Mathematics 4122B/9022B Winter 2026

Problem Set 3
due: March 9, 2026.

All numbered exercises are from the textbook Real analysis for graduate students, R.F.
Bass, ver.3.1, 2016 (available through the course website).

1. Let (X,d) be a metric space and let f : X — R. Define functions my, My : X — R as

my(x) = sup{inf f(U) : U an open neighbourhood of z},
My (z) = inf{sup f(U) : U an open neighbourhood of z}, forall z € X.

(a) Show that my(z) < f(x) < My(z), for all z € X.

(b) Prove that the functions my and My are Borel measurable. [Hint: Show that,
for all @ € R, the sets {x € X : M¢(z) < a} and {x € X : m¢(x) > a} are open.]

(c) Show that f is continuous at zg € X iff ms(xg) = My(zo).

2. For functions f and g on a measure space (X, M, ), we say that f = g almost
everywhere (a.e., for short), when p({z € X : f(z) # g(x)}) = 0.

Let f: R — R be a function and let g : R — R be a Borel measurable function.

(a) Suppose that f =g a.e. (with respect to Lebesgue measure). Prove that f is
Lebesgue measurable.

(b) Suppose now that f is Lebesgue measurable. Prove that there exists a Borel
measurable function h : R — R such that f = h a.e. (with respect to Lebesgue
measure).
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