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Abstract. Let ¥ be a hyperbolic Riemann surface, with a covering
map 7 : A — X, where A is the unit disc. Let A be a closed subset of X
such that 77(X — A) is connected. Let k& > 2 be an integer. We study
spaces of integrable, square-integrable, and bounded holomorphic k-
differentials on ¥ — A and we obtain, in particular, a description of the
kernel of the Poincaré series operator.
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1. INTRODUCTION

Construction of automorphic forms via Poincaré series is a classical
technique, there is a significant amount of literature on this subject.
For example, it is well-known that any holomorphic k-differential (k is
an integer, k& > 2) on a compact Riemann surface of genus g > 2 is
obtained from the Poincaré series of a polynomial in z of degree not
higher than k(2g — 2). There are various descriptions of the kernel of
the Poincaré series operator: see, in particular, [K2], [K3], [Lj], [Mal,
[Me].

The case k = 2 (quadratic differentials) is of special importance in
Teichmiiller theory and has connections to the Thurston’s program.
The large variety of references on this subject includes, in particular,
[BD1], [BD2], [G], [La], and several McMullen’s papers including [Mc].

Our work on this paper was inspired, partially, by the questions
discussed in [LM], although we do not present results similar to the
results of [LM].

The main results of this paper are stated in Section 3.
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2. PRELIMINARIES

Throughout the paper we shall assume that k£ is a fixed positive
integer, £ > 2, and we shall omit k& from notation (including notations
for function spaces, norms, inner products, Bergman kernel).

2.1. In this subsection we shall introduce some notation and review
basic definitions related to k-differentials on Riemann surfaces.

A Riemann surface is a connected 1-dimensional complex manifold.
Note that it is a standard definition in complex analysis, but ”con-
nected” is sometimes dropped by algebraic geometers.

Let C be a Riemann surface, and let k be a positive integer. A k-
differential on C'is a section of the holomorphic line bundle (T*'C)®*,
where T*'C is the holomorphic cotangent bundle on C. Equivalently,
a k-differential on C is a collection of C-valued functions {¢4(za) }acr,
where z, is a local complex coordinate on an open set U, (for an open
cover {U,}aer of C; I is an index set), and for all a, 3 € I such that
UaNUg # 0, over U, NUp

dZﬂ

(1) Pol2a) = ¢5(Zﬁ)(@)k7

and the k-differential is usually written as ¢(z)dz*, which is understood
as follows: for any ¢ € C choose o € [ such that £ € U,, then near &
2= 24, O = ¢ (this is well-defined because of (1)). Note that dz" is a
conventional notation for dz®*.

A k-differential on C' is called holomorphic (resp. meromorphic)
if it is a holomorphic (resp. meromorphic) section of (T*C)®*, or,
equivalently, if all ¢,, a € I are holomorphic (resp. meromorphic).

For a Riemann surface C' C A = {z € C | |z| < 1} a k-differential is
(globally) ¢(2)dz*, where z is the coordinate on A and ¢ is a C-valued
function on C.

The group

G =SU(1,1) = {A € SL(2,C) | AlvA =0} =

{(Z b) | a,b e C,aa—bb=1}

a

where o = ((1) _01), acts on A by Moebius transformations: for z €

A,gz(

S

) € G, z— gz = %Ig Denote J(g,z) = % -

SR
Ql
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m, where g = (z 2) € GG, z € A. Note the cocycle property:
J(9192, 2) = J(g1, 922) (92, 2) for g1, 92 € G, z € A.

A hyperbolic Riemann surface is a Riemann surface ¥ = I'\A, where
I' is a discrete subgroup of @, acting properly discontinuously on A
(i.e. any z € A has a neighborhood U, such that ¢g(U,) N U, = 0 for
any g € I', g # e, where e is the identity element).

Note: if C' is a Riemann surface, and pi, ps, p3 are three distinct
points on C, then C'—{p1, p2, p3} is a hyperbolic Riemann surface. This
follows from the uniformization theorem (see, for example, Sections 10-
4, 10-6 [A]).

For a subset S of A we shall denote by yg the characteristic function
of S: xg=1on S and xg(z) =0for z € A—S.

2.2, In this subsection we shall introduce notations. We shall also re-
view some facts which will be used later - the reference is [K1] (Chapters
IT, III), see also [E].

Let ¥ = I'\A be a hyperbolic Riemann surface, and let 7 : A — X
be the covering map.

The pull-back of a holomorphic (resp., meromorphic) k-differential
on ¥ to A under 7 is a I'-invariant holomorphic (resp., meromorphic)
k-differential o(2)dz* on A. The I-invariance of op(z2)dz" is equivalent
to the automorphy law

(2) p(92)J(g,2)" = o(2)

forallg € ', z € A. And any I'-invariant holomorphic (resp., meromor-
phic) k-differential on A defines a holomorphic (resp., meromorphic)
k-differential on ¥. The space of holomorphic (resp., meromorphic)
k-differentials on ¥ is isomorphic, as a complex vector space, to the
space of holomorphic (resp., meromorphic) I'-invariant k-differentials
on A.

Let A C X be a closed set such that 771 (X—A) is connected. Denote
V=X—AU=naYV). Clearly V =T\U. Using the uniformization
theorem, we conclude that U is a hyperbolic Riemann surface, so U =
[o\A, where Ty is a discrete subgroup of G. Denote by mg : A — U
the covering map.

|T|he Poincaré metric ‘OI‘I U corresponding to the hyperbolic metric
dz d¢

r on A is given by 7, where w(mo(2)) = (1 — |2|?)| L mo(2)]. The

right-hand side depends only on 7y(2). Also note: w(§) > 0. For g € T’

w(g€) = w(&)|J(g,€&)| and the area form % is [-invariant.
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Let D be a Dirichlet fundamental domain for the action of I' on A.
Denote F = D N U, this is a fundamental domain for the action of I"
on U.

Let du be the Lebesgue measure on A. For ¥, A as above we shall
define the following spaces of k-differentials (all of them are Banach
spaces, isomorphic to function spaces on U, as explained below).

Let AM(V) be the (normed) space of holomorphic k-differentials ®
on V such that

(3) 4wwuwwa“wu<m

where z € U, ¢(2)d2* = (rn|y)*®, and the norm ||®||; is given
by (3). The integral (3) can also be written as [, [p(2)|w(z)" 2dp.

Let A(Fl)(U ) be the (normed) space of I'-invariant holomorphic k-
differentials ¢(z)dz* on U that satisfy (3). A (V) is isomorphic to
AW(U) and is isomorphic to the space A (U) of holomorphic func-
tions ¢(z) on U satisfying (2) (for g € I, z € U) and (3).

Let A® (V) be the space of holomorphic k-differentials ® on V such
that

(4) LWW@WM@%%M<w

where 2 € U, p(2)dz* = (7|y)*®. The integral (4) can also be written
as [ ¢(z)|*w(2)*2du. A®(V) is a normed space, with the norm

erdﬁwwuwmw%%mw.

Let A@(U ) be the space of I'-invariant holomorphic k-differentials
©(z)dz" on U that satisfy (4). A® (V) is isomorphic to A?(U) and is
isomorphic to the space Al(,z)(U ) of holomorphic functions ¢(z) on U
satisfying (2) (for g € I', z € U) and (4).

Let B(V) be the (normed) space of holomorphic k-differentials ¢ on
V such that

k

(5) sup [p(z)|w(2)" < oo

zeF
where 2z € U, p(2)dz* = (7|y)*®, and the norm ||®||, is given by
(5). Let Br(U) be the space of I'-invariant holomorphic k-differentials
©(2)dz" on U that satisfy (5). B(V) is isomorphic to Bp(U) and is
isomorphic to the space Br(U) of holomorphic functions ¢(z) on U
satistying (2) (for g € I', z € U) and (5).
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The spaces AD(X), A®(X), B(X) are defined by setting A = 0 (i.e.
V' =1¥) in the definitions above.

The space AN (U) (resp. AP (U), B(U)) is defined as the normed
space of holomorphic k-differentials ¢(2)dz* on U such that

(6) o (2)d=*]]s = / ()| () 2dp < o0
(resp.

(7) lo(2)dz* 2 = ( / () Pao()* )2 < oo,
(8) (2)dz"]|o = sup p(2)|w(z)* < o0).

The space AV(U) (resp. A@(U), B(U)) is isomorphic to the space
AD(U) (resp. AP (U), B(U)) of holomorphic functions ¢(z) on U
satisfying (6) (resp. (7), (8)). The isomorphism is given by the map
p(2) = p(2)d2".

The space AM(A) is defined as the normed space of holomorphic
k-differentials ¢(z)dz* on A such that

(9) lo(2)dz*]l, = /A o(2)|w(2)F2dp < oo.

It is isomorphic (via ¢(2)dz* +— ©(2)) to the space AM(A) of holo-
morphic functions ¢(z) on A satisfying (9).

The spaces AWM (.), A® (), B(.), defined above, are Banach spaces.
The Petersson inner product

(@, 1) = / PTG

where (7|y)*® and (7|y)* ¥ are p(2)dz* and (z)dz*, @ € AD(V),
U € B(V), establishes an antilinear isomorphism between B(V') and
AD(V)*,

The Petersson inner product

((2)d2",(2)d2F) :/cp(z)Ww(z)%_2du,

U

¢(2)dz* € AN(U), ¢(2)dz* € B(U) establishes an antilinear isomor-
phism between B(U) and AW (U)* (Theorem 111.2.1 [K1]).
A®)(V) is a Hilbert space, with the inner product

(10) (@, 1) = / L PTC ()
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where @, U € APD(V), p(2)dz* = (7|p)*®, ¥(2)dz* = (7|y)* V.
A®)(U) is a Hilbert space, with the inner product

(0(2)d p(2)dz) = / () w(2) 2

U
The space A®(U) admits a reproducing kernel K : U x U — C. It
has, in particular, the following properties (Theorem I11.3.1 [K1]):
e K(z¢) is holomorphic in z, antiholomorphic in &,
° K(z,8) = K(§,2),
e as a function of z (with fixed &) it belongs to A™M(U) and to
AR(U),
e for any automorphism 7 of U and 2§ € U
—k
K(7(2), 7(§))J(r,2)*J (1, €)= K(z,£),
e for any function f in AY(U) or in A®(U) or in B(U) we have:

f(z2) = / K (2,€) F(€)w(€)*2dp

for any z € U.

Also the operator 3 defined formally by
(BNE) = [ KO ™
U

is a bounded linear projection from LY(U,w(z)*2du) (resp.
L2(U,w(2)*~2dp), L=(U,sup, oy |.|w(2)*) onto AD(U) (resp. AD(U),
B(U)) - see Theorem II1.3.2 [K1].

We shall denote by LL(U,w(2)*2du) the subspace of
LY(U,w(2)*=2du) that consists of functions satisfying (2) for g € T,
zeU.

The Poincaré series for a function f : U — C is formally defined as
> ger f(92)J (g, z)k. We shall need the following statement.

Theorem 2.1. Suppose k is a positive integer, k > 2.
(i) For any ¢(z)dz* € AD(U) the Poincaré series

0()(z) = ) wl92) (g, 2)",

gel

converges absolutely and uniformly on compact sets.
(11) (Theorem II1.3.3 [K1]) The Poincaré series map

0 : AV - AV W)

p(2)d2" = O(p(2)d2") = () (2)d2",
is a surjective bounded linear operator with the norm ||©|| < 1.
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The proof of (i) is in the Appendix, it is similar to the proof in
IX.3.3.1. [3].

3. MAIN RESULTS

Let ©g : AD(A) — AW(U) be the Poincaré series map correspond-
ing to mg.

We start by stating two observations.
Proposition 3.1. If A is a finite set, then AP (V) is isomorphic to
A(), B(V) is isomorphic to B(X), AY(V) is isomorphic to the
space of integrable meromorphic k-differentials on ¥ with at most sim-
ple poles, all in A.

Proposition 3.2. Let P be the set of polynomials in z. The set
Oo({p(2)dz* | p € P}) is dense in AV (U). The set O(Oo({p(z)dz* | p €
PY)) is dense in AN (V). AD(U) and AV (V) are separable.

Our main results are the following two theorems that provide infor-
mation about the kernel of the Poincaré series map. Theorem 3.3 is
analogous to the main theorem in [Lj].

Theorem 3.3. The set
W = {B(xgr¢d — X17¢)(2)dz" | g7 € T, ¢(2) € Li(U, w*?dp)},
1s dense in ker ©.

Theorem 3.4.
Suppose I' is infinite. Let P be a subset of F that has a limit point
i F. Let P be the linear span of the set

k
{(K(2,p) = J(g,p) K(z,gp))dz" | p € P,g € T}.
Then P C ker©® N AP (U) and P is dense in AP (U).

Corollary 3.5. If T' is infinite then ker © N AP (U) is dense in
AR(U).

Remark 3.6. P is non-trivial. Indeed, suppose P = {0}. Then for all
p € P, gel we have:

——k
0= K(z.p) = J(g,p) K(z,9p) = K(2,p) = K(97'2,p)J (97", 2)".
Hence K (z,p) as a function of z (with fixed p) belongs to A(Fl) (U). But
K(z,p) € AM(U) and A(Fl)(U) NAD(U) = {0} unless I is finite (I11.2
[K1]).
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4. PROOFS

4.1. Proof of Proposition 3.1. Let ® be a holomorphic k-differential
on V. Then (7|y)*® = ¢(z)dz" is a holomorphic k-differential on U.
Let zp be a point in 77 1(A). ¢(z) has an isolated singularity at zo. If
® € B(V) then ¢(z) is bounded in a small neighborhood of zj, hence
#(2) has a removable singularity at z,. If ® € A® (V) then ¢(2) has a
removable singularity at zp. If ® € A (V) then ¢(z) has a removable
singularity or a simple pole at z,. U

4.2. Proof of Proposition 3.2. By Theorem 2.1 © and ©, are con-
tinuous surjective maps.

For any f € AM(A) and for any ¢ > 0 there is a polynomial p(z)
with rational coefficients such that

/A F(2) = p()| (L = |22y < ¢

(the proof is analogous to the proof of Corollary 1 in 3.2 [GL], see also
the proof of Proposition 1.3 [HKZ]). So AWM (A) is separable and P is
dense in AM(A). The statements follow. [J

4.3. Proof of Theorem 3.3. We shall follow the idea of the proof of
the main theorem in [Lj].

Let | be a continuous linear functional on ker ©. It will suffice to
show that if [(f) =0 for all f € W then [(f) =0 for all f € ker ©.

By the Hahn-Banach theorem [/ can be extended to I e (AD(U))*
such that ||l|| = ||l||. By Theorem 3.2.1 [K1] there is ¢ € B(U) such

that
/f 2k 2d,l,L
for all f € A(l)(U).

Now let us prove two lemmas.
Lemma 4.1. If g,y €T, ¢ € LL(U,w*2du) then

B(xgrd — X-70)(2)d2" € ker ©.

Proof of Lemma 4.1. ¢ € Li(U,w*2du), therefore

BXgrd), Bxrrd) € AD(U), s0 Bxgrd — Xyr0)(2)d2" € AD(U). We
get:

Blxerd) (2 / H(E)K (2, E)w()*2du(€),
Bx,70) (= / o(n) K (2, m)w(n)*2du(n) =
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/ (19 K (2,79 w(vg &) Pdu(vg~ ') =
gF

/ (6T (1. €) MK (.79 w(€)*2 J (g 1 €) P dul€) =

gF

/ OOK (2997 (e T0g ) du(©).

0(B(Xgr® — X770))(2) =
Z/f ¢(§)(K(h275)—K(h2a’Yg_lf)J(Wg_1>f)k)w(f)%_Qdﬂ(f)J(ha 2)"

her v 9
which is zero because

N K(hz,vg €)1, €) T(h, 2)F =

hel
> K(gy'hz, ) I (gy " ha)E I (h, 2)F =
hel
> K(gy'hz, ) (gy  h2)F =Y K(az,€)J(
hell ael

where o = gy~ th. 0.

Lemma 4.2. If ¢ € B(U) and for all ¢ € LL(U,w*2du)

/¢ )22y = 0

then 1(z) is identically zero.

Proof of Lemma 4.2. Define ¢y € L¥(U,sup,cr|.|w(2)*) by
setting ¢1 = ¢ on F and ¥ (hz) = ¥1(2)J(h,z)7" for all z € F,
h € T. Then 9 is zero (because L (U, sup,cr |.Jw(2)¥) is the dual of
Li(U,wk=2dy) [K1]). Therefore 1|z = 0 and, since 9 is holomorphic,
it must be identically zero. [

Lemma 4.1 shows that W C ker ©.
Suppose that I(f) = 0 for all f € W. We get: for all g,y € T,
6 € LU, w*~2dp)

0= / BXor® — Xor®) () (2 (2)2dps =
U

/U / (o 9(E) — X)) K (2, €)w (€)™ 2 €2 w(2)?2dpu(z) =
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/ / (z 22-2dp(2) (X d€) — Xor H(E))w(E)2du(€) =
/U (o $(E) — X2 D)) D ()P 2du(€) =
/ ST ()~ | oyl (o) =

/(¢( 2)1(g2)| (g, 2)|* = p(v2) b (v2)] I (v, 2) | w (=) 2du(z) =

Ixe 0T w2 d(2)
Hence, by Lemma 4.2, with £ = gz,

V(&) = (g ) I (vg &)
forall € € U, 7,9 € T, thus ¢ € Bp(U). For any ¢(z)dz* € AN (U)

/ 00(=) 0w = [ 3 6(h2) I (h, 2) Bl w(=)2dp =
F F her

> €)= | T 2 du(e) = (o).
hel

Thus [ = 0, so I = 0 on all of ker ©, as required.
O

4.4. Proof of Theorem 3.4. i

First, we note that K(z,p) — J(g,p) K(z,gp), as a function of z
(with fixed g € G, p € P), is in AD(U) and AP (V).

The following calculation shows that it belongs to ker ©:

N (K (yz.p) — T(g.9) K(v29p)) =Y K(vz.p)J

~yel’ verl’

S " Tg.0) K(g vz ) I (g7 v2) T (g L gp) (3, 2)F =

el
> K(vzp)J(v,2)" =Y K(g'yzp) (g, 2)F =0.
~er ~vell

Finally, let us assume that f(z2)dz* € A®(U) and

/U F(2)(K (2, p) -

T(g,p) K (2, gp))w(=)*2dp = 0
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for all p € P, g € I'. We need to show that f is identically zero. We
have:
= [ FOK w2 =
U

/ £(2)7(9, ) K (gp, 2)w(2)*2dpu(=) = f(gp) (9, p)"

for all p € P, g € T'. Therefore the holomorphic function f(p) —

f(gp)J(g,p)* is zero on P, hence it’s identically zero, so f € Al(,z)(U) N
A®(U) which is {0} (I11.2 [K1]).0

Appendix: Proof of Theorem 2.1(i)

Let zy € U, let r > 0 be sufficiently small so that the closed disc
B(zp;7) = {# € C| |z — 29 < r} is in F. Let us show that the series
0(¢) converges absolutely at zy. By the Mean Value Theorem for a
function f holomorphic on an open set containing B(zy;7)

1 2

f(Z()) = % ; f(ZO -+ T€it)dt7

r 2
27 [ fodp = fea)ar®
0

hence f(zy) = #fB(ZO;T)f(z)dmdy. Let m = min,cp(,.) w(2)
Note: m > 0. We have: for v € I’

SO

k—2

|S0(VZO)<](77 ZO) | - ‘ 2 / gp(/}/z>(]<,y7z)kdxdy| S
T B(zo;r)
1
— | le(2)J (7, 2)"|dady <
T J B(zo;r)
! k k—2
dxdy.
mmr? /B(zo;r) MO(WZ)J(W? Z) ‘w(z) ray
We get:
k k—2 _
’YZEI; |S0(’YZO)J(7’ ZO o m7T7"2 Z /B(Zo ir) Z) ‘UJ(Z) dl’dy -

1 > / lp(n)|w(n)*2dRe(n)dIm(n) <
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1
mmr?

/U (o) w(n)*~2dRe(n)dIm(n) < co.

Now let’s choose a compact set K C U and show that the series
converges uniformly on K.

Let r > 0 be sufficiently small, so that the disc of radius r centered
at any point of K is contained in a compact set K’ and K’ C U. Let ¢
be the number of elements of I" such that YK’ N K’ # (). For 0 < e < 1
denote by C. the closed disc centered at 0 of radius 1 —e. There are at
most finitely many v € I" such that yK' N C. # 0 (p. 219 [S]). Write
¥ to denote the sum over all other v € I'. As above, we obtain, for
ze K:

/ q _
S o(v2) (v, 2)F| < —L /U el dudy,

MTr?

where my = mingexr w(€)" 2. As € — 1 the right hand side goes to
zero. This proves uniform convergence. [
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