Unit 4
The Definite Integral

We know what an indefinite integral is: the general antiderivative of the
integrand function. There is a related (although in some ways vastly differ-
ent) concept, the definite integral, which uses similar-looking notation. The
definite integral of a function is defined only for intervals on which the func-
tion is continuous. Let’s briefly review what that means.

Recall the definition of continuity of a function at a point:

Definition 4.1. A function f(x) is said to be continuous at a value ¢ in the
domain of f if

lim f(z) = f(c)

Tr—c

Note that this requires that:
1. f(c) must be defined,

2. lim f(x) must exist,
(i.e., the function approaches the same limiting value from both sides
at c.)

3. and these two numbers must be equal.

Also recall how we extend this idea of continuity to intervals:

Definition 4.2. A function f(x) is said to be continuous on a closed interval
[a,b] if f is continuous at ¢ for every value ¢ € [a, b].

In layman’s terms, a function is continous on an interval if you can draw
the function without having to lift your pencil off the page.



Discontinuities in a function occur at two kinds of places:

1. places where the function is not defined
(for instance a place where the function has denominator = 0,)

2. places where the function suddenly jumps from one value to another.

Consider any function f(z) which is continuous on some interval [a, b].
The function may be positive-valued in some parts of the interval and negative-
valued in other parts of the interval. That is, the graph of y = f(x) may lie
above the r-axis in some places and below the x-axis in others, all within the
interval [a, b].

Definition 4.3. (Preliminaries for definition of definite integral)

Consider a function f which is continuous on some interval [a, b].

Let R™ be the region or regions which lie below the curve y = f(z) and above
the z-axis (i.e., regions in which the function is positive-valued) within the
interval [a, b].

Similarly, let R~ be the region or regions which lie above the curve y = f(x)
and below the z-axis (i.e., regions in which the function is negative-valued)
within the interval [a, b].

Finally, let A(RT) and A(R™) denote the (total) areas of these regions, re-
spectively.

The definite integral of the function f(z) from x = a to x = b is defined
as the difference between these two areas, i.e., the net area above the x-axis,
on the interval [a,b]. We have:

Definition 4.4. Let f be any function and let [a,b] be any finite closed
interval such that f is continuous on [a, b]. Let A(R") and A(R™) be defined
as above.

The symbol fab f(x)dx, called the definite integral of f(x) from a to b, is
defined as:

/ F(@)dz = A(R) — A(R™)

Notice: Unlike an indefinite integral, which is a function, a definite integral
is a number.



For some (only a few) functions, the regions R™ and R~ have shapes
which allow their areas to be calculated easily (e.g. regions whose shapes
are rectangles, triangles, trapezoids, semi-circles, etc.). However, for the vast
majority of functions, finding the areas of these regions is not so straightfor-
ward. (In a more rigorous study of calculus, such an area would be found
by evaluating the limit at infinity of the sum of a number of approximating
rectangles.)

Fortunately, there is a result which allows us to evaluate definite integrals
using an entirely different approach, provided we know (or can find) an an-
tiderivative of the integrand function.

Theorem 4.5. The Fundamental Theorem of Calculus
Let f(x) be continuous on the interval [a,b], and let F(x) be any antideriva-
tive of f(x) on [a,b]. Then:

/ f(z)dz = F(b) — F(a)

Definition 4.6. The numbers a and b, above, are called the limits of inte-
gration.

Thus we see that to evaluate f; f(z)dz we simply need to:
1. find any antiderivative, F', of f,
2. evaluate F'(x) at x = a and at = = b, and
3. calculate the difference F'(a) — F(b).

Notice: In doing this, we never actually calculate either A(R™) or A(R™).

Definition 4.7. We use F(z)|2 or [F(z)]" to denote F(b) — F(a), where F(x)
may be shown either by name or in functional form. (This would commonly
be pronounced as “F(z) evaluated from a to b”.)

For instance,

= (22 +22-3(2) — (1*+12-3(1))

[2° +2” — Sx]i = [2° + 2% — 370 — [7° + 2% — 32]p=y



Ezample 1. Find f12 23dx.

Solution: Notice that the integrand function is continuous on [1,2].

) 4 4, . . .
[{ @*dz = [%]} (because Z- is an antiderivative of z* )
_ 2t ¢
4 4
—4_1_15
=4-3=7

Corollary 4.8. If the value of the function f(x) is non-negative everywhere
between © = a and x = b, then the area between the graph of f(x) and the

L b
z-azis is gwen by [ f(x)dx.
(This is called the area under y = f(x) from x =a to x =b.)

This follows directly from our definition of f; f(x)dx and the fact that since
f(z) is non-negative on [a,b] then the graph of y = f(x) lies (on or) above
the z-axis throughout [a, b, so that A(R™) = 0.

For instance, for f(x) = 23, we have f(x) > 0 on [1,2], so the area under the

curve y = x° from x = 1 to x = 2 is given by ff r*dr = £, from Example 1.

Let’s look at more examples of evaluating definite integrals.
Example 2. Evaluate f_zl(x2 — x)dz.

. . 3 2
Solution: Since % — %

2 3 272
2_2dr = r_r
/_l(at x)dx {3 7],

is an antiderivative of 22 — z, we have:




Ezample 3. Evaluate ff (e* — 1) da.

Solution: (Notice that the integrand function, although not defined at = = 0,
is continuous throughout [1,2].)
For f(z) = e” — 1, we sce that F(z) = ¢* —In|z| is an antiderivative. So we

get:
2 2
_ - — e —1
/1 (e x) dx e n|z|);

- (62 —1n2) — (el —lnl)

= ¢2—e—1n2

We now list some important properties of definite integrals. These should be
studied carefully.

Theorem 4.9. Let f be any function and [a,b] be any interval such that f(x)
is continuous on |a,b]. Then:

(1) f cf(x)dx = cf f(z)dx for any constant c.
(2) ff(f(a:) +9(@)dz = [, f(2)da + [, gla)da
(3) fabf(x)dx = fj f(z)dx + ft x)dz for any value of t

Result (3) makes intuitive sense if t is some value between a and b. For
instance, using a = 1, b =5 and ¢t = 2, we have

/f m_/f m+/f

which says that the net area under y = f(z) from x = 1 to x = 5 is equal
to the net area under y = f(x) from z =1 to x = 2 plus the net area under
y = f(z) from x = 2 to x = 5. That is, if we divide our interval [a, b] into
sub-intervals, [a,t] and [t,b], with a < t < b, then the net area over the whole
interval is equal to the sum of the net areas on the 2 sub-intervals.

We can extend this to include ¢t = a or ¢ = b using the following:

Definition 4.10. For any function f(x) which is continuous at some value

a we define: .
| o=



This definition makes sense in terms of areas. [ f(z)dz is the net area
under y = f(z) from x = a to x = a. But there’s no area there — the region
is just a line segment, so the net area is 0.

We also define:

Definition 4.11. If f(x) is continuous on [a, b] then

‘Aaf@ﬁiv:—iébf@ﬁm

Notice: fba f(z)dx, where b > a, doesn’t make much sense intuitively because
it says “the net area under y = f(z) from x = b to x = a” where b > a, i.e.,
we're considering the interval backwards. However, using this definition, we
see that property (3) from Theorem 4.9:

lv@wzlv@m+l%@m

makes sense even if ¢ is outside of the interval [a, b].

For instance, if a < b < ¢, we have

/abf(x)dxz/atf(x)dx—i-/tbf(x)dx:/atf(x)dx_/btf(x)dx

which says that the net area under y = f(x) from x = a to x = b can be found
as the net area under y = f(x) from = = a to some larger value x = ¢, minus
the net area under y = f(z) from z = b to x = t, i.e., the part we didn’t want.

/abf(x)dm = /atf(a:)dx - /btf(a:)dx

can be rearranged to

/ab f(x)dx + /btf(:c)dx = /atf(x)dx

Also notice: Since for b > a we have

Notice that

a b
/b fx)de = —/ f(@)dr = =[F(b)=F(a)] = =F(b)=(=F(a)) = —F(b)+F(a)



then we can simply use

/b " f()dz = F(a) — F(b)

which feels like we're using Theorem 4.5, even though that theorem only
directly applies when a > b.

Ezample 4. If the net area above the axis and below y = f(x) on the interval
[1,10] is 23 and [,° f(z)dz = 15, find [} f(

Solution: We have f1 x)dz = 23 and f x)dz = 15, and we can express
fl r)dx as

/12f(x)d:c = /110f(:c)dx + /102 f(z)de = /110f(3:)da: _ /zlof(x)dx

so we see that f12 f(z)dzr =23 —15=8.

Property (3) also allows us to extend the definition of fab f(z)dz for some
functions which are not continuous on [a, b], provided that f(z) is actually
defined everywhere on [a,b]. Suppose f(z) is defined by different (contin-
uous) functions in different parts of its domain, and in particular that the
function has different definitions on different parts of the interval [a, b]. Then
as long as f(x) is defined everywhere on [a, b], we can evaluate f; f(z)dz by
breaking up the interval [a,b] into subintervals such that the function has
only one definition on each such subinterval. That is, we evaluate the defi-
nite integral from a to b by evaluating the sum of 2 or more definite integrals.
This process will be most easily understood by looking at an example.

. 1 r+2 <0
Ezample 5. Find [, f(x)dx, where f(x) = { 2 >0
Solution: Notice that f(z) is not continuous on [—2, 1] because we have

lim f(z) =0+ 2 = 2, but lim f(z) = 0% = 0 so that lim does not exist
z—0~ x—0

z—0
and there is a discontinuity at = 0. However, f(z) is defined everywhere in
[—2, 1]. Using property (3), we split [—2, 1] up into [—2,0] and [0, 1] to get:

[ swie= [ swtes [ o= [ e [



Notice that, at this point, both integrals involve integrand functions which
are continuous on the relevant intervals, so we have no difficulty evaluating
these integrals. We get:

1 72 0 211
flx)dz = [—+2$} + =
/—2 () 2 _9 30
1 7
= 0-(2-4)+-—-0=-+
( )+3 3

Another use of the definite integral is to give us the average value of a
function (f,..) over a specific interval.

We are familiar with the concept of the average value of two numbers.
The average of a and b is given by ”T“ It probably makes sense to you that
the average value of « on the interval [a,b] would also be given by 5. For
instance, the average value of x from x =0 to z = 2 is % =1.

We can also think of this as the average value of the function f(x) = z on
the interval [0, 2], or in general on an interval [a, b]. We would like to extend

this concept of average value to more complicated functions than f(x) = x.

Notice that 52 = bte x b=t — % = (&) (bzg“z), and also that

2

b b 22 b b2 a b2 —a2
for f(z) =« we have [ f(z)dx = [ xdx = —‘ = (———) = .

2 277 2 2
We see that for the function f(x) = =z, the average value of f(z) on the
interval [a, b] can be thought of as being given by:

1 b
fave - m/{; f(!lf)d!lf

In this configuration we can see how this concept could be extended to
more complicated functions. This is precisely how we define the average value
of any function f on an interval [a, b].

Definition 4.12. For any function f which is continuous on [a, b], we define
the average value of f(x) on the interval [a,b] to be given by:

fave = ﬁ fab f(.ﬁ(})d.ﬁ(f




Ezample 6. Find the average value of f(x) = e 4+ 32% on the interval [0,2].
Solution: From the definition, with @ = 0 and b = 2, we have:
fave == [0 f(@)de = 5 [2(e* + 322)da

le” + ] =1[(e* +2%) — (" + 0%)]

N =

=L +8—1) =41

Suppose we have a function which is defined as a definite integral in which
one of the limits of integration is a variable instead of a number. Consider
the function G(z) defined by G(z) = [ f(t)dt for some value a. In order
to find function values, we would need to actually perform the integration.
For instance, the function value G(b) is given by G(b) = f; f(t)dt, so we
would evaluate fab f(t)dt. Alternatively, we could find a general formula (i.e.
functional expression) for the function G( ) by ﬁnding an antiderivative of
f(t), which we can call F(t). Then G(z) = [ f(t) F(x) — F(a). We
could then find G(b) using this formula

If, on the other hand, we are only interested in the derivative of G(z), we
don’t have to do any work at all. Since we have G(z) = F(z) — F(a) then
G'(z) = L [F(z) — F(a)] = F'(z) — 0 = F'(z). But since F is an antideriva-
tive of f, then F'(x) = f(x) so we have G'(x) = f(x) and we see that, since
we already know the function f, we didn’t need to integrate at all. Instead,
we just write the integrand function using z in place of t. That is, we see that:

Theorem 4.13. If G(z) = [ f(t)dt then G'(z) = f(x).

Thus we can find values of the derivative function simply by evaluating the
integrand function at the corresponding value.

Ezample 7. Find G'(1), where G(z) = [; (Hfzf‘g (?;Jrg dt.

Solution:

Approach 1 (not recommended)

t244t—3

1. Find the partial fraction decomposition of (R EIEDE

9



2. Use the partial fraction decomposition to find an antiderivative, F(t),
of f( ) — t244t—3

t+D)(t—2)(t+3)

3. Use this antiderivative function F'(t) to evaluate the definite integral
2
Js e s = Fla) = F(3).

4. Differentiate G(z) = F(x) — F(3) to get G'(z).
5. Evaluate G'(z) at = 1.

Approach 2 (much preferred)

t244t-3 _ %443
Slnce G f3 (t+1 —: 2)(t+3) dt then G (ZII’) = W—m so that
G/(l) _ 12 +4(1)-3 _ 144-3 _ 2 _ 1
T (1+1)(a-2)1+3) T 2(-1)@) T -8 4

Remember: The processes of integration and differentiation undo one another
(except that any constant term is lost in differentiation, and an arbitrary con-
stant is introduced in integration). That is:

% (f F()dt) = £(t) and [ [ (F()] dt = F(1) +C.

Substitution and Definite Integration

We have now learned the basics of definite integrals. Next, we look at
how to apply the methods we know for solving more complex integrals (i.e.,
substitution and integration by parts) to definite integrals.

The formal statement of the substitution rule with definite integrals may
look a bit cumbersome, but after applying it a few times it becomes quite
easy. Suppose we have an integral which requires substitution. Then the
integrand has the form f(g(x))g’ (x)dx where g(x) is the candidate we select
for w. In the original definite integral, we are integrating with respect to =z,
between say a and b. After substituting u = g(x), our new integrand will be
in terms of the new variable u and we will be integrating with respect to u.
This means that we must change the limits of integration (a and b), which
are the values that the variable x ranges through in the original integral,
to new values which give the range of the new variable u. That is, instead
of integrating f'(g(z))¢'(z) from = = a to z = b, we need to integrate the
simpler integrand f(u) from u = g(a) to u = g(b). We get:

J2 Fg@)g (@)de = [18) flw)du (= [ Fu)du)

10



Ezample 8. Evaluate ff %dw.

Solution: We proceed as usual with the substitution, the only variation being
that we must find the “new” limits of integration (which will depend on our
choice of u). After a little thought, we see that we want to substitute:

‘u:x3+:c2+x—2 = |du = (32% + 2z + 1)dx

Before we carry out the substitution, we must find the new limits of integra-
tion. With this choice of u we see that

r=1l=u=13+124+41-2=1
and z=2=>u=2342242-2=12

i.e. u(1) =1 and u(2) = 12, so our new integral is:

2 32242241 _riz2a
1 x3+:c2+:c—2d'r - fl udu

= In |u| |}2:1n12—1n1:1n12

Ezample 9. Evaluate f01(217 — 22)e@*=32%) g

Solution: After recognizing the form, we choose u = 3 — 322,

Then we have % = 3% — 6z = 3(2? — 2z) = —3(2z — z%) and so we have
—3du = (22 — x%)dx.

When z = 0 we have u = 0° — 3(0%) = 0. Similarly, when x = 1 we have
u = 13 — 3(12) = —2. Carrying out the substitution, we get:

! 3_a.2 —2 1 1 [72
/ (2 — 22)e™ 3 ) dy = / —= | e%du = ——/ e'du
0 0 3 3 Jo

frd — — = — ]_ —_—— =
3 (- =3 ( e2) 3¢2

Notice: Be careful with the new limits. As we saw here, we can sometimes
have ¢g(b) < g(a) even though b > a. Be sure you set up the new integral
going from g(a) to g(b), even if g(a) > g(b).

11



Integration By Parts and The Definite Integral

The integration by parts formula generalizes in the natural way to use
with definite integrals. Formally stated, the formula is:

f; udv = [uv]t — [ vdu

a Ja

That is, we simply evaluate both parts of the right hand side of the inte-
gration by parts formula from a to b. Notice that since integration by parts
does not actually change the variable of integration (that is, if the original
integral was in terms of x, then after using the integration by parts formula
the expression is still in terms of ) it is not necessary to change the limits
of integration as we need to do when using substitution. A few of examples
will illustrate the use of this formula.

FExample 10. Evaluate flzzzln xdx

Solution: As always, we attempt to use substitution first, but we find that it
will not work here (verify this for yourself). We turn to integration by parts.
Letting v = Inx and dv = xdx, we get:

2
u:lnxﬁdu:%dz and dv:xdxév:%

b

Substituting into the formula fab udv = [uv]? — ff vdu, we get:

ff rlnzdr = %2 (ln:c)]2 2 a2 (1) dz

1 1 2 \z

N

e - [2]
L2 414
= (2= - (G -1)

=2n2—-0— % ~ 0.6363

Ezxample 11. Evaluate f03 xe3®dx.

Solution: As always, we attempt to use substitution first but find that it will
not work here (verify this for yourself). We turn to integration by parts.

12



Letting v = x and dv = e3*dx, we get:

3z

u:x:>3—;:1:>du:dx anddv:e3xdx:>v:%

b

a_

- 3
3 3z o e3 3 3z
[y xe’de = |z <—3 T dx

Substituting into the formula fab udv = [uv] ff vdu we get:

_ (333 0e3(0 ) 1 [3B)  £3(0)
o 3 3 3 3 3

(@ -0~ (5-3)

Ezample 12. Find the area under the curve y = xIn (2?) between x = 1 and
T = 3.

Solution: Since the curve y = x1n (z?) lies (on or) above the x-axis through-
out the interval [1, 3], i.e. since zIn (2?) > 0 on 1 < z < 3, then by Corollary
4.8, the area under the curve is given by area = flg rln (2?) dx.

Approach 1: Tt looks like a substitution may work here. If we let z = 22, we
get xdr = %dz. (Note: we can use any variable name other than x when we
perform a susbtitution. The reason for not using w in this case will become
evident momentarily.) Also, when z = 1, z = 12 = 1 and when z = 3,

z=23%2=9, so we get:
3 1 9
/xln(x2)dx:—/ In zdz
1 2 )

This, however, is still not an integral we recognize (except that we have done
it before). We need to use integration by parts. Letting u = In z and dv = dz,

13



so that du = %dz and v = z, we get:

1 /[ 1 91
—/ Inzdz = = [zlnz]?—/ z—dz
2 1 2 1 z
2Inz|° 1/9
- = dz
2 |, 2/
B 91119_ 1In1 oz
a 2 2 21

= 91119—0—(2—1) :21n9—4

9

2 2 2 2

Approach 2: Since we ended up using integration by parts anyway, we could
just use that approach right from the start, without the substitution. We
have ff’xln (2?) dw. We can work with this as is, or re-express In (2?) as
2Inz (using Ina” = rlna) to get fl?’:cln (2?) dw = ff’ 2zInxzdz. (Note: it
doesn’t matter which or these we use — the second is slightly easier in the
details, so let’s use that one.)

Letting v = Inx and dv = 2zdz, we get du = %dx and v = 22, so we have:

3 3 1 3
/ 2rlnzdr = 2° lnx}? —/ 7? (;) dr = (3°In3—1°In1) —/ xdz
1 1 1

213
T 9 1

— 9m3-0- 2| 93— (2 —-) =934

9In3 -0 2|, 9ln3 (2 2) 9ln3

Notice: §In9 = §1In3? = $(2In3) = 91n 3, so the two answers are in fact the
same. That is, either way, we see that the area under the curve y = x In (z?)
fromr=1tox=3is9In3 — 4.
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