Mathematics 9607B Winter 2019

Problem Set 1
Due: Wednesday Feb. 6, 2019.

0. Review (and comprehend) the proof of the convergent version of Hironaka Division Theorem
(3.4-3.6). [Do NOT submit!]

1. Let f : M — N be a holomorphic mapping of (non-empty) manifolds. Show that the definition of
rank of f at a point £ € M (Def. 1.9 in Lecture Notes) is independent of the choice of coordinate
charts at £ and f(£). Prove that, for any k € N, the set {x € M : rk, f < k} is analytic in M.

2. Prove the converse of Thm.2.13: If M is an m-dimensional manifold and X C M is analytic of
pure dimension m — 1, then X is locally principal.

[Hint: Suppose that in a neighbourhood U of a point ¢ € X we have XNU = h;*(0)N---Nh;1(0)
for some hy,...,hy € O(U), and let Z := h7*(0). By Thm. 2.11, regZ is an open dense subset of
Z, and hence an (m — 1)-dimensional manifold, by Thm. 2.13. Consider a connected component
Z of regZ. For j = 2,...,s, we have either Z C hj_l(()) or else Z N hj_l(O) is a nowhere-dense
subset of Z (Thm. 2.7), hence of dimension strictly less than m — 1]

3. Let X = {(x,y,2) € C3: 22 —yz =2 — 2z = 0}. Show that X is the union of three irreducible
(globally) analytic sets in C3. Find the singular loci of X and each of its three irreducible
components.

4. Consider the total ordering of N* by lexicographic ordering of 4-tuples (|3|, Bz, By, B2), Where
B = (Bx, By, B-) € N°. Find the (vertices of the) diagram 9(I) of initial exponents of the ideal
I in C{x,y, z}, where

(a) I=(z,y)°

(b) I= ('I27Z - y2€m7y3 - .IZ)

(c) I=(z,y,2)F, keZy

(d) I=(z—yzy?—xz2°—ay).

Justify your answers.

5. (a) Find all the ideals I of Problem 1, for which C{x,y, z}/I is a finite-dimensional C-vector
space, and calculate its dimension.
(b) Give it a geometric interpretation: What can be said about the analytic germ V(I) at
0 € C", when dim¢ C{z1,...,2,}/I < +00?

6. Formulate (and prove) a criterion for finiteness of dim¢ C{x1,...,2,}/I in terms of the vertices
of the diagram 9(I).

7. Find the standard bases of the ideals of Problem 4.



