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GLOBALLY SUBANALYTIC ARC-SYMMETRIC SETS

JANUSZ ADAMUS

ABSTRACT. It is shown that every C-semianalytic arc-symmetric set can be
realized as the zero locus of an arc-analytic function. As a consequence, a
Nash globally subanalytic arc-symmetric set is the zero locus of a continuous
globally-subanalytic function which is arc-analytic outside a simple normal
crossings divisor.

1. INTRODUCTION

The purpose of this article is to initiate a systematic study of a certain important
class of subanalytic sets, which are closed under analytic continuation. Let us begin
by recalling some basic notions. A set X C R” is called semianalytic, when every
point z € R™ has an open neighbourhood U such that X N U is a finite union of
sets of the form

yelU : fly)=0,g1(y) >0,...,9x(y) >0},

where f,g1,...,gx € &/ (U) are real analytic functions on U. A set Y C R is called
subanalytic, when for every point € R™ there are an open neighbourhood U and a
bounded semianalytic set X C R"*™  for some m, such that Y NU = 7(X), where
m: R™™ — R” is the coordinate projection.

For any n € Z4, let v, : R® — R" denote the semialgebraic map

(1,00, Tpn) — 1 ey Tn )
V1+a? V1422

We say that a set E C R™ is globally subanalytic if its image v, (E) is subanalytic
in R™. Since v, is an analytic isomorphism onto the bounded open set (—1,1)",
it follows that globally subanalytic sets are subanalytic. The importance of the
class of globally subanalytic sets stems from the fact that they form an o-minimal
structure (Sp)nen (see [L0]). This means, by definition, that for every n € N, (i)
Sy, is a boolean algebra of subsets of R", (ii) X € §,, implies X x R, Rx X € S,,41,
(iil) {(z1,...,@p) : 11 = xp} € Sy, (iv) X € Spq1 implies 7(X) € S, where
7 : R**! — R” is the coordinate projection, (v) the set {(z,y) € R? : z < y}
is in Sy, and (vi) the only elements of S; are the finite unions of open intervals
and singletons. O-minimality is responsible for several finiteness properties that we
use throughout the paper, such as existence of finite stratifications. For details on
o-minimal structures, see [9].
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Finally, a set £ C R” is called arc-symmetric, when for every real analytic arc
v : (=1,1) —» R" with Int(y"'(E)) # &, one has v((—1,1)) C E. (Here and
throughout, Int(S) (or Intr(S)) denotes the interior of a set S (as a subset of I').)
A function f :  — R on a real analytic manifold €2 is called arc-analytic, when
f o~ is analytic for every real analytic arc v : (—1,1) — Q.

Throughout this paper we shall denote by Z/%(R"™) the class of globally sub-
analytic arc-symmetric subsets of R™. This class includes, in particular, the arc-
symmetric semialgebraic subsets of R” (introduced by Kurdyka [I4]). The geometry
of semialgebraic arc-symmetric sets is well understood by now. In fact, it turns out
that they are precisely the zero loci of semialgebraic arc-analytic functions. The
elegant theory of semialgebraic arc-symmetric sets and arc-analytic functions pro-
vides a natural real counterpart of algebraic geometry over an algebraically closed
field (see [14l Bl 16 2 B, [15] and the references therein).

Much less is known in the subanalytic setting. The main goal of this note is
to show that certain fundamental analytic and geometric properties of the semi-
algebraic arc-symmetric sets can be generalized to our @Z(R™). We begin by
restricting to the class of C-semianalytic sets, introduced by Acquistapace, Broglia
and Fernando [I] (see Section B]). Thanks to Theorem [6.1] these can be viewed as
a local model for a more general class, namely the Nash subanalytic arc-symmetric
sets, studied in the final Section [6l In fact, we conjecture that all globally subana-
lytic arc-symmetric sets are Nash (Conjecture [6.4). Our main result, Theorem [£.2]
asserts that locally a Nash subanalytic arc-symmetric set is the zero locus of a
subanalytic arc-analytic function. As a consequence, globally such a set can be
realized as the zero locus of a continuous globally subanalytic function, which is
arc-analytic outside a simple normal crossings divisor (Theorem [6.3]).

2. A% TOPOLOGY

Let Q be a connected real analytic submanifold of R™. We shall denote by
AR(Q) the family of arc-symmetric subsets of 2 that are globally subanalytic as
subsets of R™.

Remark 2.1.

(1) Every E € %Z(Q) is a closed set in the Euclidean topology on €. This
follows from the subanalytic Curve Selection Lemma (see, e.g., [10, 1.17]).

(2) % (R™) contains all arc-symmetric semialgebraic subsets of R".

(3) % () contains globally subanalytic real analytic subsets of Q. Indeed,
real analytic sets are arc-symmetric.

Kurdyka’s fundamental [I4], Thm. 1.4] generalizes naturally to the globally sub-
analytic setting.

Theorem 2.2. Let §2 be a connected, globally subanalytic, real analytic submanifold
of R™. There exists a noetherian topology on ), whose closed sets are precisely the
elements of AR(N2).

The theorem follows from the two lemmas below. We shall call the above noe-
therian topology the @Z%Z-topology on . The elements of /% () will henceforth
be called @Z%-closed sets.
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Lemma 2.3. Let ' be a connected, smooth, subanalytic subset of Q, and let E C Q
be subanalytic and arc-symmetric. Then

¢ E = dim(T'NE)<dimTl.

The proof of Lemma is identical to that of [14] 1.6], as it only relies on
basic topological properties of o-minimal structures. We include it for the reader’s
convenience.

Proof. Suppose that dimI’ N E = dimI’ = k. Then, Intp(I' N E) # &, so one
can pick a point a € Intp(I'N E). Let then U be an open chart around a in I’
and let ¢ : U — BF be an analytic isomorphism onto the open unit ball in RF
such that ¢(a) = 0. We have ¢(Intr(I' N E)) N B* # &, and hence can pick a
b € p(Intp(T' N E)) NB*. Let now x € B¥ be arbitrary and let 7 : [-1,1] — B* be
an analytic arc with 3(—1) = b, (1) = z. Set v := ¢~ 0. Then, Int(y~}(E)) # @,
and hence by arc-symmetry of E, v~}(E) = [~1,1]. In particular, p~1(z) € E.
Since z was arbitrary, we have U C Intp(I' N E), and so a € Intp(I' N E). Since
a was arbitrary, this proves Intp(I' N E) = Intp(I' N E), and thus I'N E = T', by
connectedness of I'. O

Lemma 2.4. Let T be a globally subanalytic, smooth, connected subset of 2, and
let {E;}ic1 C AZ(Q). Then, there exist iy,...,is € I such that

rn(\E =TINE,N---NE,.
iel
The proof, again, is virtually identical to that of [I4] Lem. 1.5]. We include it
for the reader’s convenience.

Proof. We proceed by induction on £ = dimI'. If k¥ = 0, then I' is a singleton
and there is nothing to show. Suppose then that k£ > 1 and the claim holds for all
globally subanalytic smooth connected subsets of ) of dimensions less than k. If
I' C E; for all i € I, then again there is nothing to show, so let iy € I be such that
I'NE;, 7 T. By Lemma[23] the globally subanalytic set I'NE;, is then of dimension
less than or equal to k — 1. By o-minimality, I' N E;, is a finite union of connected
smooth globally subanalytic sets I'1,...,I's. By induction, for each j = 1,...,s,
there exists a finite index subset I; C I such that T'; N, E; = T'; N ﬂz‘elj E;.
Then,
rnE = Myu---urg)n(E = (JOyn(E) =Tn (| Ei.

icl icl j=1 icl; i€l U---Ulg

d

Proof of Theorem[2.3. By Lemma [Z4] letting I' = (), intersection of an arbi-
trary family of o/Z-closed sets is an @/%-closed set. Clearly, finite unions of
arc-symmetric sets are also arc-symmetric. So are the empty set @ and 2. Noethe-
rianity of the @/Z-topology follows from Lemma [24] again, since every decreasing
sequence of &ZZ%-closed sets stabilizes. O

Given a set E € Z%(Q), we will say that E is @/%-irreducible if E cannot be
expressed as a union of two proper @Z%-closed subsets. By noetherianity of @7%-
topology, every @/%-closed set E can be uniquely expressed as a finite union of
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A %-irreducible sets

E=EU---UE,, where E; ¢ | JE;foralli=1,...,s.
J#i
The sets Fy,..., Es are called the &/Z-irreducible components of E. By noethe-
rianity of @ZZ-topology, one can also define the @Z%-closure of an arbitrary set

S C Q, denoted §m<%7 as the smallest (with respect to inclusion) @/%-closed subset
of 2 that contains S.

3. C-SEMIANALYTIC ARC-SYMMETRIC SETS

Let Q be a real analytic manifold, and let Q* denote its complexification (see,
e.g., [I1] for a modern exposition of complexification of real analytic spaces). A set
R C Q is called C-analytic, when there exists an open neighbourhood V* of 2 in
Q* and a complex analytic set Z in V* such that ZNQ = R (see, e.g., [19]). By
[19, Prop.10] (cf. [8, Prop.15]), R is a C-analytic subset of Q if and only if R can
be realized as the common zero locus of finitely many real analytic functions on €2,
and thus R = f~1(0) for some f € «/(Q).

For a set S C QQ, its C-analytic closure is the smallest C-analytic set in {2 which
contains S. It is well defined, as the intersection of any family of C-analytic sets is
itself C-analytic (see, e.g., [19, §8]).

Following [1], we will say that a subset F of Q is C-semianalytic, when F is a
union of a locally finite family of global basic semianalytic subsets of 2, that is,
sets of the form {f =0,¢1 > 0,...,gs > 0}, where f,g; € &/(2).

Let #%c(R™) denote the family of C-semianalytic globally subanalytic arc-
symmetric sets in R™. More generally, for a real analytic submanifold  C R", we
shall denote by &% () the family of C-semianalytic sets £ C Q such that E is
arc-symmetric in ) and globally subanalytic as a subset of R".

Theorem 3.1. Let  be a connected globally subanalytic real analytic submanifold
of R™. There exists a noetherian topology on €, whose closed sets are precisely the

elements of AR ().

Proof. Let I' be a globally subanalytic smooth connected subset of 2, and let
{Ei}icr C Z%c () be arbitrary. By Lemmas 2.3 and 2.4]

rn(\E =TNE,N---NE;,

il
for some i1,...,is € I. By [I, Prop.5.3.5], locally finite unions and intersections of
C-semianalytic sets are C-semianalytic. The claim thus follows as in the proof of
Theorem O

Given a set E € % (), we will say that E is &% ¢-irreducible if E cannot
be expressed as a union of two proper &% c-closed subsets. By noetherianity of

A c-topology, every /% o-closed set E can be uniquely expressed as a finite union
of /% c-irreducible sets

E=EU---UE,, where E; ¢ | JE;foralli=1,...,s.
J#i
The sets E1, ..., Es are called the &% ¢-irreducible components of E.
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Proposition 3.2. Let 2 be a connected real analytic submanifold of R™. Let E €
GRc(Q) and let R C Q denote its C-analytic closure. Then, dim Ry = dim E.

Proof. Let k = dim E. Recall that Rg is the intersection of all C-analytic sets
R C €, such that E C R. Clearly, for every such R, dim R > dim E. Therefore, it
suffices to find a C-analytic R with R D F and dim R = k.

Assume without loss of generality that E # &. As a globally subanalytic set,
E=T,U---UTy is a finite union of connected smooth globally subanalytic sets.
Let z9p € E be arbitrary, and let B be an open ball containing x(, such that
ENB=(S1U---US) N B, where each S; is a global basic semianalytic set in .
Let R; be the C-analytic closure of S;, j = 1,...,¢. Since dim R; = dim S}, there
exists j; such that dimg, R;, = dim,, E. Then, R; contains a nonempty open
subset of a manifold I';, of dimension dim,, £ adherent to xg, for some 1 <1i; <s.
Hence, R;, D I';,, by arc-symmetry (Lemma [23]). Since the collection I'y,...,Ts
is finite, it follows that F is contained in the union of finitely many C-analytic
sets Rj,,...,Rj. Set R = R;; U---UR;_ . Then, R is C-analytic and dim R =
max; dim R; = max; dimI'; = dim . O

Let now R C Q be a C-analytic set of dimension k£ > 0. By [19, Prop.10], R
is the zero locus of a coherent sheaf of &7 (2)-ideals. It thus admits a resolution of
singularities 7 : R — R, where R is smooth of dimension k, and 7 is a composite
of a locally finite sequence of blowings-up with smooth centres (see [6, Thm. 13.4]).
Moreover, there is a C-analytic set S C R, of dimension dim S < k, such that R\ S
is smooth of pure dimension k and 7 is an isomorphism over R\ S. (Indeed, if Z is
a k-dimensional complex analytic set in an open neighbourhood V* of €2 in Q* such
that ZNQ = Rand Z = Z'UZ" is its decomposition into analytic sets, where Z' is
of pure dimension k£ and dim Z” < k, then one can take S = (Sing(Z') U Z")NQ.)

Lemma 3.3. Let () be a connected real analytic submanifold of R™. Let R C Q) be a
C-analytic set of dimension k > 0, let 7 : R — R be its resolution of singularities,
and let S C R be a C-analytic set of dimension dimS < k, such that R\ S is
smooth of pure dimension k and 7 is an isomorphism over R\ S. Then, for every
connected component E of E, the set F(E) U S is arc-symmetric in §2.

Proof. Let E be a connected component of }N%, and let v : (—1,1) — R be an analytic
arc with Int(y(x(E)US)) # @. If Int(y~1(S)) # @, then v((—1,1)) C S, by arc-
symmetry of S. Otherwise, v intersects S only at isolated points, and hence there
is a unique analytic arc 7 : (—1,1) — R such that ~ = mo7. It now follows that
Int(3~1(E)) = Int(y~!(x(E)) # @, and hence 3((—1,1)) C E, by arc-symmetry of
E. Consequently, y((—1,1)) C w(E), which completes the proof. O

Proposition 3.4. Let 2 be a connected real analytic submanifold of R™. Let E C )
be an A% -closed set of dimension k > 0, and let R C Q be its C-analytic closure.
Assume that dimR = k. Letm: R — R be a desingularization of R. Then, there
exist finitely many connected components El, R E, ofl:l; of dimension k, such that

Reg,(E) C n(EyU---UE,) CE.

Proof. Let S C R be a C-analytic set of dimension dim S < k, such that R\ S
is a k-dimensional real analytic manifold and 7 is an isomorphism over R \ S.
Let T'y,...,T's be the connected components of Reg, (E) (finitely many, by global
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subanalyticity of E). For every j =1,...,s,I'; ¢ S. As 7 is an isomorphism over
R\ S, there exists a connected component Ej of R, of dimension k, such that W(Ej)
contains a nonempty open subset of I'j. Then, I'; C W(Ej) U S, by Lemmas
and B3] Note that W(Ej) is a closed set, as 7 is proper and Ej is a closed subset
of R. Since I'; NS is nowhere dense in I';, it follows that I'; C W(Ej).

On the other hand, the subanalytic arc-symmetric set 7 YE) contains a nonempty

open subset of the connected manifold Ej, and so F; C 7~ '(F) and n(E;) C E. It
follows that

Reg,(E) C n(Ey)U---Un(E,) =n(E,U---UE,) C E,
as required. (Note that there may be some repetitions among the El, . ,Es.) (I

By noetherianity of @7%c-topology, one can also define the /% ¢ -closure of an

arbitrary set S C €2, denoted ?ﬂﬁ%c, as the smallest (with respect to inclusion)
AR -closed subset of € that contains S.

Remark 3.5. Unfortunately, in the subanalytic context, the &/%- and % c-
closure behaves in a much less controlled way than in the semialgebraic setting
of [I4]. In particular, for an arbitrary globally subanalytic set S, one may have
dimggm) > dim S. Indeed, consider, for example, S = {(z,y) € R?: y = sinx,
—1 < < 1}. Then, S is globally subanalytic in R? as a bounded subanalytic set,
however by analytic continuation any arc-symmetric set in R? containing S must

contain the whole graph of the sine function as well. Thus, ?M% = R?, hence also
— ol %
S%jc = R2. Note that S is also C-semianalytic, since sin x is a global real analytic

function on R.

Nonetheless, the topological dimension (as a subanalytic set) of any /% c-closed
set coincides with its &Zc-Krull dimension, at least in the relatively compact
setting, as shown below. For a non-empty &% c-closed set E we define its Krull
dimension as

dimg E=sup{leN : 3By C E1 & --- ¢ E; C E, where E; are @/% c—irreducible} .
By convention, dim @ = dimg @ = —1.

Theorem 3.6. Let Q) be a relatively compact connected real analytic submanifold
of R™. If E is a non-empty X% c-closed set in §2, then

dimgFE = dimF,
where dim E is the supremum of dimensions of real analytic submanifolds of E.

Proof. By Proposition below, we have dimg E < dim E. For the proof of the
other inequality, we proceed by induction on k = dim E. The base case being clear,
assume k > 1. By the Good Directions Lemma in o-minimal structures (see [10} 4.9]
or [9] Thm. VII.4.2]), there is a k-dimensional linear subspace U of R™ such that the
orthogonal projection 7 : R™ — U has finite fibres when restricted to E. Suppose
U is spanned by vectors uy, ..., uq in R™, and let V' = span{us, ..., uq}. Then, the
set F = ENm (V) is @Z%c-closed as the intersection of two @/%c-closed sets,
and of dimension k — 1. By the finiteness of decomposition into 7% c-irreducible
components, at least one such component of F' is of dimension k — 1. O
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4. RELATIVELY COMPACT SETTING

In this section, we assume that 2 is a relatively compact connected real analytic
submanifold of R™. Then, real analytic subsets of Q are globally subanalytic, and
hence C-analytic subsets of 2 are &% -closed.

Proposition 4.1. Let E € d%c(Q) be AR c-irreducible. Then, there exists a
unique C-irreducible C-analytic set R C Q, such that E C R, dim R = dim F, and
R C S for every C-analytic set S C Q containing E.

Proof. Let R be the C-analytic closure of E. By Proposition3.2] R is of dimension
dim E. Moreover, R is C-irreducible, for if R = R; U R for some proper C-analytic
subsets Ry, Ra, then E = (E N Ry) U (E N Ry) is &% c-reducible. O

Lemma 4.2. Let E C Q be an % c-closed set of dimension k > 0, and let
E=T1U---UT; be its partition into smooth connected globally subanalytic sets. If

jeA{l,...,s} is such that T'; ¢ Reg,(E), then dimF_jm%c =dimI'; < k.

Proof. Pick a point zy € I'; \ Reg,(E). Let B be an open ball centered at xg

such that B N Reg,(E) = @. Since E and B are C-semianalytic, there exists a
C-analytic R C Q, of dimension dimg, I'j, such that I'; N B C R. Then, I'; C R, by

Lemma 2.3} and so I‘_jm%c C R, as R is &% c-closed. Consequently, diml"_j”(z{‘%C <
dim R =dimTI'; < k. 0

Corollary 4.3. Let E € A% () be A% c-irreducible, of dimension k > 0. If
F e dZc(Q) and Reg(E) C F C E, then F = E.

Proof. If F' D Regy(E), then F' D Reg,(E), since arc-symmetric sets are closed in
Euclidean topology. Let £ =17 U---UTI; be a finite partition of E into smooth
connected globally subanalytic sets. If F' # E, there exists j € {1,..., s} such that

I'; ¢ F. Then, I'; ¢ Regy(E). Let T'j,,..., T, be all such strata. By Lemma [4.2]
dim T, U--- 0Ty, "% < k, and hence T;, U---UT;, "¢ # E. Tt follows that
E=Fuly u---uly, e is a decomposition of F into nonempty proper % c-
closed subsets; a contradiction. O

In the relatively compact setting, we can refine Proposition [3.4] as follows. This
is a C-semianalytic analog of [14], Thm. 2.6].

Theorem 4.4. Let E € 4% c(Y) be an A% c-irreducible set of dimension k > 0,
and let R C Q be its C-analytic closure. Let m : R — R be a desingularization of

R. Then, there exists a unique connected component E ofINE of dimension k, such
that

Reg,(E)Cn(E)CE.

Proof. Let S C R be a C-analytic set of dimension dim S < k, such that = is
an isomorphism over R\ S, and R\ S is a k-dimensional real analytic mani-
fold. Let {C)}xea be the locally finite family of its connected components. By
[1L Prop.5.3.5], each C) is C-semianalytic.

Note that, by Lemma 23] for every A € A, E D C) or else E N C) is nowhere
dense in C and dim, FE < k for every x € ENC). Since dimE NS < k, Reg,(E)



8 JANUSZ ADAMUS

contains a nonempty open subset of R\ S, and so there is at least one A such that
E D Cy. It follows that there exists a nonempty Ag C A such that

(4.1) En(R\S)= [Jau( |J GinEwy),
AEAE AEA\AE

where Ecpy = {z € E : dim; E < k — 1}. Moreover, by [I, Prop.5.3.8], the
set E(<r) and hence all the disjoint summands of the right hand side of @I are
C-semianalytic.

Let I'q,...,T's be the connected components of Reg, (F). For every j =1,...,s,
let Aj = {A cA:CyC FJ} Then,

r;=J aumnsg,
)\GAJ'
and as I'; N S is nowhere dense in I';, then

n-Ua-Ua.

AEA; AEA;

Moreover, Ag = A1 U---UAg, and hence

Reg,(E) =T U---UT, = | Ci.
AEAE

Let E(; be a connected component of E, of dimension k. Let A € A be such
that 7(Ej) contains a nonempty open subset of Cy. Then, Cy C w(Es) U S, by
Lemmas23landB.3l Since C\NS = &, we obtain Cy C 7T(E5) In fact, C C 7T(E§)
since 7T(E§) is closed in R as the image of a closed set by a proper mapping. On
the other hand, if W(E(;) contains no open subset of Cy, then rk,m < k for all
z € Esnn1(Cy), whence 7(Es) N 1O\ C Sand so 7T(E§) NC\=g,as Cy C R\S.
It thus follows from @) that (7(Es)US)NE = (x(Es)NEN(R\ S))U(ENS)
is C-semianalytic, and hence &% c-closed.

Let now A9 € Ag be arbitrary and let EO be a connected component of R
satisfying m(Eg) D Chy. We claim that then 7(Ep) D C for all A € Ap. Indeed,
for else, if Ao ={A € Ag:C\ C W(Eo)} is a proper subset of Ag, then

U C)\CW(U 5‘5),

AeAE\Ao dEA

for some family {EJ}JGA of components of R different from EO. As the family
{7(Es) N EN(R\ S)}sea is locally finite, the set (m(Usen Es) US) N E is C-
semianalytic, and hence @/Zc-closed. We thus get a decomposition of E into
proper Z% c-closed subsets

E=[(r(E)US)nEU[(x(| ] Es)US)nE,
dEA
contradicting the @7%c-irreducibility of E.
On the other hand, the arc-symmetric set m~ L(E) contains a nonempty open

subset of the manifold Ey, and so Ey C 7~ (E) and 7(Eo) C E, which completes
the proof. (I
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Remark 4.5. Let E € #Z¢() be an /% c-irreducible set. Let R, 7 : R — R,
and S C R be as above. Note that, by Lemma.2land the above proof, one actually
gets that for a certain (unique) connected component E of R

E=(r(E)US)NE.

Proposition 4.6. Let E.F € J%c(Q), F & E, and suppose that E is SR c-
trreducible of dimension k > 0. Then, dim F' < dim E.

Proof. Suppose to the contrary that dim F' = k. Let R C Q be the C-analytic
closure of E and let 7 : R — R be its desingularization. By Theorem [£.4] there
is a unique connected component E of R, such that 7(E) D Reg,(E). Then, the
subanalytic arc-symmetric set 7~ (F) contains a nonempty open subset of E , and
hence E C 7~ (F), by Lemma 23 Consequently, 7(E) C F, hence F O Reg,, (E),
and so F' = E, by Corollary 43} a contradiction. ([

Proposition 4.7. For every E € %)) of dimension k > 0, there exists F' €
GRc(Q) such that dim(ENF) <k and E\ F is a k-dimensional manifold.

Proof. Let R be the C-analytic closure of E. Then, R is of dimension k, and there
is a C-analytic set S C Q, of dimension dim S < k, such that R\ S is smooth of
pure dimension k. Set F = ENS. O

Remark 4.8. Note that, in general, one cannot expect that Reg,E = E \ F for
some Z%c-closed set F. Indeed, this may not be true even if F is real algebraic.

5. ARC-SYMMETRIC SETS ARE ZERO LOCI OF ARC-ANALYTIC FUNCTIONS

Let £ C R™ be non-empty. Recall that a function f : E — R is called arc-
analytic, when f o+ is an analytic function for every analytic arc v : (—=1,1) — FE.
It is called a globally subanalytic function, when the graph I'y of f is a globally
subanalytic set in R™t1.

It is well known that every globally subanalytic arc-analytic function is continu-
ous in the Euclidean topology (see, e.g., [5, Lem. 6.8]). Moreover, by a straightfor-
ward adaptation of [I4, Prop.5.1], one has the following.

Remark 5.1. Let E € &/Z(R"™) be non-empty, and let f : E — R™ be a globally
subanalytic function whose all components are arc-analytic. Then

(i) Ty € AR R" x R™).

(i) If Z € ZZ(R™), then f~1(Z) € R [R").

We are now ready to prove our main result. This is a C-semianalytic analog of
[2, Thm. 1] and the proof below is a direct adaptation of our argument from [2].

Theorem 5.2. Let Q) be a relatively compact connected real analytic submanifold in
R™, and let E € 4% (Y). There exists a globally subanalytic arc-analytic function
f:Q =R, such that E = f~1(0).

Proof. We argue by induction on dimension of F. If dimE < 0, then F is a
finite set, and hence the zero locus of a polynomial function on R™ restricted to €.
Suppose then that dim £ = k& > 0, and every &% c-closed set in € of dimension
less than k is the zero locus of a globally subanalytic arc-analytic function on €.
Assume without loss of generality that E is @/%c-irreducible.
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Let R C Q be the C-analytic closure of E. Then, R is k-dimensional and C-
irreducible, by Proposition &1l Let 7 : Q — Q be an embedded desingularization of
R, and let R denote the strict transform of R by 7. Let S C R be a C-analytic set,
of dimension dim S < k, such that R\ S is smooth of pure dimension k, and = is
an isomorphism over Q\ S. Since EN S is an &% c-closed set of dimension strictly
less than k, the inductive hypothesis implies that there is a globally subanalytic
arc-analytic function h : Q — R such that EN S = h=1(0).

By Theorem IEI, there is a unique connected component E of R such that
Reg,(E) C n(E) C E. Let D = 774(S) and Z = END. Let o : Q — Q be
the blowing-up of Q at the C- analytic set Z. Let E and D denote the strict trans-
forms of E and D by o, respectwely Since E and D have only normal crossings
(cf. [6, Thm.1.6]), E and D are disjoint subsets of Q. The sets E and D are both
C-analytic, and hence so are E and D We may thus choose non-negative analytic
functions vy, vy € /(9), such that v H0) = E and vy H(0) = D. Then, vy +v3 > 0
onQas END = @, and s0 ¢ = vy /(v + v) defines an analytic function on €.
Note that ¢ > 0 on €, ¢lg =0, and |5 = 1. Finally, set v := vy-va. Then,
ved(Q),v"(0)=FEUD, and v >0 on .

Now, define f: O—R by the formula

F= (- (homoa))?+0v2.

Note that fis an arc-analytic function on ﬁ, fz (homoo)? on ﬁ, fz Oon FE,
and f is strictly positive outside E uD.

Next, we compose f with ¢~" in order to get an arc-analytic function on Q.
More precisely, define f: Q—Ras

= ((foo ) (hom)(y), y¢Z
fy) = {07 ez,

To see that f is arc-analytic, let ¥ : (-1,1) — Q be an analytic arc not contained
in Z, and let 4 : (—1,1) — Q be its lifting by o. Then, 0 o5 =7. We claim that

(5.1) fod=(foA)-(homo),
which implies that f o7 is analytic. Indeed, if 3(t) ¢ Z, then (5.I) holds because

(footod)(t) = (footoooF)(t) = (foA)(t). If, in turn, F(t) € Z, then
(homo#)(t) = 0, by definition of h, and hence both sides of (B.I]) are equal to zero.

Now, we compose f with 7~! to get an arc analytic function on Q. More precisely,
we define f: Q2 — R as

_JFeor @), z¢S
J(@) = {h3(x), zes.

To see that f is arc-analytic, let v : (—1,1) — £ be an analytic arc not contained
in S. Let 7 : (—=1,1) = Q be the lifting of v by 7, and let 5 : (—1,1) — © be the
lifting of ¥ by 0. Then, 1 05 = ~, and 0 05 =75. We claim that

(5.2) foy=Fo7,

which 1mphes that f o+ is analytic. Indeed, if y(t) € S, then (52) holds because
(forLoy)(t) = (fortomoF)(t) = (foF)(t). If, in turn, v(t) € SN 7 (E), then
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h(y(t)) = 0 and hence (f o+)(t) = 0. But ¥(t) € Z, and hence (f o¥)(t) = 0 as
well. Finally, if y(t) € S\ n(E), then 7(t) ¢ Z and 7(¢t) € D; hence, by (E1]), we
have

(FeR)(®) = ((JoA) - (homoF))(t) = ((homo o)’ 0A) - (homoF)) (1)
= ((homo7)?- (homoF)) (t) = (homod)*(t) = (hoy)*(t) = (fo)(t).
We shall now calculate the zero locus of f.
U0 ={z e Q\S: (for Y)(z)=0}U{z e S:r*x) =0}
(fye Q\D: fly) = 0}) U(ENS)
{yeﬁ\D:((foa”%(how))(y):()}) U(ENS)
m(fye \D: (Foo™)y) =0}) U(ENS)
= ((roo)({z €\ 07! (D): J(z) =0)) U(ENS)
=(roo)(E\o (D)) U(ENS)
=n(E\D)U(ENS)=m(E)U(ENS)=(r(E)US)NE.
The latter set, by Remark 5] is equal to F, which completes the proof. O

=T

6. NASH GLOBALLY SUBANALYTIC ARC-SYMMETRIC SETS

Let €2 be a real analytic manifold. Let E' C €2 be a subanalytic set, and let x € €.
Suppose first that E is of pure dimension k. We say that E is Nash at z, when
there exists a neighbourhood U of x in 2 and an analytic set S C U, of dimension
k, such that ENU C S. Suppose now that F is not pure-dimensional. We say that
E is Nash at x, when F is a finite union of pure-dimensional subanalytic sets each
of which is Nash at x. We say that E is a Nash subanalytic set in 2, when E is
Nash at each point of (2.

Theorem 6.1. Let Q) be a connected real analytic submanifold of R™, and let E €
AR(Q). If E is Nash subanalytic, then E is semianalytic in €.

Proof. We proceed by induction on dimension of E. If dimE < 0, then F is a
finite set and hence the zero locus of a polynomial function on R™ (restricted to
Q). Suppose then that dim £ = k > 0, and that every Nash globally subanalytic
arc-symmetric subset of € of dimension less than & is semianalytic in Q.

Since F is closed in ), it suffices to show that E is semianalytic in a sufficiently
small neighbourhood of each of its points. Pick an arbitrary £ € E. Without loss
of generality, we may assume that dim¢ F = k. For j =0,...,k, let EU) = {z €
E : dim, F = j}, and let E* = Uf;é EU). By Nashness of E, one can choose an
open ball U centered at £, such that there exist real analytic sets R and T in U,
with the following properties: dimR =k, ENU C R, dimT < k, E*NU C T.
Moreover, after shrinking U if needed, there is an analytic set S C R, of dimension
dim S < k, such that R\ S is smooth of pure dimension k.

Let now {Sx}xea be a semianalytic stratification of U, compatible with R, S,
and T. Assume A is finite, after further shrinking U if needed. Let Ar = {\ €
A : Sy C R}. Note that, for every A € Agr, we have S\, C FE, or else E N S)
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is nowhere dense in Sy and dim, F < k for all z € EN Sy, by Lemma Let
Ap={X € Ar: S\ C E}. We thus obtain

61) R\E=(lJ SV\E= {J (S\\E)

AEAR AEAR
= U e\B= U SS\\E= | 5.
)\EAR\AE AEAR\AE AEAR\AE

By a well known characterization of semianalyticity (see, e.g., [4 Thm.2.13]), to
prove that E N U is semianalytic it suffices to show that (E N U) \ Intr(E) is
semianalytic of dimension less than k, where Intg(E) = E'\ R\ E is the interior of
E in R. It follows from (6.1) that

(ENU)\Intg(E)=ENR\E=En |J S\=En(SUT).
AeAR\AE

The latter is a Nash /%-closed subset of U of dimension less than k, and hence
semianalytic by inductive hypothesis. (I

For the next result, we shall adapt the concept of a ¢-grid from [7]. Given a
positive integer g, a g-grid centered at & = (£1,...,&,) € R™ is defined as the union
of coordinate hyperplanes

= Uz =4+ k/q}.

j=1 kezZ

Let {Cx}xea denote the family of open cubes induced by 3 (i.e., the connected
components of R™\ X). We say that ¥ is subordinate to an open cover U = {U, },e1
of R, when for every A € A there exists « € I with Cy C U,. Given a subanalytic set
E C R", we say that X is in general position with respect to E, when dim,> N E <
dim, F for every x € E.

Remark 6.2. Let €2 be a relatively compact open set in R”. It is evident from the
proof of [7, Lem. 2.4] that for every locally finite open cover U of R™ and for every
closed globally subanalytic set £ C R™ there exists a positive integer ¢ and a point
¢ € R” such that, up to a linear coordinate change in R™, the g-grid X centered at
¢ is subordinate to U on €2 and in general position with respect to E.

Theorem 6.3. Let E be a Nash globally subanalytic arc-symmetric set in R™.
Then, for every relatively compact open 2 C R"™, there exists a continuous globally
subanalytic function f: Q — R and a q-grid ¥ in R™, such that
(i) dimy, XN E < dim, FE for allz € E
(ii) f is arc-analytic on Q\ 2, and
(iii) ENQ = f71(0).

Proof. By Theorem [6.1] for every point x € R™, there exists a relatively compact
connected open neighbourhood U? of z in R™ such that ENU”* € o%c(U"). Let
U = {U,},e1 be alocally finite subcover of R™ chosen from the open cover {U”},¢p.
Let Q be an arbitrary relatively compact nonempty open set in R”. By Remark [(.2]
there is a ¢-grid ¥’ in R™ such that ¥’ is in general position with respect to F and
the covering C = {C\}xea of Q by the closed cubes induced by ¥/ is subordinate
to U.
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Given A € A, pick ¢+ € I such that Cy C U,. Let v € </(U,) be such that
v710) =X NU,. If ENCy\ = @, set f) = v. Otherwise, let ENU, = By U---UE,
be the decomposition into &% ¢-irreducible components. By Theorem [5.2] for each
j=1,...,s, there is a globally subanalytic arc-analytic function f; : U, — R such
that f;l(O) =E;. Let fx ==wv-f1... fs. Then, fi : U, — Ris a globally subanalytic
arc-analytic function and f; '(0) = (EUX)NU,.

Finally, define fsr : @ — R as fo = [Jyca f/\|5x This fsr is continuous,
globally subanalytic, arc-analytic outside X', and fg,'(0) = FU X'

To complete the proof, note that the g-grid ¥’ can be chosen so that the g-grid
¥ = {(x1 + qu, cey T+ kiq) :(#1,...,x,) € ¥'} is also subordinate to U on Q
and in general position with respect to E, for some k € Z. Let fxr : & — R be
the corresponding continuous globally subanalytic function with fy,(0) = EU X"
constructed as above. Then, the function f = fs 4+ fx~ is continuous, globally
subanalytic, and arc-analytic outside the kq-grid

l In
E::{(gcl—i—k—lq,...,xn—i—k—q):(xl,...,:vn)EE', L,....ln€{0,...., kg —1}}.

Moreover, f~1(0) = E. O

We believe there are good reasons to expect that, in fact, the above result is true
for all arc-symmetric globally subanalytic sets thanks to the following conjecture.

Conjecture 6.4. Every arc-symmetric globally subanalytic subset of a real analytic
manifold is Nash subanalytic.
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