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Abstract

For a faithful ZG lattice A and a field K on which the group G acts
by field automorphisms, let R be the normal subgroup generated by the
elements of G which act trivially on K and act as reflections on A. We
prove that the rationality of the multiplicative invariant field K (A)¢ over
K(A®)C is equivalent to the rationality of K (A4)%¢ over K(A®)®¢ where
Q¢ is a particular subgroup of G such that G/R = Q¢g. We then use this
reduction result to prove that K(A)€ is rational over K where G is the
automorphism group of a crystallographic root system ¥, G acts trivially
on K and A is any lattice on the space QU.
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1 Introduction

Let G be a finite group, A a faithful ZG lattice, K a field on which G acts by
field automorphisms and K[A] the group ring of A written multiplicatively with
K-basis {e(a)|a € A}. Then there is a natural action of G on K[A]*(Z K* ® A
as abelian groups) which extends the action of G on K and A. Hence we obtain
an action of G on the group ring K[A] and its quotient field K(A). The ring
of invariants K[A]¢ is a multiplicative invariant ring and the field K(A4)% is a
multiplicative invariant field.

Multiplicative invariant fields were first studied by Noether [10] in her work
on the inverse Galois problem. She showed that a finite group G is a Galois
group of a given number field F if F(G) = F(ZG)Y is rational (i.e. pure-
ly transcendental) over F' where here G acts trivially on the field F. Although
counterexamples to the rationality of F'(G) over F were later found by Swan [16]



and Voskresenskii [18], the problem of determining whether a given multiplica-
tive invariant field K (A)¢ is rational over K¢ is still open.

This problem has since been generalized by others (eg. Saltman) to ask
whether a given twisted multiplicative invariant field K.,(A4)¢ is (stably) rational
over K. Here v: G — Hom(A4, K*) is a 1-cocycle which defines the action of
G on K,[A]* via the isomorphism H!(G,Hom(4, K*)) = Extg (A, K*). The
invariants of the quotient field of the group algebra with this action is then
denoted by K., (4)%. Saltman was able to use (twisted) multiplicative invariant
fields to prove that certain K(G)'s were non-rational over K where here K is
an algebraically closed field [11, 12, 14, 15]. He also showed that the invariant
fields of reductive groups can be expressed as twisted multiplicative invariant
fields for their Weyl groups [13] and described solutions to the Galois embedding
problem in terms of twisted multiplicative invariant fields [15].

From a geometric perspective, multiplicative invariant fields K (4)¢ in which
G acts faithfully on both the field and the lattice arise as the function fields of
tori over K and hence are called fields of tori invariants. Endo, Miyata [4, 3],
Swan [16] and Voskresenskii [16, 17] studied the rationality properties of fields
of tori invariants. They were able to find necessary and sufficient conditions to
determine when a field of tori invariants K (M)¢ is stably rational over K¢ and
when two fields of tori invariants K (M )¢ and K (N)¢ are stably equivalent over
K€,

In this paper, we first prove a reduction result for multiplicative invariant
fields K(A)“. Let R be the normal subgroup of G generated by the set of
elements of G which act as reflections on A and which act trivially on K. We
prove in Theorem 5.3 that K(A) is rational over K (A®)% if and only if K(A4)%¢
is rational over K (A®)%¢ where §)g is a particular subgroup of G satisfying G' =
R x Qg. We then use this reduction result to prove in Theorem 7.7 that K(A4)“
is rational over K where G is the automorphism group of a crystallographic
root system ¥ acting naturally on V = QU¥, A is a lattice on V and G acts
trivially on K. By contrast, it is interesting to note the following recent result of
Cortella and Kunyavskii [1]: Let G be an automorphism group of an irreducible
root system ¥ acting naturally on V' = QU and faithfully on the field K and
let A be either the root or weight lattice of ¥. Then K(A)“ is not rational (or
even stably rational) over K¢ except in the following cases: rank(A) < 2; A is
the root lattice of type Asg; A is the weight lattice of type B,,; or A is the root
lattice of type C,.

Here is a brief outline of the paper: In the second section, we review some
standard definitions and results about reflections and crystallographic root sys-
tems that will be used in the subsequent sections. In Section 3, we associate
a crystallographic root system to a faithful ZG-lattice A in order to construct
our subgroup Qg and to prepare us for Section 4 in which we discuss Farkas’
results on the rationality of multiplicative invariant fields for reflection lattices
and Section 5 in which we prove our reduction result. In Section 6, we examine
the action of an automorphism group G of a crystallographic root system on a
full ZG lattice A of the rational vector space spanned by the root system. This
prepares us for Section 7 in which we prove the rationality of K(A)% over K



where G acts trivially on the field K.
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2 Crystallographic Root Systems

We summarize here some definitions, notation, and results about reflections and
crystallographic root systems which will be used in the exposition that follows.
For more details, refer to [7, Ch. III] or [8, Appendix]. The following definition
of reflection is not completely standard.

Definition 2.1. A reflection on a finite-dimensional Q-vector space E is an
element s € GL(E) of finite order such that the image of s — 1 on E,

Img(s —1) = {v € E|lv = (s — 1)z for some z € E},
has dimension 1 over Q.

Remark 2.2. Note that a reflection s as defined above must have order 2 and
must satisfy Kerg(s + 1) = Img(s — 1). We call a reflection s a reflection
relative to 0 # @ € E if sa = —a. In this case, {a} is a basis of the subspace
Kerg(s +1) = Img(s — 1). A non-zero vector o does not uniquely determine a
reflection relative to a. However, if ® is a finite set of non-zero vectors spanning
E, then the group generated by the reflections which stabilize & is finite. This
means that if 7 is a reflection relative to a € ® which maps ® into itself, then
T is uniquely determined by a.

Definition 2.3. A crystallographic root system in the finite-dimensional Q-
vector space E is a subset ® of E satisfying:

(R1) @ is finite, spans E and does not contain 0.

(R2) If o € @, the only multiples of o in ® are +a.

(R3) If a € ¥, there exists a reflection 7, relative to a which leaves ® stable.
(R4) If a, 8 € ®, then (a, 8) = 7,(B8) — B is an integral multiple of a.

The dimension n of the vector space F is called the rank of ®.

If @' is a crystallographic root system in E', then ®’ is said to be isomorphic
to @ if there exists an isomorphism of vector spaces from E' to E which maps
®' to ® and which preserves the integers defined in (R4).

Let @ be a crystallographic root system in E. Since ® spans F, and is finite,
the group W(®) C GL(E) generated by the 7, is also finite and is called the
Weyl group of ®. Since 7, is uniquely determined by «, (R4) is unambiguous
and we may define, for any o € ®, the Q linear map

<-,Oé) B — Qa(xaa) = Ta(x) -



There is an inner product (-,-) on E with respect to which W(®) consists of

(z,a)

(a.a)’ for z €

orthogonal transformations. For this inner product, {z,a) = 2
Via € d.

A subset A of ® is called a base if A = {a1,...,a,} is a basis of E, relative
to which each a € ® has a (unique) expression & = Y. | ¢;;, where the ¢; are
integers of the same sign. Bases exist [7, 10.1]; W(®) permutes the collection
of bases simply transitively, and every root lies in at least one base [7, 10.3].
Elements of a base A are called simple roots.

Let A be a base of a root system ®. Then W (®) is generated by the set
{ra]a € A} [7,10.3].

A root system @ is called irreducible if it (or equivalently, a base A) cannot
be partitioned into the union of two proper subsets A and B such that (a, 8) =0
for all @ € A and § € B. Every root system is the disjoint union of (uniquely
determined) irreducible root systems in certain subspaces of E [7, 10.4]. The
irreducible root systems correspond up to isomorphism with the Dynkin dia-
grams A,(n >1),B,(n >2),C,(n > 3),D,(n > 4), Es, E7, Eg, F4,G2 [7, 11.4].
The Dynkin diagrams have nodes corresponding to the simple roots of a base
for the irreducible root system and are completely determined by the integers
{(a, B), for simple roots a, 8 [7, 11.2].

The automorphism group of a root system ®, Aut(®) is the semidirect prod-
uct of the normal subgroup W (®) and the stabilizer subgroup Q(A) of a base
A for ®. If ® is irreducible, Q(A) corresponds to the group of diagram auto-
morphisms of the associated Dynkin diagram. In the irreducible case, Q(A) is
trivial except in types Ay, (n > 2), D,,(n > 5), Eg, in which it is cyclic of order
2; and in type Dy, in which it is isomorphic to the symmetric group Ss [7, 12.2].

The weight lattice A(®) associated to the root system & is defined as

A(®) ={A € E|(\,a) € Z for all « € B}

It is a lattice in E of rank n. The root lattice Z® is the lattice spanned by
®. The root lattice is a subgroup of finite index in the weight lattice. If
A = {oq,...,a,} is a base for ®, A(®) has a corresponding basis of fun-
damental dominant weights {wn,...,wy} for which (w;, ;) = d;; (Kronecker
delta). The fundamental group A(®)/Z® has the following structure for the ir-
reducible types: A,, : Z/(n+1)Z, B,,,C,,, E7 : Z/2Z, D,,(n even) : Z/2Z&Z[27Z,
Dn(n odd) : Z/4Z, Eg : Z)3Z, Es, Fy, G5 : 0 [7, 13.1].

Given a base A = {ai,...,a,} of ® and the corresponding fundamental
dominant weights wy,...,wy, call A = 2?21 ci\i dominant if all ¢; € Z1. Each
A € A(®) is W(®) conjugate to one and only one dominant weight. FE is partially
ordered by: A > pif \—p = >"" | d;a;, d; € Z>¢. This ordering depends on the
choice of the base A. If A € A is dominant, then A > o () for all o € W(®) [7,
13.2].



3 Suitable Root Systems

Let G be a finite group and let A be a lattice on which G acts faithfully. Set
V =Q®z A and let ' C G be a G-stable set of reflections on V' (i.e. gI'g~! =T
for all g € G.) Let R be the (normal) subgroup of G generated by I'. In the
case in which R is non-trivial, we will associate a type of crystallographic root
system to the ZG-lattice A. We will examine some of the properties of this kind
of root system that will be useful later in our reduction and rationality results.
We will also use the root system to construct a subgroup Q¢ of G which is
congruent to G/R.

Remark 3.1. Suppose s is a reflection on an n-dimensional Q-vector space V
which also stabilizes a lattice A on V. Then Im4(s—1) C Kera(s+1) are cyclic
subgroups of A with H({s), A) = Kera(s + 1)/Ima(s — 1) = 0 or Z/2Z. In
fact, H'((s), A) completely determines the isomorphism class of A as an Z(s)
lattice [2, 34.31].

H1(<8>7A) = Z/QZ S A=27Z @Zn—l
H'((s),A) =0 A~ Z(s) ®Z"2

where Z~ = Zz is the rank 1 Z(s) lattice on which s acts by sz = —z.

Definition 3.2. Let e = |17| > ,.cr” € QR C QG be the trivial idempotent
in QG associated with R and let 7 be the linear map 1 —eg: V = V.

Remark 3.3. The following definition corresponds to Farkas’ notion of a root-
ing section for a lattice in [6]. Our approach here is more easily adapted to the
G-equivariant properties that we require.

Definition 3.4. Let A be a faithful ZG lattice on V, let I" be a subset of G
which is G-invariant and consists of reflections acting on V and let R be the
(normal) subgroup of G generated by I'. A crystallographic root system & for
the Q space 7(V) with weight lattice A(®) is called suitable for A and T iff
iyecAd
(i) w(A) C A(®)
(iii) R is isomorphic to the Weyl group W (®) under the natural restriction map
GL(V) =» GL(mw(V)).

A suitable root system ® for A and T is called G-stable if G stabilizes the
finite subset ® of V.

Remark 3.5. If ® is a suitable root system for A and I, there is a bijection
between reflections in I' and roots in ®. More explicitly, for s € T, Kery (s +
1) = Keryv (s + 1) is 1-dimensional so there exists a € ® such that Kerzs (s +
1) = Kerpy(s + 1) NZ® = Za. Now s|,v is the unique reflection on 7V with
Ker,y(s+1) = Qa. Since s acts trivially on Ker(r) = V£, we see that s is the
unique reflection in T with Kery (s + 1) = Qa. We denote s by s, and define
(;a) : V = Q to be the Q-linear map satisfying s,(v) = v — (v,a)a for v € V
and a € ®. Note that the map (-, ) is an extension of the definition in the last



section to the case in which the root system ® does not span the vector space
V. That is, (-, a) restricted to Q® = 7(V') coincides with the definition given
in Section 2. If V = Q®, then V# = 0, 7 is the identity map, and s, is the
map 7, from Definition 2.3.

Lemma 3.6. Let ® be a G-stable suitable root system for A and T'. Then
(a) V=Q®aVE is a QG decomposition of V.
(b) For g € G, a, 3 € ®, we have gsag ™" = sy and {ga, gB) = (e, ).
Proof:

(a) Since eg is an idempotent in QG and Imy (eg) = VE, it is clear that
V = Kery(eg) @ V is a QG decomposition of V. But then since & is a root
system for (V) = Imy (1 — eg) = Kery(er), we see that Q® = Kery (eg) so
that V = Q® @ V¥ is a QG decomposition of V as required.

(b) For g € G,a, € ®, we have s, €T, gsag ! € T and ga € ®. Since

Zga = gKerza(so +1) = Kerzq>(gsag_1 +1)

we see that s,q = gsag~'. Since

sg8(90) = ga — (ga, gB)gp
9569 '(9a) = ga — (o, B)gp
and s,s = gsgg !, we see that (ga, g8) = (o, B) as required. [ |

Fix a suitable crystallographic root system ® for A and I'. Then let A be a
base for ® and set

Qg =Qc(A) = {g € Glg(A) = A}

Note that in the effective case (for which V# = 0), this is a subgroup of the
automorphism group of the root system .

Lemma 3.7. With the above notation, we have G = R x Qg.

Proof: Let ¢ : G — GL(Q®) be the homomorphism which defines the action
of G on Q®. Note that R maps isomorphically to the Weyl group W = W (d)
and that Qg maps surjectively onto

Qu@) = {p(9) € p(G)lp(g)(A) = A}

For each g € G, ¢(g)(A) is another base for the root system ®. Since W acts
simply transitively on the set of bases for the root system @ [7, 10.3], we see
that there exists a unique w € W with w(A) = ¢(g9)(A) and w = p(r) for a
unique 7 € R. So p(g97'r) € Que) = ¢(Qe) and since Ker(p) C Qg, we have
g7'r € Qg and hence g € RQg. Let r € RN Qg. Then ¢(r) € WN Qg =1
so r € Ker(¢) N R. Since R acts faithfully on Q®, we see that RN Qg = 1, as
required. |
We need to show that suitable root systems for A and T' exist. Let

®4 = {a|Kery(s + 1) = Za for some s € T'}

Note that Kerzge , (s + 1) = Kera(s + 1) for all s € T. The following Lemma is
adapted from Farkas [6, Lemmas 1-3].



Lemma 3.8. &4 is a G-stable suitable root system for A and T.

Proof: Note that &4 is G-stable since I' is G-stable and
Kera(gsag ' +1) = gKerg(sq + 1) = Zga

In particular, ®4 is R-stable. It is also clear that 0 &€ ®4 and ® 4 is finite.

Applying er to soa = —a, we get ega = —ega and hence ega = 0 so
that Q@4 C Kery(er). Let v € Kery(eg)®. Then rv = v for all » € R so
that v = egv = 0. We see that Kery (eg) is a QR space containing Q® 4 with
Kery (eg)® = 0. But then since Q®4 is a QR subspace of Kery (eg), there
exists a QR submodule U with Kery (eg) = Q®4 ® U. So for all z € U and
a € ¢4, we have

T — $o(z) ={z,0)a eUNQP4, =0

which shows that U C Kery (eg)® = 0 and hence that &4 spans 7(V).
To show that Qa N ®4 = {£a}, note that for ca € Qa N &4, we have

Qa = Kery (scq +1) = Kery (sq + 1)
which implies that
Zca = Kerg(scq +1) = Kera(sq +1) = Za

and hence that ¢ = £1 as required.
Let o, B € &4, then

(sa —1)(B) = —(B,0)a € Imy(sq — 1) C Kera(sq + 1) = Za

so that (8, a) € Z.

Hence ®4 is a crystallographic root system for Kery (eg). Thus R maps
onto the Weyl group of &4 on 7(V) = Kery(er) under the restriction map
R — R|rv). Since R acts trivially on VE and faithfully on V' the decomposition
V=Q%4 ®VE from Lemma 3.6 shows that the map is an isomorphism.

With our extended definition of (-, @) we find:

sa(erv) = egv — (egu, a)a

which together with s,er = egr implies that (egv,a) = 0 and thus ((1 —
er)v,a) = {v,a) for allv € V.

Now for a € A, (a,a)a = (1 — sy)a € Img(1 — 54) C Kerg(sy + 1) = Za
implies (a,a) € Z. Thus (1 —eg)a € Ker(er) = QP4 has ((1 — er)a,a) =
{a,a) € Z which proves 7(A) = (1 —er)A C A(®4). Since &4 C A by
construction we see that ® 4 is a suitable root system for A. | |

The following basic lemma will be useful in Section 6:

Lemma 3.9. Let V be a finite dimensional reflection space over Q with fixed
root system ® whose Weyl group W (®) has reflection set T' and such that V =
Q®. If &' is another root system for V with reflection set T, then ®' must



take the form ®' = {cpala € ®},ca € Q. The decomposition of ® into
irreducible root systems corresponds bijectively to the decomposition of ®'. The
corresponding decompositions of W(®) = W(®') and V are the same for ® and
for @'.

Proof: Let 8 € ®'. Then since ® and ® share the same reflection set T,
83 = 84 for some o € ®. Then

QB =Kery(sg+ 1) =Kery(so +1) = Qa

shows that 8 = c,a for some ¢, € Q*. Since QBN &' = {4} and QaNd =
{xa}, we may choose ¢, € QT. So &' = {c,a|a € ¥} for some ¢, € Q.
Suppose ® = U;_, ®; is a decomposition of ® into irreducible root system-
s. Then since (cqa,cgf) = 0 iff (o, ) = 0 for all a,3 € ®, we see that
the decomposition of &' into irreducible root systems is & = Uj_, ®; where
®! = {cpala € ®;}. Note that s. o = sq for all @ € &. Then the decomposi-
tions W(®') = [[\_, W(®}) and V = &7_, Q®} correspond to those for ® since
W(@') =W (@), W(®}) =W(®;) and QP, =QP; foralli=1,...,r. [ |

4 Farkas’ Rationality Result for Reflection Lat-
tices

In this section, we review the results of Farkas from [6, 5]. Let G be a finite
group, let A be a lattice on which G acts faithfully, and let K be a field on
which G acts by field automorphisms. Let I' be a G-stable set of reflections on
V = Q®z A which act trivially on the field K and let R be the normal subgroup
generated by T'.

Let K[A] be the group algebra of A over K with K basis written multiplica-
tively as {e(a)|a € A}. As aring, K[A] is isomorphic to the Laurent polynomial
ring in n variables where n is the rank of A. So K[A] is an integral domain, and
hence has a quotient field K(A). There is a natural action on the unit group
of K[A], K[A]* (=2 K* @ A as abelian groups) which extends the action of G
on K and on A. Hence we obtain an action of G on K[A] and on K(A). The
invariant ring K[A]“ is called a multiplicative invariant ring and the invariant
field K(A)Y is called a multiplicative invariant field

Notation: Fix a suitable root system ® for A and I with weight lattice A =
A(®) and choose a base A for 7(®) = ®. Form the dominant weights

AT = {w € Al{w,a) > 0 for all a € A}

Definition 4.1. For any ZG lattice Bon V, set X (b) =}, /g, 7 -€(b) where
Ry, is the stabilizer of b € B in R.

Remark 4.2. Recall that each R orbit on A has precisely one element in AT [7,
13.2]. Hence the same is true for R orbits on 7(A) C A so that {X(a)|la €
7 1(AT) N A} is a K-basis for K[A]E.



Remark 4.3. Let B = egA ® A(®). Then B is a ZG lattice with A C B
and 7(B) = A(®) = &7, Zw; where wy,...,w, are the fundamental dominant
weights with respect to the given base A.

Lemma 4.4.

(a) [6, Lemma 9] Let by,...,by € B and form X(b1),...,X(bx) € K[B]".
Then X (b1) --- X (bx) € K[A]R if and only if 31, b; € A.

(b) [6, proof of Theorem 10] Every a € A can be written as a = by + Y 5, kiw;
with unique k; € Z and by € BE. Ifa € 7= (AT)N A, then k; > 0.

Notation: For a € A, write a = by + Y., kjw; as in Lemma 4.4(b). Then set
Xo = X(bo) X (w1)* -+ X (wp)*». Note that for a € 77 1(AY) N 4, X, € K[A]F
by Lemma 4.4(a).

Proposition 4.5.

(a) [6, Corollary 8] K[B]® is a polynomial ring in X (wi),...,X(ws) over
K[BH].

(b) [5, Theorem 16] Let a € A. X, € K[A]|® is irreducible iff m(a) is indecom-
posable in m(A) N AT.

(c) [5, Theorem 16] Let E be the multiplicative monoid {X,|la € 7~ (AT) N
AY. Then E generates K[A]® as a K[AT] module. There are only a finite

number of indecomposable elements in AT Nw(A). Call them mw(ay),...,m(an).
Then Xo,,-- -, Xay are irreducible in K[A]® and generate E as a multiplicative
monoid.

Remark 4.6. We will give a proof of the following proposition [6, Theorem 10]
as the details of the proof will be required in the proof of Theorem 5.3.

Proposition 4.7. K(A) is rational over K.

Proof:

By Proposition 4.5(a), K[B]E is a polynomial ring in X(wy), ..., X (wy)
over K[Bf]. The multiplicative subgroup M of the field of fractions K(B)%®
generated by B® and X (w;),...,X(w,) is a free abelian group of finite rank
whose members are linearly independent over K. Now

{e(bo) X (w1)¥* -+ X (wn)* |bo € BR, k; € Z,k; > 0}

is a K-basis of K[B]®. Let S be the multiplicative monoid generated by
X(w1),..., X (wy). After localizing at S, each X (w;) becomes a unit so that

{e(bo) X (w1)¥* -+ - X (wn)* |bo € B, k; € Z}

is a K-basis for ST'K[B]®. Hence S™'K[B]® is the group algebra K[M] and
so K(B)f = K(M).

By Proposition 4.5(c), K[A]® is generated by the multiplicative monoid
E = {X,|a € 71 (A*) N A} as a K[A®] module. Since AR C E, we see that
in fact E generates K[A]® over K. Now localize K[A]® at the monoid E.
Consider E~'K[A]® c E7'K[B]®. We first show that E~'K[B]® is also the



group algebra K[M]. It suffices to show that X(w;) is a unit for each i. Let
d = [B: A]. Then dw; € 7 *(AT) N A. So X (w;)* = X, is invertible in
E~'K[B]® and hence so is X (w;). So E"'K[B]® = K[M].

Now let L be the subgroup of M generated by E. Hence L is also free abelian
of finite rank. By Proposition 4.5(c), {X,|a € 7 1(AT) N A} is a K-generating
set for K[A]®. Hence L spans E-'K[A]" over K so that E-1K[A]® = K[L] is
a group algebra. So K(A)® = K(L) as required. [ |

5 Reduction

Let G be a finite group acting faithfully on a lattice A which also acts on a field
K. Let V=Q®z A, and let R be the normal subgroup of G generated by T,
the set of reflections in V' which act trivially on K. We will use the notation of
Section 3.

Choose a suitable crystallographic root system & for A and I'. Recall from
Lemma 3.6, for g € G, a € ® and v € V, gsag ! = 544 and (gv, ga) = (v,a).
Let A = {a1,...,a,} be a base for ® and let A be the weight lattice of & with
basis of fundamental dominant weights {w1,...,w,} corresponding to the base
A. Now set

Qo =9c(A) ={g € Glg(A) = A}

Then from Lemma 3.7(a), we recall that G = R x Q.

Lemma 5.1. Z® and A are isomorphic ZQ g permutation lattices.

Proof:
A ={ay,...,a,} is a Z basis for the root lattice Z® and the set of funda-
mental dominant weights {w1,...,w,} corresponding to A is a Z basis for A.

By definition, (w;, ;) = &;; so that for A € A, A = 37 | (A, ;)w;. Since Qg
stabilizes the base A, we see that for each t € Qg, there exists o € S, such
that ¢(a;) = a,(;) for i = 1,...,n. This shows that Z® is a permutation ZQg
lattice. Now (twi, aq(j)) = (twi, tay) = (Wi, @j) = 0ij = 0o (i)o(j) = (Wo(i)» Xo(j))
for all j implies that tw; = 2?21 (twi, aj)w;j = wy(;) for all 4. This shows that
Zd - A, a; — w; is a ZQg isomorphism. |

Remark 5.2. For any simply laced root system ®, the weight lattice is the Z-
dual of the root lattice. In these cases, Lemma 4.1 follows directly from the fact
that for a finite group H, a permutation ZH lattice is isomorphic to its Z-dual.
However, if ® is not simply laced, the weight lattice is no longer the Z-dual of
the root lattice. Lemma 4.1 shows that for any root system, the root lattice
and the weight lattice are isomorphic as lattices over the stabilizer subgroup of
a base for the root system.

Theorem 5.3. The invariant fields K(A)® and K(A)¢ are isomorphic un-
der an isomorphism that is the identity on K(AR)G = K(AR)%¢. In partic-
ular, K(A)C is rational over K(AR)C if and only if K(A)? is rational over
K(AR)%e
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Proof: B = egpA ® A gives a ZG lattice containing A with Bf = egpA and
w(B) = A. Using the notation of the proof of Proposition 4.7, we let M be the
multiplicative subgroup of K (B) generated by e(egA) and X (w1), ..., X (W)
(note that A C B and w(w;) = w;) which is then free abelian and linearly
independent over K. Recall that each a € 7 '(A*) N A has a unique ex-
pression as a = ag + »_,_, kiw; where ap € egA and k; > 0. Then X, =
e(ao) [Tie; X (wi)* € K[A]®. Then E = {X,|a € 1 (A*) N A} is a multiplica-
tive monoid with e(A®) C E. In Proposition 4.7, we showed that E~1K[B]® =
K[M] and E~'K[A)® = KJ[L] where L is the subgroup of M generated by
E, which is hence also free abelian. Note that K[M] and K[L] are the K-
subalgebras of K(B)%, respectively K(A)® generated by M and L. They are
both group algebras of free abelian groups of finite rank written multiplicatively.

R acts trivially on K[M] C K(B)® and on K[L] C K(A)E. We will now
show that Qg = G/R also acts on K[M] and K[L] inducing an action of G on
K[M] and K[L] by inflation.

Let t € Q2. By the last lemma, we know that tw; = w,(;) for some o € Sp,.
Now

tX (w;) = Z tr-e(w;) = Z rit-e(w;) = Z - e(tw;)

r€ER/R,,; r€ER/R.,; rER/ Ry,
= X(th’) = X(wa(i)) S K[M]

and for by € BE, t - e(by) = e(thy) € K[M]. We may express b € B uniquely as
b=bo+ Y 1, kiw; for bg € B¥ and k; € Z. Note that M = {X,|b € B} where
we recall that X, = e(bo) [[i—; X (w;)*. Then

n n n

tXp =t - (e(bo) HX(wi)k") = e(tbo) HX(tw,»)’“ = e(tho) HX(wa(i))ki = X

=1 i=1 =1

defines the action of Q¢ on K[M].
Claim: L = {X,|a € A}.
Since L is generated as a group by the multiplicative monoid

E={X,aen ' (A")n A}

then z € L can be expressed as z = ;‘jl = Xy _qv where a',a" € 771 (AT)N A.

Conversely, if a € A, then a = ag + 2?21 k;w; where ag € Ag and k; € Z.
Since A/m(A) is finite, there exists d € N such that dw; € w(A) for all 4 =
1,...,n. Choose z; € A such that 7(z;) = dw; and m; such that k; + dm; >0
and set @’ = > ; dm;z;. Thena+a',a’ € 771 (AT) N A. So

Xa+a’ )
X, = €L
( Xor
Then for a € A, by the calculation above, we have tX, = X;, € K[L] showing
that Q¢ also acts on K[L].

11



Now B —+ M,b — X, is an abelian group isomorphism inducing the K-
algebra isomorphism ¢ : K[B] — K[M],e(b) — Xp. Note that ¢|xpr] = id.
We check that ¢ is Qg-equivariant where Qg acts on K[B] by t-e(b) = e(tb) and
on K[M] by tX, = Xy for t € Qg and b € B. Indeed, ¢(t - (b)) = ¢(e(th)) =
X = typ(e(b)) as required. Note that o(K[A]) = K[L] since L = {X,|a € A},
¢|lgx =id and p(e(a)) = X,. So K[B] and K[M], respectively K[A] and K[L],
are isomorphic as K-algebras under an - equivariant isomorphism which acts
as the identity on K[BF], respectively K[AE].

1

So K(A)¢ = (K(A)R)G/E = (K(L))% =~ K(A)% as required. Note that
the above isomorphism acts as the identity on K(A®)¢ = K(A®)%¢. The final
statement of the theorem is a direct consequence of this isomorphism. |

Remark 5.4. A more general version of Theorem 5.3 for twisted multiplicative
invariant fields is found in [9].

6 The Automorphism Group of a Root System

The automorphism group G of a crystallographic root system ¥ acts nat-
urally on the Q-vector space V = QU spanned by the root system. In this
section, we will determine the structure of the action of G on a full ZG lattice A
of V. In particular, we will determine some information about the full reflection
subgroup of the action of G on V' and the stabilizer of a base for ®.

Let ¥ = U™, (¥;)" be the decomposition of the crystallographic root system
¥ into irreducible crystallographic root systems with ¥; distinct. Let V; = QU¥;
be the Q-vector space spanned by ¥. Then

G = Aut(¥) = ] Aut(}) = [J Aut(T:)" » S,
i=1 i=1

acts diagonally on V = @7, Vi with Aut(¥;)% acting diagonally on V;" and
S;; permuting components of V;*.

We first need some technical lemmas about lattices for the wreath product
H* x Sy, where H is any finite group. These will be useful in analyzing the
structure of the the root lattice Z¥ and the weight lattice A(¥) as ZG lattices.

Definition 6.1. Let H be a finite group and X be a ZH lattice. We construct
a natural H* x S, lattice Wrg X as follows: Let I, be the k element set
{1,...,k}. Identifying H* with Map(Iy, H), Sy acts on H* as f7(i) = f(o~14)
and H* x S}, is the semidirect product corresponding to this action. Hence
elements of H* x S}, take the form fo with multiplication

(fo)(f'e") = ffoc’

and inverses (fo)~1 = (f° ')~lo. Then if Sy_; is the subgroup of Sj which
stabilizes k in Iy, the map py : H* x Sy_; — H defined by fo — f(k) is a

12



epimorphism since Sy_; centralizes the last component of H*. We then define

k k
the H* x S* lattice Wr 1 X as Indgkjé:_llnfg *Sk=1 X where the inflation is

computed with respect to the epimorphism py.

Lemma 6.2.

(a) For a ZH module X, the ZH* x Sy, lattice Wrg X can be identified with
of  X@ where o € Sy, maps X identically onto X(°()) and H* acts compo-
nentwise on ®%_, X so that as a lattice for the ith copy of H in H*, X is
isomorphic to X.

(b) If X is a faithful ZH lattice, then Wrg 1 X is a faithful H* x Sy, lattice.

Proof:

(a) {(i,k)|[i =1,...,k} is a transversal for H* x Sj,_; in H* x S}, where (i, k) €

Sk denotes the transposition if i # k and the identity if i = k. Then set
. k

XO = (i,k) @ InfF %' X for i = 1,...,k. For o € Sg,0(i, k) = (o(i), k)o’

where ¢’ € S,_1. So

o((i,k) ® z) = (0(i), k) ® o'z = (o(i), k) @z
which shows that o(X®) = X°()_ For f € H*, f(i,k) = (i,k)(f®*) so that

F((i, k) ®z) = (i,k) ® () (k)z = (i, k) & f(i)x

This shows that H* acts componentwise on ®¥_; X(? and that the ith copy of
H in H* acts on X in the same way as H acts on X.

(b) Let fo € H* x S act trivially on Wrgrx X. Then, in particular, fo X =
X@ for all i = 1,...,k so that X(¢@) = o X0 = f(§)~1 X = X for all 4
implies that o = 1. Now Y., 2® = £y 20 = 3%  7(i)z® shows that
f(i) acts trivially on X®. Since X is congruent to X as a ZH lattice, we
see that f(¢) = 1 for all i since the action of H on X is faithful. So fo =1 as
required. |

Notation: Let a finite group H act faithfully on a lattice X and hence on the
vector space V = QX. Let I'(V) be the subset of H consisting of reflections
acting on V, let R(V) be the (normal) subgroup generated by ['(V), let ®(V)
be a root system on V with reflection set I'(V'), let A(V) be a base for &(V)
and let Q(A(V)) be the subgroup of H which stabilizes the base A(V). Note
that if there are no reflections in the action of H on V then I'(V') = ¢, so that
d(V)=¢, A(V)=¢, R(V)=1and QA(V)) =H.

Given a faithful ZH lattice X and its associated QH space V = QX, we will
be interested in finding the set of reflections T'(V'*) for the action of H* x Sj, on
VF = QWrp X, the subgroup R(V*) generated by %(V*), a root system ®(VF)
for V¥ with reflection set %(V*), a base A(V*) of ®(V*) and the subgroup
Q(A(VF)) of H* x S, that stabilizes the base A(V*). The next lemma will
relate those structures with the corresponding structures for V.
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Lemma 6.3. Let X be a faithful ZH lattice, and let V = QX be the as-
sociated QH space. For the faithful ZH* x Sy lattice Wry X, we define
VE = QWrg x X. Then if H® denotes the ith copy of H in H*, VF = @k v
where V) = QX s o QH space. Fori=1,...,k, letv? = (i,k)ov € VO
denote the copy of v € V in VO and for h € H, let h') denote the element of
H* that acts as h in V) and trivially on V9| for j #i.

If dim(V') > 1, then we have

T(Vk) = Uk, T(v®)
o(V*) = Ui, e(V®)
A(VF) = Uk, AV )
R(V¥) = R(V)
QUAVH)) = QAWV))* x S,

Ifdim(V)=1,then H=10or H=(h)=Cs. If H =1, then T'(V) = ¢ and
if H=Cy, then T(V) = {h}. Let {v} be a basis for V. Then V¥ has basis
{v®D} for alli =1,..., k. Let T'(k) = {(i,5)|i # j} be the set of transpositions
in Sg, let ®(k) = {v@ —vD|i # j} and let A(k) = {v® — D1 <4 < 5.
Then we have

T(V*) = U, {h} UT (k)

B(V*) = U {v} U B(k)

A(VF) = UL {vP} U AR)

R(VF) = H* x S
QAWVF) =1

Proof: Suppose dim(V) > 1. Let s € H* x Sy, be a reflection not in H¥. Then
s = ro where r € H* and 1 # o € Sy. Then o(j) # j for some j. Since V has
dimension larger than 1, there exist two linearly independent elements 2/, 37
in V), the jth copy of V. But then Imy(ro — 1) contains rz(°()) — z() and
ry @) — O 1 2@ — 20 = e(ry@@) — y9) for some 0 # ¢ € Q, then
ro(@D — ay@) = 20) — o and so 2@ — e@) = p1(20) — D) €
V@) NV = 0 implies a contradiction. So the reflections in H* x Sy, are
those in H*. Now, let 7 € H*. Since Imyx(r — 1) = ®%_ Imyu(r — 1), ris a
reflection precisely if it acts as a reflection in some V() and acts trivially on all
other copies of V. Hence the set of reflections of H* x S; on V¥ is T'(V*) =
Uk T(V®), ®(VF) = Uk, (V@) is a root system for V* with reflection set
T(VF), A(VF) = Uk A(V) is a base for ®(V*) and the reflection subgroup
of H* x Sj, on V* is indeed R(V)*. Since Q(A(V*)) stabilizes A(V*) and
since o € Sy sends A(V()) identically to A(V(?())) we see that Sy stabilizes
A(V*). As no reflection stabilizes A(V*), we conclude that Q(A(V)) x S is
the stabilizer subgroup with respect to A(VF).

If H # 1 and dim(V) = 1, then H = (h) = (Cy as V is a faithful QH
module. Then clearly, the reflection set of H acting on V is I'(V) = {h}, a root
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system for V' with reflection set I'(V') is ®(V) = {v}, and the base for (V)
is A(V) = &(V) = {v}, and H is the reflection subgroup on V. So HF is a
reflection subgroup on V*. Moreover, the transpositions of Sy act as reflections
on V¥ are the only reflections in Sy acting on V*. Since they generate Sy, Sk
is a reflection subgroup acting on V*. For i # j, the transposition (4, ;) acts
as a reflection in v(® — v(¥). This shows that the set of reflections of H* x S,
acting on V¥, the associated root system, and its base are as stated above. The
reflection subgroup is all of H* x S}, in this case and the stabilizer subgroup is
trivial. |

For an irreducible crystallographic root system ® on V, the next lemma
examines the action of Aut(®') = Aut(®)! x S; on the root lattice and weight
lattice of the crystallographic root system on V!, ®!, consisting of a disjoint
union of [ copies of ®.

Lemma 6.4. Let ® be an irreducible crystallographic root system of rank n on
a vector space V. Let ® denote the crystallographic root system formed by a
disjoint union of I copies of ® on V. A

(a) There exists an irreducible crystallographic root system ® of rank n on V
such that ® C @, Aut(®) = Aut(@) and the full reflection subgroup of Aut(®)
is W(:I;) In particular, for ® # As, A3, D,, we may take ® = ®. For the
remaining cases:

A, =Gy, A3 = Bs,D, = Fy,D,, = Bp,n > 5,

we have Aut(®) = W (D).
(b) If H is a subgroup of an automorphism group for an irreducible root system
@ with weight lattice A(P) then we have

A(®) = Wy, A(D) Zd' = Wry 1 Z®

as H' % S; lattices. R R

(c) Let V. = Q® = Q® and let A be a base for ®. Then Aut(A}) = Aut(B;) =
W(B,) is a reflection group on V. If ® # A, then Aut(®') = Aut(@), the
reflection subgroup of Aut(®') is W((I;l) and the stabilizer subgroup for the base

Al is T' x S; where T is the diagram automorphism group for ® with respect to
A.

Proof: We refer to [7, 12.1-12.2] for relevant facts about automorphism groups
and the construction of irreducible root systems.

(a) For ® # A,,n > 2,D,, Eg, we have Aut(®) = W(®) so the result is
trivial.

For ® = A,,n > 4; Fg, note that [Aut(®) : W(®)] = 2. Suppose Aut(P)
were a reflection group. Then there would exist an irreducible root system of
the same rank with Weyl group of the same cardinality as Aut(®). Examining
the orders of irreducible Weyl groups [7, p. 66], we see that this cannot hold.
By contradiction, Aut(®) has reflection subgroup W (®) in these cases.
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For the remaining cases, we need to look more closely at the realization
of each irreducible root system. Following [7, 12.1], for any k, let Q* have
standard basis {e1,. .., €} with the usual inner product (-,-). Let I = &k, Ze;
be a lattice on Q*. To construct A, let E,, be the subspace of Q! orthogonal
to € + -+ €nt1, and let I, = I, N E,. Then

A, = {o € Il(a,0) =2} = {e — )li # 4}

is a root system on E, which has base {a; = ¢ — €;41]¢ = 1,...,n}. The
diagram automorphism group is of order 2 and is generated by ¢, which maps
a; t0 apt1—; for all i.

Note that the root system G is realized as

Gy ={a € L|(a,a) = 2 or 6} = {ei—¢;i # jRU{£(2ei—e;—ex)|{i, 4, k} = {1,2,3}}

So A2 C G2, and the diagram automorphism group is generated by s¢, 2¢,4¢5 €
W(Gz) = Aut(Gz).
The irreducible root system D,, is realized by

Dy, ={a € I|(a,a) = 2} = {+e; £ ¢;]i # j}
and has base given by
{ai = €; —6i+1|7: =1,...,n— l}U{an = €p_1 —En}

For n # 4, its diagram automorphism group is generated by ¢, which inter-
changes a,—1 and «a,, and fixes the other elements of the base. Note that for
n = 3, Az can be replaced by its isomorphic copy Ds. So for n # 4, the root
system D,, is a subset of the root system B,, which can be realized as

B, = {:tei:tej|i #J}U{:te,h = 1,...,n}

Also note that the generator of diagram automorphism group for D,,n # 4
can be expressed as the reflection s(c, _,_c,)—(en_1+en) = 5265 = Se,, Which is in
W(Byp) = Aut(By).

The irreducible root system D, is a subset of the irreducible root system Fy
which is realized as

1
F4:{ﬂ:Gili:1,...,4}U{i€,’ﬂ:6j|1SiSjS4}U{:f:§(€1 i62i€3ﬂ:€4)}

on the space Q*. The diagram automorphism group of D, is generated by
the elements 013 and 014 where o;; interchanges a; and «; and fixes the other
elements of the base. Then 013 = $(e; ;) (c3—es) = S1(e1—er—cstes) a0 012 =
S(e1—e2)—(estea) = S1(e;—ea—eg—cs) Where both are in W(Fy) = Aut(Fy).

So for ® = A3, A3,D,,n > 4, we have shown that ® is a subset of an
irreducible root system ®, and that Aut(®) is a subgroup of Aut(®) = W(®).
It turns out that in each of these cases |Aut(®)| = |W(<T>)| so that Aut(®) =
Aut(@) = W((I;) as required.
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(b) follows immediately from Lemma 6.2(a) and the description of the action
of Aut(®)! x S; on A(®)! and (Z®)'.

(c) Note that A; is the only irreducible root system of size 1. If & = A;, we
note that we may embed Al into B; with base {e1,...,€} so that W(4;)! <
W (By). Since the stabilizer of a base for A} is generated by the subset {s,,_, i <
i} of W(B;), we find that Aut(A!) = W(B;). Since Aut(®') = Aut(®)! x S,
the rest of the statement follows from applying parts (a) and (b) and Lemma 6.3
to the Aut(®) lattice X = Z®. [ |

Next we will determine the reflection subgroup of the action of the auto-
morphism group G of the crystallographic root system ¥. We first need some
additional notation and definitions.

Notation: Let ¥ = U, lIJi be the decomposition of ¥ into a disjoint union
of distinct irreducible root systems. Let V; = QW¥; for each ¢ = 1,...,k. Then
recall that

G = Aut(¥) = ] Aut(¥:)" x S,
i=1

acts diagonally on V = Q¥ = @2,V where Aut(¥;)" acts diagonally on V}*
and S;;, permutes the isomorphic copies of V; in Vf’ Let T'g be the (G-stable)
set of reflections in W (¥) = [T, W(¥;)" and let T be the set of all reflections
in G. Let R be the group generated by I'. Note that R is the full reflection
subgroup of G.

Definition 6.5. For an arbitrary crystallographic root system ® where ® =
um, @4 is a disjoint union of irreducible root systems with the ®; distinct, we

define ® = UZT’;l(}Tiki where ®; = @ and k; = I; if ®; # A; whereas ®; = B,
and k; = 1 if &; = A;. Note that Aut(®}) = Aut(@ki) by the previous lemma

= —k; . o = . . .
and that ® = UL, ®; " is a decomposition of ® into irreducible root systems
although the ®; may not be distinct. For this reason, it is not necessarily true
that Aut(®) = Aut(P).

Lemma 6.6. The full reflection subgroup R of G = Aut(¥) =[]~ Aut(¥,;)"
acting on V. = Q¥ is R = W(¥) = [[1~, W(E;"). Let I; be a base for T;

so that II = Uglﬂf" is a base for W. The stabilizer of the base II in G is
Q=Qc) =[[%, Q, where

Q; = QIT¥) = {g € Aut(T;")|g(ITF) = TT¥} = T % S,

where T; = {g € Aut(;)|g(TL;) = II;} is the diagram automorphism group of
U, with respect to I1;.

Proof: Since Aut(¥) = [[7, Aut(¥}) acts diagonally on V = @, V}, an
element of s € Aut(¥) has Imy (s — 1) = &_;Im 1, (s — 1) so that it can act

as a reflection on V iff it is a reflection in Aut(¥5) = Aut(¥;") for some i.
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So the reflection subgroup of Aut(¥) is R = [[;~, R; where R; is the reflection
subgroup of Aut(¥!) = Aut(Eki). Hence R; = W(\Il_ik") by Lemma 6.4.
The stabilizer of the base Il in G is
Qe(Ml) = {g € G|gIl = I}

= [[{s € Aut(@™)
=1

= H Q;
i=1

where the Q; are as described above. |
The last lemma in this section translates the information about Aut(¥) into
information about a suitable root system for the ZG— lattice A.

gtk = 11k}

Notation: For a ZG lattice A on V' and a G-stable set of reflections S, set
D45 ={a€ AlKera(s+ 1) = Za for some s € S}

We write ® 4 for ® 4+ where I is the set of reflections in G acting on V.

Lemma 6.7. Let ¥ be a crystallographic root system with ¥ = UizllI!i" 1ts
decomposition into distinct irreducibles. Then let G be the automorphism group
of U, let V be the vector space Q¥, and let T’ be the subset of G consisting of
all the reflections acting on V. For a ZG lattice A on V, the G-stable suitable
root system for A and T', ® 4 can be expressed as a disjoint union of irreducible
crystallographic root systems

By =UR, BN

In this decomposition, ®; can be any irreducible root system except for A,,n =
2,3 and D,,n > 4. Also, if <I>f = A’f" for some i, the multiplicity k; must
be 1. The irreducible root systems ®; may not be distinct. The group G can be
expressed as G = [[1n., Aut(®¥). Moreover, G acts diagonally on V = @7 V¥
where V; = Q®;. A base A4 for &4 may be expressed as Ay = UQIA;“ where
A; is a base for ®;. The full reflection subgroup of G acting onV is R =[]~ R;
with R; = W (®;)*: and the stabilizer of the base Ay is Q = [[~, Q; where

Q= {g S Aut(@fi) g(Af’) = Af"} = Tiki X Sk,

and T; = {g € Aut(®;)|g(A;) = A;} is the stabilizer subgroup of the base A; or
the diagram automorphism group of ®; with respect to A;. G =[], Aut(@f")
also acts diagonally on the root lattice Z® 4 = ;’LIZQ;“ and on the weight
lattice A(®4) = &, A(®¥). Moreover,

Zd4 CACA(®Y)
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Proof: .

Since 4 and ¥ have the same reflection set I', the set of reflections in
R = W (¥), we find by Lemma 3.9 that 4 = {c,a|a € ¥} for some ¢, € QY.
Since both ¥ and ®4 are G-stable, we see that c;o = ¢, for all ¢ € G and
a€ V.

Recall that Ty is the set of reflections in W (¥). Since Ty is contained in
I', @41, is a subset of @41 = ®4. Since ¥ and ® 4, both have reflection
set T'g, we have ® 4 r, = {cqala € ¥} (where the ¢,’s match with those above
for a € T) so that Aut(®ar,) = Aut(¥) = G. Set £; = {cqala € T;},
t=1,...,m. By Lemma 3.9, &4, = uglzﬁf is the decomposition of ® 4 r,
into irreducibles with ¥; distinct. Note that E_,k = {cpala € \Il_,-ki} so that
Dy = U;’;IE_Z-I“ and Ay = g’;lAf". So we have

G = Aut(¥) = Aut(@ar,) = [[ Aut(E™)
i=1
The reflection subgroup of G acting on V is
m ks m ks .
R=W(@,) =[[WwE) =[[W@) =W @)

and the stabilizer of the base A4 is

0 =0g(A4) =]
=1
where
Q= {g € Aut(¥;")[g(II}*) = IIF}

= {g € Aut(S)|g(Ak) = Ak} =TF x5,
where T; is the stabilizer of A; in ¥;. G = [[12, Aut(E_iki), R =112, R
and Q = [, Q; all act diagonally on V = or, V= GBQ”ZIQE_Z-I“ and hence
act diagonally on Z®, = @{'LIZE_ik", A(®a) = @gr;lA(E_iki). The fact that
Zd,4 C AC A(®,) follows from Lemma 3.8 and the fact that V¥ = 0.

To obtain the statement of the Lemma, set ® = ¥;. Then ®; can be
any irreducible root system except for one of type Az, A3, or D,,n > 4. To
show this, assume that some ®; is of type Az, A3, or D,,n > 4. Then, by
Lemma 6.4(a), Aut(®;) would be itself generated by reflections on Q®;. Since
W(®;) is a proper subgroup of Aut(®;) in each case, W(®;) is not the full
reflection subgroup of Aut(®;), contradicting the fact that ®; = %; for some
irreducible root system Y;. If ®; is not of type As, A3 or D,,n > 4, we have
®; = ®;. This shows that any other type of irreducible could be represented
in the decomposition. Applying Lemma 6.6, it can be similarly shown that a
component of the type @f" = A’f" must have k; = 1. |
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7 Rationality Result

In this last section, we will use Theorem 5.3 as well as Farkas’ rationality result
and a result of Endo and Miyata on fields of tori invariants to prove that K (A4)“
is rational over K where G is the automorphism group of the crystallographic
root system ¥, A is a full ZG lattice on Q¥ and where G acts trivially on the
field K. We will adopt the notation of Lemma 6.7. In the decomposition of
Py = U?;l@f" of this Lemma, we will refer to <I>f" as the ith component of @ 4.

Remark 7.1. The next lemma will be useful for finding compatible decompo-
sitions of Z® 4 and A(P4) as ZQ lattices. It was suggested by the referee in
order to simplify the proof of Lemma 7.3.

Lemma 7.2.

(a) For a finite group H, let N be a pure free ZH sublattice of a ZH lattice M.
Then N is a direct summand of M.

(b) Let M' C M be isomorphic permutation ZCs lattices of the same rank and
let N be a ZCs sublattice which is a direct summand of of both M’ and M.
Then there exist isomorphic permutation ZCo lattices L' C L such that

M=NgolL M=>=2NgL
as ZCs lattices.

Proof:
(a) For a ZH lattice X, let X* denote its Z-dual Homg(X,Z). Taking Z-duals
of the ZH exact sequence of lattices

0>N->M-—>M/N->0
we obtain a ZH exact sequence of lattices
0> (M/N)">M"—>N">0

with N* = N a free ZG lattice [2, (10.29)]. Hence the latter sequence splits.
Taking Z-duals again and recalling that X** = X [2, (10.26)(b)] for all ZH
lattices, we obtain the desired result.

(b) By hypothesis, there exists a ZC> lattice L with M = N @ L and hence for
the ZCs lattice L' = LN M', we have M' =2 N @® L'. Now L' C L are ZC,
lattices of the same rank. So, for the generator ¢ of Cy, rank(Kerp(t — 1)) =
rank(Kery/(t —1)) and rank(Kery, (t+1)) = rank(Kery (¢t +1)). Moreover, since
each is a direct summand of a permutation lattice, each is coflasque. Now, recall
that any ZC lattice is isomorphic to a direct summand of copies of the lattices
Z,7ZC> and Z~ [2, (34.31)]. Supppose

LEZ" ¢ (ZC)" @ (Z7) L'=Z™ & (ZC,)" & (Z7)"

for some non-negative integers m, m',n,n',r,r’. As both L and L' are coflasque,
we find that » = ' = 0. The conditions on ranks given above then show that
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m+n =m'+n' and n = n' respectively, so that L and L' are indeed isomorphic
permutation lattices. n

By Lemma 5.1, Z® 4 and A(®4) are isomorphic permutation lattices for Q.
The following lemma refines this description:

Lemma 7.3.

(a) For each i, the diagram automorphism group of ®; with respect to A;, T;, is
either trivial or isomorphic to Ca. There exist ZT; permutation lattices N;, L,
and L; such that L; C L; are both faithful ZT; lattices and such that there exist
decompositions Z®; = N; ® L; and A(®;) = N; ® L;. In each case, we have
(b) For each i, there exist Z; permutation lattices P;, Q% and Q; such that
Q; acts faithfully on both Q) and Q;, Q) C Qi, and there exist decompositions
Z@f" =P, & Q) and A(<I>f) = P, ® Q;. In each case, we have Q} = Q.
I Q = Sy, then Q; = Indg™ Z. If Q; = T x Sy, where Ty # 1, then

T* xS}, T*i xSy, T*i xSy,
=4 K = i i
Q; = Indii_lxski_lz or Q; = IndT’“i‘lek,-_1Z @ Ind 4, ><1Ski_lz.

(c) Pa = @1 P, Qa = ®2,Q; and Q'y = @2, Q} are ZQ permutation lattices
such that Z®4 = P4 & Q'y and A(®4) = Pa ® Qa where Q acts faithfully on
Qa and Q'y C Q4.

Proof: Since Q = [[1*, Q; acts componentwise on A(®4) = @7, A(®*) and
Zd, = @, Zd%  we sce that (c) follows immediately from (b).

To simplify notation in the proofs of (a) and (b), we will suppress the sub-
script 4 in referring to the ith component of the decomposition of ® 4.
(a) By [7, p. 66], the only irreducible root systems with non-trivial diagram
automorphism groups are of types A, for n > 2, Eg or D,,n > 4. But in
Lemma 6.7, we noted that (D,)*, (A2)*, (43)* cannot occur as components
of ®4. So, for each component ®* of &, such that ® has non-trivial diagram
automorphism group 7', T is cyclic of order 2. So we will divide the proof of (a)
into two cases.

Case 1: T =1
To show (a), we need only find a suitable Z decomposition. Since A(®)/Z®
is ¢yclic, we may choose a Z-basis 21, . . ., Z, of A(®) such that z1,...,2, 1,dz,

is a Z-basis of Z®. Then we may take N = @?;foj =~ 77! [ = Zz, and
L' =dL. So L' C L and both are rank 1 trivial lattices. Clearly Z® = N & L’
and A(®)=Na L.

Case 2: T #1.

As noted above, T = (t) is a cyclic group of order 2. By Lemma 7.2 (b)
and the fact that Z® and A(®) are both isomorphic ZT lattices, to show (a) it
suffices to find a ZT sublattice N which is a direct summand of both Z® and
A(®) in the two subcases: ® of type A, for n > 4 and ® of type Fs.

Case 2a: ® has type A, for n > 4.
By [7, p. 59], the base for the root system A = {aq, ..., a,} can be expressed
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in terms of the fundamental dominant weights {w1,...,w,} as

) = 2w; —wy
o = —wi—1 +2w; —wipq for 1 <i<n

O = —Wp_1 + 2wy

The T-action is given by tw; = wp41—; and ta; = apy1—;.

Since {wp,aa,...,ap} is also a Z basis for A(®), we can take
O Za; = (ZT)V21 if n is even
N =19 n1 v (n—1)/2—1 i, s
Oi s it (np1) /2 L0 = (ZT) if n is odd

Then N is a pure free sublattice of both Z® and A(®) so that by Lemma 7.2, it
is a direct summand of each lattice. The structure of Z®/N = L' as a ZT lattice
is easy to determine. From this structure and Lemma 7.2, we hence obtain a
decomposition of Z® and A(®) as in (a) in which

[l 7T if n is even
7 |ZT 9 Z ifnis odd

Case 2b: ¢ has type Fg
By [7, p- 59], A = {a1,...,as} can be expressed in terms of the correspond-
ing basis of fundamental dominant weights as follows:
a1 = 2(4)1 — W3

Qg = 2&)2 — W4

a3 = —wy + 2wz — Wy

0y = —wz — w3 + 2wy — ws
o5 = —Ww4 + 2&)5 — Wsg

ag = —ws + 2we

Note that {as, a3, 04, a5, w2, ws} is an alternate Z- basis for A(®) since

wg = —a2 + 2wo

w1 = —a3 — wy + 2ws3

Ws = —Qy — Wo — W3 + 2wy
W = —O5 — Wy +2W5

Let N = Zas & Zas ® Zay ® Zas. Note that ¢t acts on A(®) and Z& by

ta; = (6733 twi= We
tas = ao twa= w2
tasg = ag tws= ws
tOé4 = 04 tUJ4: W4y
tOé5 = Q3 tW5: W3
tOé(; = Q1 thI [0%5]
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So N 2 ZT®Z2, Z&/N = Zay & Zas = ZT and Z&/N — A(3)/N — A(®)/Zd
with A(®)/Z® of order 3 implies H'(T,A(®)/N) = 0 hence A(®)/N = ZT (as
T does not act trivially on A(®)/N). So the ZT exact sequence N — A(®) —»
A(®)/N splits as required. Hence by Lemma 7.2 there exist ZT lattices L and
L' with A() =N@® L,Z®=N® L' and L' = L 2 ZT as required.

(b) By Lemma 6.4(b), we see that A(®)* = IndTy S Tnf]. *¥*A(®) and

k
Z&* = IndZ, S Infl ***-1Z& as O = T* x S, lattices. Since induction and
TkxSKp_1 T

inflation preserve direct sums and send permutation lattices to permutation
lattices, we see that by Lemma 6.2, that Wrp X is a (faithful) permutation
Q) = TF x Sy, lattice if X is a (faithful) permutation T lattice. So to obtain the
result of (b), we can take P = Wrr N, Q' = Wrr L' and Q = Wrr L as the
required Z() permutation lattices. Then Q' C @, Q = T* x S}, acts faithfully
on both Q' and @, Q' = Q and Z®* = P @ Q' and Q(®*) = P @ @ are the
required decompositions.

We need only determine P, @', Q) as Z{ lattices. Since TndZ, Sk Inf?c #Sk-1g o

Tk X Sk_1
T*%S, T* xS T3Sy ~ T T %S ~ T TE xS T* %Sk
Indgu g  Z,Indp gt Infp "7 72T =1Indp, g (Z, P =Indpgf Infy "N,
k k
and Q = Q' = Ind], :g:_lInf; *Sk=1T, we see from the proof of (a) that
(Ind?,*5 . 7)"3" 1, ® = A,,n 0dd
k n
P (Ind;kf{gﬁsk_1Z)5_1, & = A,,n even
- T*%S T*%S
Indy. kg Z® (Indi:s:_IZ)2a d = Fj
S -1 .
((Indgt_ Z)"H, otherwise
(Indl, % 7, & = A,,n even, By
k k
Q=Q ={Ind], "% ZoInd, % Z, &=A,,nodd
Indgk Z, otherwise
\ k—1
so that (b) is proved. [ |

Definition 7.4. Let ®* be a component in the decomposition of ® 4. Let Q' =2
Q be the ZQ direct summands of Z®* defined in Lemma 7.3. Let T be the
group of diagram automorphisms for a base A of ®. Recall that Q' = Wrp L'
and @ = Wrp L where L' C L were faithful ZT lattices which were direct
summands of Z®, resp. A(®). Then ®* is said to be of type:

T1ifQ=8,, L'2L=27 and Q' =(Q %Indgz_lz

if Q=T % S, [/ ¥ L= ZT, and Q' = Q = Ind}, "5 Z

MIif Q@ =T* xSk, L' =L =ZT®Z and Q' = Q = d}, %, Z o

T* X Sk
Ind7. Sk, Z

Observe that by Lemma 7.3, these are all the possibilities for a component
® occurring in the decomposition of ® 4.
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For each type of component, we need to find the reflection subgroup R* of
the action of Q on Q, the stabilizer QF of a base of an associated root system
and the structure of Q as a ZQ! lattice. We also need a decomposition of Q
into permutation ZQ* lattices similar to that in Lemma 7.3.

Lemma 7.5.

(a) Let ® be a component of the decomposition of ®4. Then with the above
notation:

®F of type I: R* = S, QF =1, Resqu Q = ZF.

®F of type II: R* =T*, Qf = S, Resu @ = Indg*  Z & Indg*  Z

ok of type III: R* = T*, Qf = S, Resu@Q 2 Ind3*  Z @ Indg* Z & Indg 7
(b) For ®* as in (a) of any type, we have ZN* permutation lattices C, D, D’
such that there exist decompositions

Q=CeD Q@ =CaD

as ZO lattices where QF acts faithfully on D and D' C D. Let d be the order of
A(®)/Z®. Then for ®* of type I, D = Z*¥, D' = dD and for ®* of type ILIII,
D =Indg* Z,D'=dD.

(¢) For each component <I>f" in the decomposition of ® 4, let R?, Qf be given as
in (a) and C;, D;, D be given as in (b). Set C4 = & ,C;, Dy = &7 D;, D'y =
@™, D.. Then the reflection group acting on Qa is R* = [[iL, Rg and the
stabilizer of a base of the associated root system is QF = HZ’;I Qf Then C4,
Da, D'y are ZQ* permutation lattices and there exist decompositions

Qa=Ca®Ds Qy=Cs®D}
of ZO* lattices where Q¥ acts faithfully on Da and D'y C Da.

Proof:
(a) For ®* of type I, Q = Sy and Q = Indgz_lz = Z[Sk/Sk-1]. Applying
Lemma, 6.2(c) to the Z lattice L' of rank 1, we see that Rf = S}, and Qf =1 as
required. Tt is then also clear that Resg: Q' = Resqi@ = Z*.

For ®* of type I or I, Q@ = T* x Sy where T = Cy and Q' = Wrp L/,
@ = Wrp L where L' = L are faithful ZT lattices. Note that in each type T is
generated by reflections on its action on L' = L, as these are either isomorphic
to ZT or ZT & Z. Applying Lemma 6.2(c) to the ZT lattice L' or L, we see
that R* = T* and Qf = S;,. Now, since S(T* x Si_1) = T* x Sk, we see from
the Mackey decomposition [2, p.237] that

TkNSk _ TkNSk TkNSk Tk)‘lsk—l
Resg, 77*Q = Resg “"*Ind;, [ ¢ Inf; L

~ Sk T* X Sk_17. ¢T®%Sp_1
= IndSk_IResSk_1 Inf,, L
~ Sk rankL

= (Indgt_ 7Z)

where the last equality follows from the fact that Si_; is contained in the kernel
of the inflation map T* x Sy_; — T. The same calculation for L' shows that
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we have a parallel statement for ). So we have determined the structure of Q'
and Q as ZQ! lattices.

(b) For @* of type I with O = 1, we have Q = Ind%,*$" Tnf] *¥—'L =

Indg* L =Ind3* ZandQ' =dQ. WemaytakeC =0,D =Q,D'=Q'=dD
to get the required decompositions.

Let ®* be of type II or III with Qf = S;. Then in Lemma 7.3, we found ZT
lattices L', L with T' = C5 such that

Q=Md} % Infy **='L Q' =TndL S Inf] *S-1r

and L' C L. Then since restriction, induction and inflation preserve direct
sums and permutation lattices, it suffices to find appropriate splittings of L', L
as Z-lattices. But L/L' = Q/Z® is cyclic of order d. Hence there exist lattices
Co, Do, D}y where D{ = dDg are of rank 1 and L' = Cy & Dj,L = Cy @ D.
Then we can take C' = Indg*  Co, D =1Indg* Do, D' =Indg*_ Dj to get the
required decompositions.

(c) Since © = [[i%, Q; acts componentwise on Q4 = ®7,Q; and Q' =
@™, Q;, the results follow easily from (a) and (b). [ |

Before starting on the proof of the rationality result, we state the following
result on fields of tori invariants due to Endo and Miyata. We recall that a
field of tori invariants is a multiplicative invariant field for which the group acts
faithfully on the base field.

Proposition 7.6. [{] Let P be a ZG permutation lattice. The field of tori
invariants K(P)Y is rational over K¢.

We finally have enough information to prove the main theorem of the paper.

Theorem 7.7. Let ¥ be a crystallographic root system for the Q space V.
Then G = Aut(¥) acts faithfully on V. For any ZG lattice A on V, K(A)C is
rational over K where G acts trivially on K.

Proof: By Theorem 5.3, we need only show that K (A4)% is rational over K. By
Lemma, 6.7, we have Z® 4 C A C A(®4). By Lemma 7.3, we can decompose @ 4
and A(‘I’A) as ZP 4 = P4 @ Q;‘, A(‘I’A) =Py D QA where PA,QA,Q;; are Z)
permutation lattices and Q acts faithfully on Qs C Q4. Take B4 = Qa4 N A.
Then A = P4 & B4 is a decomposition of ZS lattices with Q acting faithfully
on By and Q'y C B4 C Qa. Then by Proposition 7.6, K(A)% is rational over
K(Ba)%.

It now suffices to prove the rationality of K(B4) over K. In order to do
this, we want to apply Theorem 5.3 to K(B)%. Recall that Q = Hf’:l Q; and
Q) =®" Q) C Ba C Qa=®",Q; where Q; = @Q; are ZQ; direct summands
of Z®% | respectively A(®F).

By Theorem 5.3, it suffices to show that K(B ,4)9M is rational over K. Now,
by Lemma 7.5, Q' C Ba C Qa where there exist permutation ZQ* lattices
Ca, D'y, D4 and decompositions

Qy=Cs® D)y Qa=Ca® Dy
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of ZOF lattices with QF acting faithfully on D4 and D'y C Dy. Setting Y4 =
BaN Dy, we see that By = Cy @ Yy is a decomposition of ZQF lattices with
C4 permutation, Dy C Y4 C D4 and OF acting faithfully on Y. So we may
again use Proposition 7.6 to show that K (B4)® is rational over K (V4)?". Now
we have reduced the problem to showing that K (YA)Q'1 is rational over K. But
observe that Qf = [T, Qf acts diagonally on D4 = @, D; and D'y = &, D;}.
From Lemma 7.5, we see that if ¢ corresponds to an component of type ILIII,
Qf = Sy, acts faithfully as a group of reflections on D; = D} = Ind§::_1 Z and if ¢
corresponds to an irreducible of type I, Qg =1 acts trivially (and also faithfully)
on D;, D.. If all the irreducibles are of type I, O acts trivially on D/;, D4 and
hence on Yy, so K (YA)Qm = K(Yy4) is clearly rational over K. Otherwise,
acts faithfully as a group of reflections on D4 and D'y and hence also on Y4. So
Farkas’ result (Proposition 4.7) shows that K (YA)Qu is rational over K in this
case. Hence we finally have proved the rationality of K(A) over K. [ |
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