (ss) L)
Homyy (Z&®, Homzy, x (s, ) (ZW, Z))
Homgzyy, « (s, (29, 7Z)
(Hom(Z®, Z))"Wa (sa)
(( ) W»x(s )

( ))W X (sa)

(A
((A(®g)"=)%
{ — @), ®=A,n>2

1S P I | P |4

Il

otherwise.

If ® = A,, n > 2, the generators u(
generator of HomW(Z(I), P, (D).

So for all ®, Homyy (Z®, P(®)) — Homwy (Z®, P(®)/P_(®)) is surjective so that the
map Extiy (Z®, P_(®)) — Exty, (Z®, P(®)) is injective. But for & # Ay, B,,, we have
by Proposition 4.5 that Extyy (Z®, P(®)) = 0 so that Extyy, (Z®, P_(®)) = 0 as well.
O

1) and p(w,) of Homy (Z®, P(P)) map to a
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Proposition 4.12. Let h be the Coxeter number of the connected component of ®y to
which a belongs.

¢=[0— K(®) — P(®) — Z& — 0] € Ext}y (Z&, K(®))

is an element of Extyy (Z®, K(®)) of order m where m = h if ® = A,,B,,, and m =
2h if ® # A,,B,. In each case, £ generates the image of Coker(Hom(Z@,P(@)) —
Hom (Z®,Z®)) in Exty, (Z&, K(®)). If ® # By, & generates Extyy (Z&, K(®)). In
fact,
Z/hZ, if ®=A,,
Extyy, (2@, K(®)) = { (Z/22)?, if & =B,,n> 2,
Z/2RZ,  if ® #A,,B,.

Proof. We will show that
Coker (Homyy (Z®, P(®)) — Homw (Z®,Z®))
maps isomorphically onto the cyclic group generated by the extension class of
0 — K(®) — P(®) — Z® — 0]

in Extjy, (Z®, K (®)).
Since the map 9 from

Coker (HomW (Z(I), P(<I>)) — Homyy (Z®, Z<I>))
to Extyy (Z®, K(®)) is that induced by the connecting homomorphism
9 : Homy (Z®, Z®) — Extyy, (Z®, K(2)),

it suffices to show that 0 is surjective as  is, by construction, injective.
Note that

Homyy (Z®, Z&) —2— Extly (28, K (®))
\ \L%
H' (W, Hom(Z®, K (®)))

is a commutative diagram.
Now Hompy (Z®,Z®) = Zid. Under the map

§ : Homw (Z®,Z®) 3 id — [w — (wo) — o] € H' (W, Hom(Z®, K (®)))
where 0 : Z® — P(®) is any Z-splitting of the sequence

0 — K(®) — P(®) — Zd — 0.
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But under the isomorphism
H'(W,Hom(Z®, K (®))) = Extyy, (Z&, K (®)),
[w — (wo) — o] is mapped to the extension class
[0 — K(®) — P(®) — Z& — 0] € Extyy, (Z®, K(®)).

This implies that 0 is surjective and completes the proof of the second statement. For
the first statement, we need only apply Lemma 4.10.
Since Extiy (Z®, P(®)) = 0 for all ® # B,,, we have that

Extiy (Z@,P(@)) = Coker(HomW (Z@,P(@)) — HomW(th,Z(I)))

in this case.
So we need only consider ® = B,,. Now K(®) = P, (®) in this case. So

Extjy (Z®, K(®)) = Extjy, (Z&, Py (®))
EXt%W&X(é&}(Z(I)?Z)
I{1 (Wa X <Sa>, A(q)o))

1%

1%

Now W5 X (s5) = (C3)"x.S,,—1 and A(Dg) = ZB,, as a W(B,,) lattice. Since ZBSICQ)W =0
and H'((C2)",ZB,) = (Z/2Z)", we see by inflation-restriction that H'(Wz x (sa), A(®o))
> HY((Cy)™, ZB,)5" 1 =2 (Z/27)? as required. [

Corollary 4.13. There exists a commutative diagram of the form

0 — K(®) —— P(®) 7 0

|

7.9 0

0 — K_(9)
if and only if ® = A,,, n even.
Proof. Since € = [0 — K(®) — P(®) — Z® — 0] generates the subgroup

Coker (Homy (Z®, P(®)) — Homw (Z®,Z®))
of Extiy (Z®, K(®)), then ¢ has a preimage in
Exty, (Z®, K_(®)) — Extyy, (Z®, K(®))
if and only if
Coker (Homyy (Z®, P—(®)) — Homy (Z®, 2Z9))
— Coker (Homy (Z®, P(®)) — Homy (Z®, ZP))

is surjective. By Lemma 4.10, Coker(Homy (Z®, P_(®)) — Homy (Z®,2Z®P)) maps
into Coker(Homyy (Z®, P(®)) — Homy (Z®P, Z®)) as a subgroup of index 2 unless & =
A, n even, in which case this map is an isomorphism. [
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Corollary 4.14. Let Ky be a W-sublattice of K(®).
If @ is not of type By, there exists a commutative diagram of the form

0 — K(®) —— P(9) VA 0
0 Ky X 79 0

if and only if the map Exty, (Z&, Ko) — Exty, (Z&, K(®)) is surjective.

Proof. Such a diagram exists if and only if
[0 — K(®) — P(®) — Z& — 0] € Extyy, (Z®, K(®))

has a preimage under the map Exty, (Z®, Ky) — Exti, (Z®, K(®)). Note that for ®
not of type B,,, we have Exty, (Z®, P(®)) = 0 so that by Proposition 4.12,

[0 — K(®) — P(®) — ZP — 0]
generates the group Extyy, (Z®, K (®)). O

5. Minimal permutation resolutions of the character lattice

Let G be a simple algebraic group with maximal torus 7', corresponding Weyl group
W, and character lattice X (7T'). Let ® = ®(G, T) be the root system attached to G and
the maximal torus 7. We will use the notation and definitions introduced in Section 3.2
for the set of short roots @y, the root lattice Z®, its weight lattice A(®), its Weyl group
W = W(®) and W), the isotropy subgroup of W fixing A € A(®). In this section,
we will determine a minimal permutation W-lattice P of minimal rank such that there
exists a W-epimorphism 7 : P — X (T') with Ker(r) being a faithful W-lattice. That
is, with the notation of Section 3.1, we will find a minimal element (P, 7) of P(X (1))
together with r(X (7)) = rank (P). This discussion is motivated by Corollary 2.2.

We first discuss some preliminaries on W-sublattices of character lattices and minimal
permutation resolutions.

5.1. W-sublattices of character lattices and minimal permutation resolutions

Recall that if ® is the root system of W and A(®) is its weight lattice, we have Z® C
X (T) C A(®), and all are W-lattices of the same rank, say n.

The following two technical lemmas are useful for determining the W-span of an
element x € X (T) and for determining conditions on x € X (T") such that ZWx = X (T).

Lemma 5.1.
(a) A(D)/ZD is a (finite) trivial W-module.
(b) For any x € X(T), ZWx C Zx + Z9.
(¢) ZWw; = Zw; + ZWa; for all i = 1,...,n. In particular, if a; is a short root,
then ZW w; = Zwo; + 7.9.
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Proof. (a) Note that Z® is a W-sublattice of A. Let A € A(®). Fori=1,...,n,
SiA— A= <)\, Oéi>Oéi ISy

so that s;(A + Z®) = A\ 4+ Z®. But then, since the simple reflections generate W,
WA+ ZP) =A+ZD for all w e W.

(b) Since Z® C X (T) C A(®), it follows from (a) that X (T')/Z® is a trivial W-
module. Now (b) follows immediately.

(¢) ZWa; is a W-sublattice of A. Since the simple reflections generate W, and
sjw; = w; — d;0 for all j = 1,...,n, we see that w € W fixes w; + ZWa;. Hence,
IWw; C Zw; + ZWa,;. But w; € ZWw;, and w; — o; = s;w; € ZWw;, so that
Zeo; + ZW oy C ZWwo; as required. If «; is a short root, then ZWa; = Z®. 0O

Let A € A(®). Denote by AT the unique element of AT in the W-orbit of A\. Note
that ZW X = ZW AT and that if AT = w), then wWyw™! = W)+ so that [Wy| = |[Wy+|.

Lemma 5.2. Assume that the rank of G is n > 1.
(a) If \s = myw;, € X(T),i=1,...,7 and d; is the order of w;+X(T) in A/X(T),
then if > ZWX; = X(T), we have

ged{dj, |[i=1,...,r} =ged{m; |i=1,...,r} =1

(b) If oI ZWA; = X(T') then (\; + Z® | i = 1,...,r) must generate X (T)/ZP.
In particular, if X(T)/Z® is cyclic of prime power order, then there exists i
such that \; + Z® generates X (T)/ZP.

Proof. (a) Note that since m;w;, € X(T), then d;, must divide m; for all i =1,... 7.
So ged{d;, | i = 1,...,r} divides m = ged{m; | i = 1,...,r}. Now X(T) =
S ZWmyw,, € mA N X(T), so that X(T) C mA. But if m > 1, then m™ =
[A:mA]>n+12>=[A: X(T)]. By contradiction, m = 1.

(b) By Lemma 5.1(b), X(T') =Y/, ZWX; C >.._, Z\; + Z® implies that \; + Z®P,
i=1,...,r, generate X(T). O

Recall the following notation from Section 3.1 for an H-lattice Y: For a finite group
H with subgroups Hi, ..., Hy and an H-lattice Y with y1,..., Yk, fy,... .y, is the H-map

Forrge t OGS ZIH/H] — Y

which maps H; to y;, it = 1,..., k. The following technical proposition will help us to
determine minimal permutation resolutions under certain conditions. That is, it will
help to find (P, 7) € P(Y) with rank (P) = r(Y") where

r(Y) = min{rank (P) | (P,7) € P(Y)}.

Proposition 5.3. Suppose the following conditions hold:

(i) The intersection of nontrivial normal subgroups is nontrivial .
(i) Z[H/H,] is a minimal faithful transitive permutation lattice for H, but Ker(f,)
is not a faithful H-lattice.
(i) If ZHz =Y and Ker(f.) is a faithful H-lattice, then [H : H,) > 2[H : Hy].
Then (Z[H/H,) ® Z[H/H,), fy,0) is a minimal element of P(Y").
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Proof. Note that (Z[H/H,|®Z[H/H,], fy0) € P(Y) since f, ¢ is surjective, and Ker(fy o)
= Ker(fy) ® Z[H/H,) is faithful since Z[H/H,)] is.

Note that the kernel of the action of H on a direct sum of lattices is the intersection
of the kernels of the actions of H on each lattice. So if we assume that the intersection of
nontrivial normal subgroups is nontrivial , a direct sum of nonfaithful H-lattices is also
nonfaithful. This shows that if Z[H/H,] is a minimal faithful transitive permutation
lattice, then it is a minimal faithful permutation lattice. Now suppose (@Q,p) € P(Y)
with Q = ®/_,Z[H/H;) and p = fy,..._y,.. If s is the number of faithful components, then
rank (Q) > s[H : Hy], so we may assume that Z[H/H;] is the only faithful component
and p = fy,0..0. So ZHy, =Y, Ker(p) = Ker(fy,) ®j_, Z[H/H;] is faithful, and by
(iii), rank (Q) > [H : Hy,] > 2[H : Hy] as required. O

Lemma 5.4. If Hy is a subgroup of H, then r(Y|p,) < r(Y).

Proof. Let 0 - K — P Y — 0 be an exact sequence of H-lattices with P being
permutation and K faithful. Restricting this sequence to Hy proves the statement. [

The following proposition can be used to determine a minimal element of P(X(T))
in most cases.

Proposition 5.5. Suppose G is not of type A,, and suppose that there exists a permu-
tation lattice P = Z[W /W, ] with ZWx = X (T') which satisfies the following conditions:

(i) rank (P) < [W : Wg,] for all w; € X(T);
(ii) Let I(X(T)) = {i | [W : Wg,] < rank (P)}, then rank (P) < [W : W, ;] for
alli,j € I(X(T)),i % j;
(iii) rank (P) > 2n.
Then (P, fy) is a minimal element of P(X(T)) and r(X(T)) = rank (P).

Proof. Suppose that P = Z[W/W,] satisfies the conditions (i),(ii) and (iii). Then by
Proposition 3.3(¢c), (P, fy) € P(X(T)).

Let (@,p) be an arbitrary element of P(X(T)) where Q = &/_,Z[W/W;] and p =
i, Note that rank (Q) > Zle[W : Wy+] and 307 ZWAS = X(T). We need to
show that rank (Q) > rank (P). '

Case 1: Assume that all /\;-|r are nonnegative multiples of fundamental dominant
weights with at least one nonzero. Set /\;-|r = m;w;j;, ¢t = 1,..., k. We wish to show
that there then must exist a )\;r which is a positive multiple of a fundamental dominant
weight contained in X (7). If G is simply connected so that X (T) = A, this is clear.
Assume then that G is not simply connected so that X (T) is a proper sublattice of A.

Now if A\]" are all positive multiples of fundamental dominant weights not in X (7)),
then m = ged{m,;, | i = 1,...,k} is divisible by ged{d; | w; & X(T)}. The latter is
greater than 1, since each 1 # d; must divide [A : X (T')] which is a prime or at least
a prime power. Then, by contradiction with Lemma 5.2(a), there must exist at least
one )\;r which is a positive multiple of a fundamental dominant weight in X (T'), say wj.
Then, in this case, rank (Q) > [W : Wy, ] = [W : W] > rank (P) by (i).

Case I1: Suppose there exists at least one )\;" which is a nontrivial linear combination

of 2 or more fundamental dominant weights. Let )\Zr = Z?Zl rijoo;. If there exists j such
that r; # 0 and j € I(X(T')), then rank (Q) > [W : W, ] > rank (P). Otherwise, there
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exists s,t € I(X(T)) with r;5 # 0, r; # 0. Then rank (Q) > [W : Wq, 4w,| > rank (P)
by (ii).

Since an arbitrary element (Q,p) of P(X (7)) must fall into one of these two cases,
the rank of P is indeed minimal among those in P(X (7)) so that »(X(T)) = rank (P).
O

5.2. Minimal elements of P(X(T))

For the remainder of this section we will determine minimal elements of P(X (T")) and
r(X(T)) for all simple groups G with maximal torus 7. This will give us the rough
upper bound of r(X(T)) — rank (X (7)) for edw (X (T)) in each case.

Proposition 5.6. Suppose G = SL,,11/Cq where d divides n + 1.

Let Ty4+1,4 be the mazimal torus of SL,11/Cq where d is a diwisor of n + 1. Let
W =W (A,,) be the Weyl group. Note that SLy,41/Cpn+1 = PGLy,11 is the adjoint group
of type Ap with X (Tp41,n+1) = ZAn, and SLyp41/C1 = SLyy1 is the simply connected
group of type A, with X (Tyny11) = A(An). In each case, the element of P(X (Tht1,4))
listed below is minimal:

o r(A(A,)) =2(n+1), edw(A(A)) < n+2, and
(ZIW (An) /W (An—1)]?, f1.0) € P(A(AR));

o 7(ZA1) =4, edw (ZA1) < 3, and (Z[W (A1))?, fa, 0) € P(ZAL);
o ifn>2, then r(ZA,) = n(n+ 1), edw(ZA,) < n? and

(ZIW(AL) /W (An—2)], foi+,) € P(Z2);
o if (n,d) =(3,2), then (X (Ty2)) = 10, edw (X (Tu,2)) < 7 and
(Z[W (A3)/W (A1) x W(A1)] & Z[W (A3)/W (A2)], fez0) € P(X(T42));

o if (n,d) = 2k + 1,2),k > 2 or (n,d) = (5,3), then r(X(Tni1.a) = ("3,
edw (X (Th11.4)) < (”;1) —n and

(ZIW (An) /W (Ag-1) x W(An-q)], f=.) € P(X(Tnt1.0)):

o ifn > 6 and d is a proper divisor of n + 1, then r(X(Tht1,4)) = n(n + 1),
edw (X (Th11,4)) < n? and

(Z[W(An)/W(Anfﬂ]a 7T) € P(X(TnJrl,d))

where ™ = fo, tkew, if d =2k +123 and 7 = f(p_1)m 4w, if d =2k > 2.

Proof. The maximal parabolic subgroups of W(A,) = Sp41 are W, = W(A,_;) X
W(A;—1) where [Wg,| = (n+1—14)lkl. Soforalli=1,...,n, [W: Wg,] >n+1. The
minimum value n + 1 is attained by @ and w,, and W, = Wy, = W(A,_1).

We first consider A = A(A,). Note that A(A,)/ZA, = Z/(n + 1)Z and wy, +
ZA,, = kwy + ZA,, for all k = 1,...,n. This shows that ZWw,; = ZWw, = A. Since
rank (Z[W(A,)/W(A,_1)]W*A)) = 1 = rank (Ker(fs,)) = rank (Ker(fs,)), we see
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that Ker(f,) (respectively Ker(fw,)) is a trivial W-lattice and hence is not faithful.
We wish to apply Proposition 5.3 to demonstate that (Z[W(A,)/W (A,.-1)]%, f=1.0)
(respectively (Z[W (An)/W (An-1)]?, fw,.0) is a minimal element of P(A).

Now, the intersection of nontrivial normal subgroups of S, is Sy if n = 2, A, if
n # 2,4, and Vy if n = 4. In all cases, it is nontrivial, verifying (i). Suppose Z[W /W]
is a transitive permutation lattice of rank r < n. The action of W on Z[W/Wj] of rank
r < n induces a homomorphism ¢ : S, — S,. Since ¢ cannot be injective, Z[W /W)
cannot be faithful. So Z[W/W,] is a minimal faithful transitive permutation lattice
verifying (ii).

Now suppose A € A satisfies ZWA = A and Ker(fy) is faithful. Then W), is a proper
parabolic subgroup of S, 1. If Wy = S,,, then Ker(f\) 2 Z is not faithful. So W), is a
proper parabolic subgroup of S, 41 which is not S,,. So n > 3. For n > 3, any proper
parabolic subgroup W) # S,, would satisfy [W : Wy] > MJQ > 2(n+1) =2[W : Wy, ],
verifying (iii). For n = 2, there is no A € A such that ZWX = A and Ker(f)) is faithful
since any A € A must be a multiple of coy. So (iii) is verified trivially in this case. Lastly,
for n = 3, X\ satisfying ZWX = A and Ker(f,) faithful cannot have A* be a multiple
of a fundamental dominant weight since Ker(f,) and Ker(fw,) are not faithful and
ZW gy # A. So Wy has rank at most 1, and so [W : W] > 12 > 2[W : W, ], verifying
(iii) for n = 3. Hence, by Proposition 5.3, (Z[W (A,)/W (An—-1)]?, f=, 0) is a minimal
element of P(A) and r(A) = 2(n + 1).

Note that ZA; = Zay = Z2w; = 2A(A;1). Then the argument for A(A;) shows also
that r(ZA;) = 4 and (Z[W (A1)]?, far,0) € P(ZA1) is a minimal element.

We next consider the nonsimply connected cases for n > 2. So, d > 1. Note that
AN/ X (Thy1,4) = Z/dZ and wi + X (Tht1,4) = kw1 + X(Tht1,q) for all k = 1,...,n.
Note that wy € X (Th41,4) if and only if d divides k. This shows that no fundamental
dominant weights lie in ZA,, = X (Ty41,n+1)-

Let di be the order of wy + X (Tj11.4) in A/X(T)41,4). Note that dy = d,, = [A:
X (Ty41,4)] = d > 1. Suppose that (Q,p) € P(X(Tni1,4)) with Q = ®F_ | Z[W/W;] and
D = fa,...n,- Suppose each )\j is a multiple of some fundamental dominant weight
not in ZA,, i.e., A} = m;w;,. Then by Lemma 5.2(a), we know that ged{d;, | i =
1,...,k} = 1. Since all the d;, > 1, we see that @) cannot be transitive. Also since
all d;, divide n +1 and di = d, = n + 1, we see that there must be at least two )\;r
with j; € {2,...,n — 1}. But then rank (Q) = 2min{[W : W,| | j = 2,...,n — 1}
Since |Wy,| = il(n+ 1 —i)!, this implies that rank (Q) > n(n + 1). Now suppose that
there exists A; such that )\;r = Zle cijw; has at least two nonzero coefficients, say
cip and c¢iq. Since We, o, teiw, = W(Ap—1) X W(Ag—p—1) X W(A,_y), we see that
rank (@) > n(n + 1) also in this case.

For the case of ZA,,, the above discussion is sufficient to conclude that r(ZA,) >
n(n+1). Note that ZW (w1 + wy,) = ZA, and [W : Wq, 4w, ] = n(n+1) > 2n. Hence,
(Z[W/WW1+WWL f?m-i-wn) € P(ZAn) and T(ZAn) = n(n + 1)'

If d is a proper nontrivial divisor of n + 1, we must also consider the case of (Q,p) €
P(X(Ty+1,4)) as above with at least one \;” = mw; where w; € X(T},41,4). (Note that
this cannot occur for ZA,). Then rank (Q) > min{[W : Wy, ] | wr € X(Th11.4)} =
W Wa,] = ("1"). Note that ZWwy = X (Tp11,4)-

Now if d =2 and n = 2k +1 > 3, or if (n,d) = (5, 3), then 2n < (”;1) <n(n+1)so
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that r(X (Tht1,4)) = ("Jrl) nd (ZIW/Wx,ls fo,) € P(X(Tht1,4)) is minimal.
If (n,d) = (3,2), then V' = ((12)(34), (13)(24)) is a normal subgroup of W(A3) = S4.
By the proof of Proposition 3.3 (c),

W(A3)[[V N W (A1) x W(A1)|
[W(A1) x W(AL)[|V]
= rank (Ker(f=,)),

rank (Z[W (A3)/W (A1) x W(A)]Y) = | =3

and hence Ker(f,) is not a faithful W-lattice by Proposition 3.3 (a). But
(Z[W/We, | @ ZIW/We,], frz,0)

gives an element of P(X (T%)) of rank 10 since Z[W/W, | = Z[W (A3)/W (A2)] is faithful.
By the above discussion, if Q = @¥_ | Z[W/W;] and (Q, fx,...x.) € P(X(T42)) had rank
smaller than 10, then @) cannot be transitive, and at least one )\;-|r must be a positive mul-
tiple of a fundamental dominant weight contained in X (T4 2) (i.e., w2). As all nontrivial
normal subgroups intersect in V', we cannot add on a nonfaithful permutation lattice
onto Z[W/Wa,]. So since Z[W (A3)/W (Az)] is the smallest faithful permutation lattice
for W(A3), we must have that (Z[W(As3)/W (A1) x W(A1)] & Z[W (A3)/W (A2)], fos,0)
is a minimal element of P(X (T4,2)) and r(X (T4,2)) = 10.

If n > 6 and d > 2 is a proper divisor of n + 1, then 2n < n(n+1) < ("erl). Since
ZW(’(Dl + kWQ) = X(Tn+1’2k+1) and ZW(?(k — 1)@1 + ’(Dg) = X(TnJrLgk), we find
that (X (Th+1,4)) = n(n + 1) in this case and that (Z[W (A,)/W(An—2)], for+k=s) €
P(X(Taq1,2641)) and (Z[W (An)/W (An—2)], fok—1)m1+m2) € P(X(Tnq1,2¢)) are mini-
mal elements. [

Proposition 5.7. Let G = SOy, k > 5. Let Ty be its maximal torus. If k = 2n+ 1,
n>2, then W=W(B,)=C xS, cmd X (Tont1) = ZB,, = &}, Ze; on which W(B,,)
acts by signed permutations. If k = 2n, n > 4, then W = W(D,,) = C¥™* % S,, and
X(Ts,) = ZBu|lw(p,) is a lattice properly between ZD,, and A(D,) on which W (D,)
acts by even signed permutations. Then:

e 1(ZB,) = r(X(Tent1)) = 4n, edw (ZB,,) < 3n, and

(Z[W(Bn)/W(Bn—l)]Qa fzm,O) € P(ZB,)

s minimal;
(X (Tapn)) = 4n, edw (X (T2,)) < 3n and

(Z[W (Dn)/W (Dy-1)]%, for0) € P(X(T2n))
is minimal.
Proof. We will use Proposition 5.3 to prove the statement for X (T%,),n > 4. Note that
the intersection of nontrivial normal subgroups of W(D,,) is (C2)" ! if n odd and the
diagonal subgroup of C% if n even so that in either case it is nontrivial . We claim that
Z[W(D,,)/W(Dp_1)] is a minimal faithful transitive permutation lattice for W (D,,).

Suppose Z[W/W;] were a permutation lattice of rank r smaller than 2n. Then the
action of W on Z[W /W] induces a homomorphism ¢ : W(D,,) — S,. Then the kernel
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of the action of W on Z[W /W] is nontrivial . So Z[W (D,,)/W(D,,—1)] is a minimal
faithful transitive permutation lattice.
Note that wy = e1, ZWw; = X(T5,) and W, = W(D,,—1). Since

n—1

rank (Z[W(Dn)/W(Dn_l)]C2 ) = n = rank (Ker(fwl)),
we see that by the proof of Proposition 3.3(a), the normal subgroup C3 ! fixes Ker(fx, ),
so Ker(fw,) is not faithful.

Suppose A € X (T4,) is such that ZWA = X (Tz,) and Ker(fy) is faithful. Then
AT = 3" m;w; cannot be a multiple of w; since otherwise W) = W(D,_1) and
Ker(fy) is fixed by C3~! by the argument above. So Wy must be a proper parabolic
subgroup not equal to W(D,,_1). This means that [W : W)] > 2n(n — 1) > 4n.

So by Proposition 5.3, 7(X (T2,)) =4n and (Z[W (D) /W (Dy-1))?, fer.0) EP(X (Ton))
is a minimal element.

Since ZW (B,,)e1 = ZB,, and Z[W(B,,)/W(B,-1)] is a faithful permutation lattice,
(ZIW (B,)/W (By—1))?, fei,0) € P(ZB,,) with rank 4n.

Now for n > 4, since W(D,,) is a normal subgroup of W(B,,) and ZB,|wp,) =
X (Tz,), we have r(ZB,) > r(X(T2,)) = 4n by Lemma 5.4. This shows that the
element (Z[W (B,,)/W (B,,_1)]?, fe,.0) is minimal and that r(ZB,,) = 4n for n > 4. For
n =2, ZBalw(a,)2 = (ZA1)?. Since

(ZIW (AL)?/We,] & ZIW (A1)? [ We,] © ZIW (A1)?]) € P((ZA1)?)

is minimal of rank 8, then r(ZB3) > 8 by Lemma 5.4. For n = 3, X(T5) = ZB3|w (a,) is
a lattice between the root and weight lattice of Az where W(A3) = W(D3) = Sy;. Note
that Sy acts on X (Tg) = ®3_,Ze; by permutations via Sy/Vy = S5. Although Z[S4/ V4]
is not faithful since it is fixed by V4,

(Z[S4/((12)(34))]; fer) € P(X(T5))

is minimal of rank 12 so that r(ZB3) > 12 by Lemma 5.4. So, for n > 2, we see that
(ZIW (B,,)/W (By—1))?, fei.0) € P(ZB,,) is a minimal element and r(ZB,,) = 4n. O

The following proposition covers the adjoint case. Note that we obtained better
bounds on edw (Z®) than r(Z®) — rank (Z®) in Theorem 1.3 using compressions.

Proposition 5.8. Suppose G is adjoint. In each case, the element of P(Z®) listed is
minimal:

o if & =Ay, then r(Z®) = 4 and
(ZIW (AP, fas,0) € P(Z®);
o if®=A,, n>2, then r(Z®) = n(n+ 1) and
(Z[W (AR) /W (An—2)]; for +w,) € P(ZD);
o if & =B,, n>2, then r(Z®) = 4n and

(Z[W (Bn)/W (Bn-1)]?, fai0) € P(Z2);
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o if®=C,, n>3, then r(Z®) = 2n(n — 1) and
(ZIW(Co)/W (A1) x W (Cp2)], f,) € P(ZP);
o [f®=D,, n>4, then r(Z®) = 2n(n — 1) and
(Z[W (Dn)/W (A1) x W(Dn-2)], f=,) € P(Z®);
o if & = Eg, then r(Z®) = 72 and
(Z[W (Es)/W (A5)], fr) € P(Z2);
o if & = Ey, then r(Z®) = 126 and
(Z[W (E7)/W(Dg)], f=,) € P(Z®);
o if & = Eg, then r(Z®) = 240 and
(Z[W (Es)/W (E7)], f=) € P(Z®);
o if & =Fy, then r(Z®) = 24 and
(Z[W (Fa)/W (Bs)], f=.) € P(ZP);
o if & = Gy, then r(Z®) = 6 and
(ZIW (Ga)/W (AL)], fur) € P(ZD).

Proof. Note that & = A,, was treated in Proposition 5.6 and ® = B,, was covered in
Proposition 5.7.

For the remaining cases, we may apply Proposition 5.5. To do so, we find a fun-
damental dominant weight w; € Z® for which [W : W,] is minimal and for which
ZWw; = Z®. Then we verify the three hypotheses of Proposition 5.5.

Let ® = D,,, n > 4. The fundamental dominant weights contained in ZD,, are way,
for 1 <k < (n—1)/2 and W, = W(A;—1) x W(D,—;). So the minimal value of
[W: Wy,] for @, € ZD,, is 2n(n — 1) and is achieved by @s. Only w; has [W : W, ] <
2n(n — 1), so we need not check condition (ii). Now Wz, = W(A;) x W(D,,_2) and
[W(D,) : W(A1) x W(Dp_2)] = 2n(n — 1) > 2n, and we see that (Z[W(D,)/W (A1) x
W(Dn—-2)], fw,) € P(Z®) and r(ZD,,) = 2n(n — 1).

Let ® = C,,. For n > 4, ZCy|w(p,) = ZD,,, and for n = 3, ZC,|w(a,) = ZA3 where
A3 = D3 has base

€9+ €3, €1 — €9, €2 — E3.

In either case, Lemma 5.4 shows that r(ZC,,) > 2n(n—1). Since ZWwy = ZCy, Wy, =
W (A1) x W(Cp—2) and [W(Cp,) : W(A1) x W(Cp—2)] =2n(n—1) > 2n if n > 3, we see
that (Z[W(C,,)/W (A1) x W(Cp—2)], fw,) € P(Z®) is minimal and r(ZC,) = 2n(n — 1).

Let ® = E¢. Note that A/Z® = Z/3Z and w2, w4 are the only fundamental dominant
weights in Z®. Since Wg, = W(As) and W, = W(A2) x W(A2) x W(A;), the
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minimal value of [W : Wy,] for w; € ZEg is 72 and is achieved by wy. The only
w; with [W : Wg,] < 72 are wy and wg. But W(Dy) = Wi, 1w has rank 270 > 72.
Since ZWwy = Z® and [W : W,| = 72 > 2(n) = 12, we see that r(Z®) = 72 and
(ZIW (Es) /W (As)], f=,) € P(ZD).

Let ® = E7. Note that A/Z® = Z/2Z and w1, w3, w4, we are the only fundamental
dominant weights contained in Z®. Since W, = W (Dg), We, = W(A1) x W(As),
We, = W(A2) x W(A;) x W(A3) and W, = W(A;) x W(D5), we see that the
minimal value of [W : Wy,] for w; € ZEg is 126 and is achieved by ;. Since wy
is the only w; with [W : Wg,] < 126, [W(E7) : W(Dg)] = 126 > 2n = 14, and
IWwy = Z® and W, = W(Dg), we see by Proposition 5.5 that r(Z®) = 126 and
(ZIW (E7)/W (Do), f=,) € P(Z8).

For the remaining cases, G is also simply connected so that A = Z®. Note that
hypothesis (ii) of Proposition 5.5 is automatically satisfied in these cases.

For ® = Eg, the maximal parabolic subgroups are W, = W(E7), Wy, = W(D7),
We, = W(A7), W, = W(Es) X W(A1), We, = W(Ag) X W(Ay), Wg, = W(Ds) x
W(A2), W, = W(A4) x W(A3) and W, = W(As) x W(Az) x W(A;). In this case,
IWw; = 2P = A for all i = 1,...,8. By Proposition 5.5, (Z[W (Es)/W(E7)], fws) is a
minimal element of P(Z®) and r(Z®P) = 240.

For & = F4, the maximal parabolic subgroups are W, = W(B3), W, = W(Cs),
Wy = Wy = W(A2) x W(A1). oy is the only fundamental dominant weight satisfying
IWwy = Z® = A. By Proposition 5.5, (Z[W (F4)/W(B3)], fw,) is a minimal element
of P(Z®) and r(Z®) = 24.

For ® = G,, the maximal parabolic subgroups are W, = W, = W(A1). w; is the
only fundamental dominant weight satisfying ZWw; = Z® = A. By Proposition 5.5,
(ZIW(G2)/W (A1)], f=,) is a minimal element of P(Z®P) and r(Z®) =6. O

The following corollary summarizes the results of Proposition 5.8 where
P(®) = ®can,Zeq = ZIW/Wy].
Corollary 5.9. Let 7(®) : P(®) — Z®,eq — a. If ® # A, B, then (P(®),n(P)) €

P(Z®) and r(Z®) = |®¢|. If ® = Ay, B,,, then (P(®)?, (x(®),0)) € P(Z®) and r(ZP)
2|®y).

Proposition 5.10. Let G be simply connected. In each case below, the element of P(A)
listed is minimal:

o if ®=A,, then r(A) =2(n+1), edw (A) < n+2 and
(Z[W (An) /W (An-1)]%, for.0) € P(A);
o if ® =By, then r(A) =8, edw (A) < 6 and
(Z[W (B2)/W (A1)]?, foz0) € P(A);
o if ® =B,, where n >3, then r(A) = 2", edw (A) < 2" — n and

(Z[W (Bn)/W (An-1)], f=,) € P(A);
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o if®=C,, n=3, then r(A) = 4n, edw(A) < 3n and
(ZIW(Co) /W (Co1), fr.0) € P(A);
o if ®=D,, then r(A) =2""1, edw(A) < 2" —n and
(Z[W (Dn)/W (An-1)], f,) € P(A)
for odd n, and r(A) = 2"71 + 2n, edw(A) < 2" ! +n and
(Z[W (Dy)/W (Dy—1] & Z[W (D) /W (An-1)]. a1 0,) € P(A)

for even n;
o if & =Eg, then r(A) =27, edw (A) < 21 and

(Z[W (Ee)/W (Ds)], f=s) € P(A);
o if ® = E7, then r(A) = 56, edy (A) < 49 and

(Z[W (E7)/W (Eq)], f=r) € P(A);
o if ® = Eg, then r(A) = 240, edy (A) < 232 and

(Z[W (Es)/W (E7)], f=s) € P(A);
o if ® =Fy, then r(A) = 24, edw (A) < 20 and

(Z[W (F4)/W (Bs)], fw.) € P(A);
o if ® =Gy, then r(A) = 6, edy (A) < 4 and

(Z[W(G2)/W (A1), f=,) € P(A).

Proof. In most cases, Proposition 5.5 applies. We note that if there exists w; with
[W : Wg,] minimal but larger than 2n and such that ZWw; = A, then (Z[W/Wx,], f=.)
is a minimal element of P(X (7)) and r(A) = [W : Wg,]. Note that condition (ii) of
Proposition 5.5 is automatically satisfied in this case.

We have already dealt with ® = Eg, F4, G2 since the adjoint groups are also simply
connected in these cases so that A = Z®. We have also already covered & = A,, in
Proposition 5.6.

For ® = Eg, the maximal parabolic subgroups are Wy, = Wy, = W(Ds), Wg, =
W(As), ng = Ww;) = W(A4) X W(Al) and Ww4 = W(AQ) X W(AQ) X W(Al)
w1, w3, ws, we all satisfy ZWw,; = A. By Proposition 5.5, (Z[W(Eg)/W (D5)], fw,)
and (Z[W (Eg)/W (Ds)], fwe) are both minimal elements of P(A) so that r(A) = 27.

For ® = E7, the maximal parabolic subgroups are W, = W (Eg), Wg, = W(Dg),
We, = W(Ag), Wey = W(Ds) x W(A1), We, = W(As) x W(A1), We, = W(As) X
W(Az) and W, = W(Az) x W(Az) x W(A;). w2, ws,wr all satisfy ZWw; = A. By
Proposition 5.5, (Z[W (E7)/W (Es)], fw,) is a minimal element of P(A) and r(A) = 56.
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Let ® = B,. In this case, W, = W(A1) and [W : W, ] =4 = 2n for i = 1,2. How-
ever, only ws satisfies ZWws = A. Since for the normal subgroup 022 of W(B3) we have
rank (Z[W(Bg)/W(Al)]Cg) = 2 = rank (Ker(fw, ), we see that Ker(fz,) is not a faithful
W-lattice. Since Z[W (Bz2)/W (A;)] is faithful, we see that (Z[W (Bz2)/W (A1)]?, fms.0) €
P(A) and has rank 8. We can apply Proposition 5.3 to show that this element is mini-
mal. Indeed, since a subgroup of W (Bz) of index r < 2n would induce a homomorphism
W(Bg2) — Sy, we see that Z[W/Wy,] is a minimal transitive permutation lattice so that
condition (ii) of Proposition 5.3 is verified. Condition (i) follows as the intersection of
nontrivial normal subgroups in W (Bz) is nontrivial. Now let (Z[W/W,], fa) € P(A).
By the discussion above, AT cannot be a multiple of a fundamental dominant weight,
so Wy =1 and [W : Wy] = 8, verifying condition (iii). So Proposition 5.3 shows that
the element above is minimal and r(A) = 8.

Let ® = B,, with n > 2. For this case, Proposition 5.5 does not apply. This is because
the fundamental dominant weight tw;, which attains the minimum value of [W : W],
does not satisfy ZWw; = A. Suppose (Q,p) € P(A) where Q = ®F_,Z[W/W;] and
P = fa...n. Assume that A\ € Spany{w; | j = 1,...,n—1} foralli = 1,...,k.
But then Y2F  ZWA ¢ SSF  ZAF + 26 ¢ Y Zow; + Z® = Z®. Since A/ZD
Z /27, this contradicts the surjectivity of the map p. So if )\;r = 2?21 m;;w;, there
must exist ¢ such that m, # 0 so that WAT < Wy, . Then rank (Q) > Zle[W s W,
> [W : Wg,]. Since ZWw, = A, Wy, = W(A,_1) and [W : W5 ] = 2" > 2n,
(ZIW (By)/W (An=1)], fw,) € P(A) and r(A) = 2™.

Let ® = C,,. Note that W(C,,) = W(B,,) and A(C,,) = ZB,,. In both cases, @ = e;.
So (ZIW(C,,) /W (Cp=1)]?, fw,.0) is a minimal element of P(A) and r(A) = 4n.

Let ® = D,,. Once again, Proposition 5.5 does not apply, as w; is the fundamen-
tal dominant weight which attains the minimum value of [W : W, ] but ZWw; # A.
Suppose (Q,p) € P(A) where Q = ©F_Z[W/W,], p= fr,...x, and )\;-F = Z§=1 m;;e;.
Assume that m;; = 0 for all 4 = 1,...,k;j = n — 1,n. But then Zle ZWN; C
Zle Z i + 79 C Z?:_f Zw; + 2% C Z(ap-1 + an)/2 + Z®. This contradicts the
surjectivity of the map p since A/Z® = Z/4Z if n is odd, and A/ZP = Z/2Z & Z/2Z
if n is even. So there must exist ¢ such that m;,_1 # 0 or m;, # 0, and hence
WAT < Wy, (respectively Wy, ). Since Wq,, |, = Wg, = W(A,_1) of order n!, we
have rank (Q) = [W(D,,) : W(A,—1)] = 2"~ 1.

Suppose n is odd. ZWw,_1 = ZWw, = A, and for P = Z[W(D,,)/W(A,_1)] with
T = fw, ,,0r T = fg ,wehaverank (P) =2""1>2n. So (Z[W(D,)/W(An-1)], fw,_ 1)
€ P(A) and (Z[W(D,)/W (An-1)], f=,) € P(A) and r(A) = 2. Now suppose n is
even. It is not possible for ) to be a transitive permutation lattice, as otherwise A =
ZW\; C ZX\;+7Z®, which contradicts the fact that A/Z® is not cyclic. So there must be
another nonzero \; with, say, Wy, < W, . Since [Wg, | = max{|Wx,| |j=1,...,k}
and Wy, = W(D,_1), we see that in fact rank (Q) > [W(D,) : W(A,_1)] + [W(Dy) :
W(Dy—1)] for n even. Let P = Z[W(D,,)/W (Dp—_1)] ® Z[W(D,,)/W(A,—1)] and © =
fon,con- Since ZWg, + ZWq,, = A, and for any nontrivial normal subgroup IV of W,
rank (PY) < (277! + 2n)/2 < 2"~ ! 4+ n = rank (Ker()), then (P, fo, w,) € P(A) and
r(A)=2""1+2n. O

Proposition 5.11. Suppose G is a nonadjoint, nonsimply connected group of type
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Dp,n > 4. Then if n is odd, G = SOaqy,, and if n is even, G = SOq,, Spingtn. Let Ty be
a mazximal torus for SOs, and T; be mazimal tori for Spinfk where i = n —1 for Spiny,
and i = n for Spinj{k. Then:

e 7(X(T1)) = 4n, edw (X(T1)) < 3n, and

(Z[W(Dn) /W (Dn-1)]%, for0) € P(X(T2n));
o ifn =4, then r(X(T})) = 16, edw (X (T3)) < 12 fori=n—1,n and
(Z[W (D) /W (A3)]?, fei0) € P(X(T7));
o if n >4 is even, then r(X(T;)) =271, edw (X (T}) < 2" ! —n, and
(Z[W (D) /W (An-1)], f,) € P(X(T3))

fori=n—1,n.

Proof. For ® = D,,, n odd, AJZ® = Z/AZ = Zw, + ZP. So SOs, is the unique
intermediate group, in this case, with X (T7) = ZWw.

For ® = D,,, with n even, we have A/Z® = 7 /27 & Z/27 where A/7ZD = Zw,_1 +
Lo, +7%. Now if k < (n—2)/2, then way € Z®P and woy1+2ZP = Z(wp—1+w,) +Z9.
There are three intermediate groups in this case: SOq, with X (T1)/Z® = Zw, + ZP;
Spin,,, with X (T,,_1) = ZWwm,,_; and Sping,, with X(T,,) = ZWw,.

We have already covered the case of SOs,, in Proposition 5.7.

Suppose n = 4. Then the minimal value of [W : W], 2n = 8, is attained by
w1, w3, wy and Wy, = W(As) = W(D3) in all these cases. We have already deter-
mined a minimal element (Z[W (D4)/W (A3)]2, fw,0) for P(X(Ts,)). But wi,ws,w,
are permuted by the action of the automorphism group of D4. So suppose

0—K-—P—XT)=ZWw; — 0

were an exact sequence of W-lattices with K faithful and P permutation, and o; €
Aut(®) with 0y(w1) = w;, i =n — 1,n. Then

0 —)Uz(K) —)Uz(P) —>X(TZ) = ZWZUZ —0

would be an exact sequence of W-lattices with o(P) permutation and o(K) faithful.
This shows that r(X(T;)) = r(X(T1)) for ¢ = n — 1,n and a minimal element of
P(X(T)),i = n—1,n can be found by applying o;. That is (Z[W (D4)/W (A3)]2, fw..0)
is a minimal element of P(X (T;) for ¢ = 1,n — 1,n and 7(X(T})) = 16.

Now let n > 4 be even. Let (Q,p) € P(X(Tk)),k =n—1,n with Q = &I_,Z[W/W;]
and p = fx,,... . Suppose that all )\;r € Spany{w; | i # k}. Then wy, & Z:=1 ZWN; C

n

> iz Lwi + Z®. So, by contradiction, there must be at least one A= > i1 Lmijw;
with my, # 0. Hence rank (Q) > [W : Wy, ] = 2771, Since indeed ZWwy = X (Tk),
We, = W(A,—1) and [W : Wg, ] > 2n, we see that (Z[W(D,,)/W(An-1)], f=,) is a
minimal element of P(X (Ty)) and r(X (Ty)) =2" "t fork=n—1,n. O
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Remark 5.12. There are many directions for future research here. I would like to further
examine possible compressions of

0— K(®) — P(®) —Zd —0

in the adjoint case or more generally a minimal element of P(X (T")). It is also possible
that a non-minimal element of P(X(T")) could be compressed further than a minimal
element. That is, that non-minimal elements of P(X (7T")) could produce smaller bounds
on edy (X(T)). It would also be interesting to determine whether or not the inequality
ed(N) < edw (X(T)) is strict.
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