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1. Introduction

1.1. Preliminaries

Let X be a connected compact Kahler manifold of complex dimension n > 2, with integral
Kahler form w. Let L — X be a holomorphic Hermitian line bundle, with connection V,
such that curv(V) = —27iw (thus ¢;(L) = [w]). The line bundle L is ample.

Suppose Y, S are connected compact complex submanifolds of X, S C Y, 1 < dim S <
dimY < n,and 7 : Y — S is a surjective holomorphic map such that w(z) = z for any
2€8,Y =,cqm '(2) and {r'(2) | z € S} is a complex analytic family of connected
compact complex submanifolds of X. Define Y, = 77 !(2) for z € S. Note that Y, is
diffeomorphic to Y., for any z,z’ € S (see, for example, [9]). For z € S, denote by
t, : Y, — X the inclusion map, and denote by m the (complex) dimension of Y. Also
denote by o : S — X the inclusion map.

Let k be a positive integer. Define E{F) = HO(Y,,:(L®%)) for z € S. For sufficiently
large k£ the complex vector spaces Egk), z € S, form a holomorphic vector bundle on S,
which we shall denote by E®); this follows by applying the Kodaira Vanishing Theorem
and the Grothendieck—Riemann—Roch Theorem (also see, for example, [11], where the
setting is more general). Define r = r(k) = dim EM and N = N(k) = dim H°(X, L®%).

There exists ko such that, for all k > ko and for all z € S, (%(L®¥) is very ample
and the pull-back (restriction to Y,) map H°(X, L®*) — EW s t%s is surjective. The
surjectivity statement means that every holomorphic section over Y, can be extended to
a holomorphic section over X [4, p. 74]. See also the following short explanation: denote
by Jz(k) the sheaf of holomorphic sections of L®* vanishing on Y, (i.e. jz(k) is the product
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of the ideal sheaf of Y, and O(L®*)). Note that, for sufficiently large k, H*(X, jz(k)) =0
(by the Serre Vanishing Theorem). Then the exact sequence of cohomology associated
to the exact sequence of sheaves

0— J® = O(LE*) = O (LE*F)) = 0

shows that the map HO(X, O(L®*)) — HO(Y,, O(::(L®*%))) is surjective (since the next
map HO(Y., 0(:£(L2%))) — HY(X, 77) is the zero map).
Henceforth, we shall assume that k& > kq.

1.2. Statement of results and discussion

We shall introduce a natural metric and connection on E®*) It will provide a connection
on the holomorphic line bundle det(E (’“)), and we shall study its curvature asymptotically,
as k — 4o0.

This connection is the metric connection obtained from the Hermitian metric on E*),
defined as follows.

Denote the Hermitian inner product on the fibre of L over z by b, (-, ). This provides
the Hermitian inner product on the fibre of L&¥ over z, which we shall denote by bgk) (-,).
Then the Hermitian inner product on L?(X, L®*) is

b0 (s, 57) = /X b8 (s(2), ' (2))

s, € L*(X,L%F), and this defines a Hermitian inner product on HY(X,L®*) C
L?(X, L®*) which we shall also denote by b (-, -).

One can define an inner product on Eék) as follows. Observe that for z € S the finite-
dimensional complex vector space H°(X, L®*), endowed with Hermitian inner product
bF) (. .), splits into orthogonal sum of subspaces ker(¢}) and its orthogonal complement
vk o~ gk Thus, we obtain another inner product on Egk), obtained from b(*)(-,-).
We shall denote this inner product by (-, -)(k), and we shall denote the corresponding
connection on E*) by D®*) Let us explain this in a little more detail. Suppose that
s,s' € B Define the extension § of s to X as § € H°(X, L®*) such that 1§ = s and
5 has the minimal norm (i.e. it has the minimal value of b(*)(3, 5)).* Also, let § be the
extension of ' to X. The definition above says that (s, s')*) := b(¥)(5, 3).

Note that D) is defined in the same way as the connection studied in [6, 8] (see
also [7]), and this dates back to [1] (i.e. it is ‘the same’ connection, at least philosophi-
cally); see Lemma 3.1.

Another natural way to define an inner product on Eék), &£ €8S, is as follows:

(cgw)™

m!

)

(5,88 = /Y b (5(2), (2)

s, € Eék). We shall denote the corresponding Hermitian connection on E®) by V(*),
The connection on det(E*)) obtained from V*) is the standard L? connection.

* I am grateful to Brian Hall for this remark.
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In the theorem below we prove that the curvature of the connection on det(F*))
obtained from D®) is asymptotic to —2mic*w, and as a corollary we obtain that it is also
asymptotic to the curvature of the L? connection. We also give an explicit expression for
the curvature of D) (Proposition 1.4).

Theorem 1.1. Let fi,..., f. be a local holomorphic frame for E¥) near ¢ € S, and
let h*®) = h(¥) () be the r x r matrix with hl(-f) = (fi, ;). Then, as k — 400, at z = ¢

()

Lemma 1.2. Let f1,..., f» be a local holomorphic frame for E*) near € € S, and let
7*) = 4(K)(2) be the r x r matrix with 'yi(]l.c) = (fi, f;)®), Then, as k — +oo, at z = ¢

)

Corollary 1.3. In the notation of Theorem 1.1 and Lemma 1.2, as k — +o00, at z = £

i _
= 9d1 k) _ %
H 27rkr(k)aa ogdeth o*w

i _
. Hd1 (k) _ o*
H QWkT(k)aa ogdety orw

1 = = 1
- (k) _ N = of =
Hkr(k) (00 logdet h 00 log det ~y )H5 O(k>

The precise meaning of the three asymptotic statements above is as follows: for a
sequence {2} of 2-forms on S and £ € S,

1
20l =03 ). k= -+oc,
means that, for any tangent vectors u,v € T¢S,
1
|Q§k)(u,v)| = O(k) as k — 400

(clearly, uniformly on the unit sphere bundle in T'S).

Also, to clarify: the curvature 2-form of the connection on det E(®) obtained from
V#) is —0dlogdety*) and D®*) gives the connection on det E(*) with curvature
—d0logdet h{¥). Note that the asymptotics in Theorem 1.1 are consistent with equal-
ity (1) in [11] (a direct consequence of the Grothendieck—Riemann—Roch Theorem),
which in our case gives

¢y (det E) :/ (M+11)|km+1 + O(k™)
y, (m !

m—+

as k — oo. This can be refined to a statement at the level of 2-forms (for the curvature
of the L? connection, see Lemma 1.2 and its proof).

For an N-dimensional complex vector space W we shall denote by G(r, W) the Grass-
mannian of r-dimensional linear subspaces of W. Choose and fix a basis uy,...,uy in
W. Recall that, given a basis f1,..., f. in U € G(r, W), the Stiefel matrix A for U is the
N x r matrix whose jth column consists of components of f; with respect to the basis
U1,...,uy. The matrix A is defined up to right multiplication by a non-singular r x r
matrix.
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Proposition 1.4. Suppose that £ € S, z = z(t1), z = z(t2) are paths in S such that

2(t1)e,=0 = 2(t2)|ts=0 = &

and vy, vo are the tangent vectors to S at £ represented by these two paths. Suppose
that an orthonormal basis in H*(X, L®*) =: W®*) is chosen. For j = 1,2 let A% (z(t;))
be Stiefel matrices for Vz((kt),) € G(r, W(k)) with respect to this basis, depending smoothly

on t;, and such that
A® (81))|eymo = AP (2(t2)) 120 = A,

and the basis in Vf(k) is chosen to be orthonormal. Then the curvature of D®*) is the
following element of End(Eék)):

—T —T —T ——T
Curve,y, o, (D®) = i) (IN — AP A )n§k> — s (IN — AP A )ng'ﬂ, (1.1)

where
(k) _ dAW(z(t5))

i s .:1a2a
n ar j

and Iy is the N x N identity matrix.

Remark 1.5. If we choose the bases so that f; = u; at £ for 1 < j < 7, then the
matrix (1.1) is Bf By — BY By, where B; is the (N — r) x r matrix whose ijth entry is
the (r +,7)th entry of n;, [ =1, 2.

2. Proofs of Theorem 1.1, Lemma 1.2 and Corollary 1.3
The following statement will be needed.

Lemma 2.1. Let L — M be a very ample Hermitian line bundle on a connected
compact complex manifold M. Let d = dim H°(M, L), and let K(-,-) be the Bergman
kernel for L (i.e. the kernel of the orthogonal projection L?(M, L) — H°(M, L)). Then
there are points p1, . ..,pq € M such that K(z,p1), ..., K(z,pq) form a basis in H*(M, L).

Proof. First, we recall that, for any p € M, K(z,p) is naturally identified with a
holomorphic section of £ and s(p) = (s(z), K(z,p)), where p,z € M, s € H*(M, L) and
(-,-) denotes the inner product on H°(M, L).

Denote by ¢ : M — P! the projective embedding given by £. Choose points
P1,--.,pq € M such that t(p1),...,t(pq) are not on the same hyperplane in P41,

Let us argue by contradiction. Assume that K(z,p1),...,K(z,pq) do not form a basis
in H(M, £). Then there is s € H(M, £) which is not the zero section and such that for
1<j<d, s(pj) = (s(z),K(z,p;)) = 0. The zero locus of s is the intersection of ¢(M)
with a hyperplane in P?~!, but «(p1),...,¢(pg) are not on the same hyperplane, and
hence s must be the zero section, which is a contradiction. Thus, K(z,p1),...,K(z,pq)
form a basis in H°(M, L). O
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Proof of Lemma 1.2. There are various ways to prove this lemma. One way to derive
the result is as follows: integrate (7) in [11, Theorem 2.1] over the fibre, note [11, (8)],
also note that the curvature on det(E*)) is the trace of the curvature on E(*) and the
trace of the curvature operator is equal to the integral of its kernel restricted to the
diagonal.

Or, instead, one could prove it using the Bismut-Gillet—Soulé Curvature Theorem
[2, Theorem 1.9] and Bismut and Vasserot’s result on the asymptotic expansion of the
analytic torsion [10, Theorem 5.5.8].

Here we shall explain in detail another proof, which is based on asymptotic results
for the Bergman kernel due to Zelditch and Borthwick and Uribe, to demonstrate the
general idea of the proof of Theorem 1.1.

We recall that ) .

2o - o] =o(3) 2.)
as k — 400, where ¢ : S — P9 is the projective embedding given by o*(L®F), ¢ =
q(k) = dim H°(S,0*(L®*)) — 1, and wgcs) is the Fubini-Study form on P? (see, [12], [13,
Corollary 3], [5]).

For z € S denote by ng)(~ ,+) the kernel of the orthogonal projection

L(Y2, 5(L®F)) — HO(Y., H(L%F))

zyYz

(the Bergman kernel for the line bundle ¢*(L®*) — Y,).
For E®*) near &, let sy,...,s, be a local unitary frame (with respect to (-,-)(*)), and
also choose a local frame of the form

€1 = ng)(' 7p1(z))> ceey € = ng)(' ,pr(Z)),

where z € S, p1(2),...,p-(2) € Y,. Also assume that the points are chosen so that the
r x r matrix F' = F(z, k) with ijth entry equal to f;(p;) varies holomorphically near &.
Note that we drop ‘(k)’ from the notation for e;, s;, p; and f;, for simplicity.
Denote by 'yg?rg the 7 x r matrix whose ijth entry is (e;, ej>(k). Recall that
T
ei =Y 5i(2)s;(pi)-

j=1

It is not difficult to see that 71(323; = FT(y"))=1F; therefore,

00 log det fygi)rg = —9dlogdet ™).

In the notation of [3] e; = IT;(-,p;). Note that (e;(2),e;(2))*) = K® (pj(2),pi(2)),
1<14,j <r. By [3, Lemma 4.5], as k — +00,

KW (pj, pi) = vg(pj)e F®s 2%/ 4 O(km=1/2), (2.2)
where d(p;, p;) is the distance between p; and p;, and

vi(p;) == K" (pj,pj) ~ k™ + lower-order terms
(see [13] and [3, Theorem 4.1]).
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We shall need one more assumption on the choice of points p1(2), ..., p,(2): d(p1,p;) >
g, j =2,...,r, for some e > 0, and for all k (this is possible by (2.1), and because
D2, - .-, pr can be chosen inside a ball of radius 0 for any small 6 > 0). Then, by (2.2), as
k — +oo,

det v, ~ (k™ + O(K™1/2))" (1 +0 (%))

and
ddlog det v*) = —1rddlog(1 + O(k~2)) + O(1).

Let ug, . ..,u, be an orthonormal basis in H°(S, o*(L®*)). We have, as k — oo,
q
> i ()2 ~ K+ Ok )
§=0

by applying [13, Theorem 1] to the hyperplane bundle on P?. In addition,

. q
k 15
wés) = %8810g (;) |uj(z)|2)

Thus,
« (k) i,z 1
Prpwps = gﬁalog (1 + O(k))’
S0
—2%85 log det 7% — g1 — O(1)
and, using (2.1), we obtain the desired asymptotic statement. |

Proof of Theorem 1.1. The idea is essentially the same as in the proof of Lemma 1.2,
but now we shall need a basis in E;Ek) that consists of sections obtained from the Bergman
kernel for L®* (rather than for .*(L®F)).

Let fi,...,fr be, as above, a local holomorphic frame for E® and let fi,...,fr
be the corresponding basis in Vz(k) for z € S near £. Choose f,«H, ..., fn in ker L3 so
that f1,..., fn is a basis in H°(X, L®*), varying holomorphically with z. Let s1,..., sy
be an orthonormal basis in H°(X, L®*), such that tXsy,...,.}s, is a unitary frame for
E®) (with respect to (-,-)*®)) near ¢, and such that s; is the extension of t¥s; to X,
j=1,...,r

Denote by K®)(- ) the Bergman kernel for L®* — X. Choose a basis

e1 = K(k)(-,pl),...,eN = K(k)(~,pN) in HO(X,L®k)

for z € S near £, where the points p; = p1(2),...,py = pn(2) in X are chosen so that
they satisfy the following assumptions: pi,...,p, € Yz, tier, ..., tie, is a basis in Egk),

the & — & condition for pi,...,pr, as above, is satisfied; also, f1 (pj) == fT(pj) =0

forall j =r+1,...,N. Denote by h*) the N x N matrix whose ijth entry is b (f;, fj),
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denote by ﬁgke)rg the N x N matrix whose ijth entry is b (e;, e;), and denote by F the

N x N matrix whose ijth entry is fz(pj) We have

B0 = P,

h®) = F.(h)

—1 7T
Berg) Fr ’

where F). is the r x N matrix which consists of the first r rows of F', and h](?,ke)rg is the

r X r matrix whose 7jth entry is
(Gei,ies)™ =00 (es ¢5)

(the 1 < 4,j < r part of iLgi)rg). Then, as above, as k — oo we obtain

det hiy), = (k™ + O(k"1/2))" (1 + o(%))

99 log det h®) = —9dlog det hiy, . = —rddlog(1 + O(k~/?)) + O(1),

and now the statement follows by the same argument as above, at the end of the proof
of Lemma 1.2. |

Proof of Corollary 1.3. This follows immediately from Theorem 1.1 and Lemma 1.2.
a

3. D), projectors and the proof of Proposition 1.4

The following lemma gives an equivalent way to define the connection D®) (in terms of
projectors).

Lemma 3.1. Suppose that £ € S, z(t) is a path in S such that z(0) = £ and v is
the tangent vector to S at £ represented by z(t). Let Ht(k) be the one-parameter family
of orthogonal projectors Ht(k) cHO(X, L®F) — VZ((]?). Let s be a holomorphic section of
E®). Then .

DM = 11" dt

s(z(t)| - (3.1)

t=0
Corollary 3.2. Suppose that £ € S, z = z(t1), z = z(t2) are two paths in S such that

2(t1)]t,=0 = 2(t2)|t,=0 = §

and let v1, vo be the tangent vectors to S at & represented by z(t1), z(t2). Let Ht(lk) and
Ht(f) be the one-parameter families of orthogonal projectors

k . k .
o X, L9%) 5 V) =12
Then the curvature of D®) ig

o,
aty

o
T Ot

Curve,v, v, (D(k)) = Hék) |:

}Hék)vék) e End(V{").

t1=0 to=0
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Suppose that the chosen orthonormal basis in W) is uy, ..., uy, and that the Stiefel
matrices are written with the use of a local holomorphic frame fis..o [y for E®) . As
before, h(k) = (hff)) is the r x r matrix with h(k) (fi, £;)™), and f; denotes the element
of Vz(k) corresponding to f;.

Define A%) = A®)(2) = (aj;(2)), the N x r matrix whose ith column consists of com-
ponents of fl with respect to the basis uy,...,un, i.e. fl = Z;v 1 Qi

Again, for convenience, we drop the ‘(k)’ from the notation for f], f], uj, aj;. The
matrix of the orthogonal projection W®*) — V(k) in the basis uq,...,uy is

A® () (B0 ()" AR ()

Additionally, h(®)(z) = (A®)(2))TA®)(2), so at z = ¢ we have (AV)TAWK) = I, where
I, is the r x r identity matrix.

Proof of Lemma 3.1. Tt is sufficient to prove (3.1) for s = f;, 1 <7 < r. We have

R = ZQ(k)fw

J=1

where (@Z(jk)) = 0% = 9n®) . (M)=1 is the connection matrix of D).
We need to show that

S w6 f; = 1 L s((1)

j=1

t=0
Let us work in Vz(k) c W) so we replace s by § and fj by fj.
The left-hand side of the desired equality is

Z (k) Z ApjUp,

j=1
the right-hand side is
N N
da ii da; i k k T
> ar Z ES(A0A)
j=1 t=0 — t=0 p=1 pI
and they are equal because
r r N N
_day da; CYICH
SO = 3N apagt| =3 G| (A0A)
j=1 j=11=1 dt o 5=l b

O

Proof of Corollary 3.2. See [6,7], where the setting is different (the fixed Hilbert
space and its subspaces are defined in a different way) but the calculation is the same,
since the connection is defined by (3.1), in terms of orthogonal projectors from a fixed
Hilbert space to its subspaces. O
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Proof of Proposition 1.4. Use Corollary 3.2. The matrix of

k k
Jo >{‘9Ht(1) ‘9Ht(2)] ®
0 , 0
oty 7 Oty ||y —y,—0
regarded as an element of End(W(*)) in the basis u;, ..., uy is

——T ——T —=T — =T
Aék)A(k) ((nlA(k) _A(k) (TTA(k) —l—A(k) 771>A(()k) —I—A(()k)mT)

(ngA _ 4 (—T A | A 772) I Aém%T)
(77 AL - AP (BT A +F nz)@T +A8m")
T A AP+ T ) ) AT

= A (771T (IN - Aék)@ )Uék) — 1y (IN - Aék)@T>U§k))@T~

Hence, the matrix of the corresponding endomorphism of Vg(k) in the basis f Tyevns fr is
given by (1.1). O

4. Example: calculation for a Segré variety

Let Y = X = {[ug : u1 : ug : u3] € P3 | uguz — ujup = 0}. This quadric hypersurface in
P3 is the image of P! x P! in P? under the Segré embedding

¢ : Pt x P! — P3,

([z0 : 21], [wo : w1]) = [zowp @ zowr @ z1wp : Z1w1].

Let L be the hyperplane bundle on X, let
i
w = ﬂaﬁlog(\zow(ﬂ2 + 20w |* + |z1wo | + |z1w1 |?)

(the pull-back of the Fubini-Study form on P? to X) and let S = ¢({([20 : 21],[1 :
0]) € P! x P'}). Recall that o : S — X denotes the inclusion map. We shall carry out
calculations for k = kg = 1. The vector bundle E™) is of rank (1) = 2. For z = [20: 0 :
21:01€8,Y, = {[zowo : 20wy : z1wp : z1w1] € P3| [wo : wq] € P}, wp, wy form a basis
in H°(Y,,¢*L) and this is a local holomorphic frame for E().

Note that

< ’ >(1) _ / ss’ ,
y. [Zowol® + |zows|? + |z1wol? + [z101]* *
for s,5' € H°(Y,,1:L). By straightforward computation we obtain (wg,w;)™ = 0 and

1

W _ w_
<’I,U0,7,U0> <’U)1,U}1> 2(‘ZO|2 + |Zl|2)
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Thus,

1
detyW) = —— —
T Wz F )

and . )
—2i&§log det v = iaglogﬂzo\g + |21)?) = kr(k)o*w.
™ ™

Now let us discuss the other connection. Set (; = 2zpwq, (o = 2zqw1, (3 = 221w,
(4 = 2z9wo. We note that

ss’ w?

b (s, s’ :/ —
(s ) x [20wol? + |zow1 |2 + [z1w0]? + |z1w1|? 2

for s,s' € H°(X, L). A tedious but straightforward computation shows that (1, (s, (3, (s
is an orthonormal basis in H° (X, L). Clearly, ker ¢} is the span of z1(; — 203 and z1(2 —
z0C4, and recall that Vz(l) is its orthogonal complement. Let us now carry out explicit
computations, without loss of generality, near z = [zg : z1] with 2y # 0. Choose a local
holomorphic frame in EM) as follows: f; = 2zowo, fo = 2zowi. To compute (fi,fj)(l),
1 <4,7 <2, we need to find extensions f1 and fg. We have fl = a(y + c(3, where a and
c are determined by the equality

21
a+—c=1
20

and by the requirement that aa + c¢ has the minimum value. We get

2020 2021
a = - _ _ c= - _  _ -
2020 + 2121 2020 + 2121

Similarly, fo = als + ¢(4 with a and ¢ as above. Then (f1, f2)M =0,

(1) _ M) — gg + = — 0%
(f1, f1) (f2, f2) aa + cc 202 1 |22
and
fiaé log det B(Y) = fiﬁg log i = kr(k)o*w
2 2 (lz0]? + |21]2)? '
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