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Abstract. In this paper we consider the Brauer groups of algebraic stacks and GIT quotients: the only
algebraic stacks we consider in this paper are quotient stacks [X/G] with certain restrictions on X and G,

and defined over a Dedekind domain, a discrete valuation ring, or a field. We discuss the calculation of the
Brauer groups of various examples. This will be continued in a sequel, where we will discuss more examples,

especially the Brauer groups of various moduli stacks of principal G-bundles on a smooth projective curve

X, associated to a reductive group G as well the Brauer groups of their GIT quotients.
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1. Introduction and the Main Results

The paper originated in an effort by the authors to study the Brauer groups quotient stacks and of GIT

quotients associated to actions of reductive groups. We began by assuming the base scheme is a separably

closed field, then soon extended our framework to the case where it is any field. While working on various

examples, we realized that as several of the algebraic stacks one encounters often are defined over the ring

of integers or Dedekind domains, it is preferable to adopt a more general framework as follows. This enables

us to consider cohomological invariants of algebraic stacks defined over arbitrary Dedekind domains. The

only cohomological invariants we consider will be the ℓ-primary torsion part of the Brauer group, where ℓ is

a prime different from the residue characteristics.
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Let B denote a regular Noetherian scheme of dimension at most 1: B will serve as the base scheme. We

also consider two basic situations here:

1.1. Basic hypotheses.

(i) B = SpecR, where R is a Dedekind domain, or a DVR (for example, the ring of integers Z or its

localization at a prime p), or

(ii) B is a smooth scheme of dimension at most 1 over a field k.

Observe that in any case B is a regular integral Noetherian domain of dimension at most 1. Let ℓ denote

a fixed prime invertible in OB and let X denote a scheme of finite type over B. Then one begins with the

Kummer sequence

(1.1) 1 → µℓn(1) → Gm
ℓn→Gm → 1,

which holds on the (small) étale site Xet of X, whenever ℓ is invertible in OB. (See [Gr, section 3] or [Mi, p.

66].) Taking étale cohomology, we obtain corresponding long-exact sequence:

(1.2) → H1
et(X,Gm)

ℓn→H1
et(X,Gm) → H2

et(X, µℓn(1)) → H2
et(X,Gm) → H2

et(X,Gm) → · · · ,

which holds on the étale site when ℓ is invertible in OB.

Definition 1.1. The cohomological Brauer group Br(X) is the torsion subgroup of the cohomology group

H2
et(X,Gm). In other words, Br(X) = H2

et(X,Gm)tors.
1

Next assume X is smooth over the base scheme B. Then, by Hilbert’s Theorem 90, we obtain the

isomorphisms:

(1.3) Pic(X) ∼= CH1(X) ∼= H1
et(X,Gm) ∼= H2,1

M (X,Z),

where H2,1
M (X,Z) denotes motivic cohomology (in degree 2 and weight 1) whose definition for smooth schemes

of finite type over B is worked out in [Geis], and we recall this in the Appendix. Then one also obtains the

short-exact sequence:

(1.4) 0 → Pic(X)/ℓn ∼= NS(X)/ℓn → H2
et(X, µℓn(1)) → Br(X)ℓn → 0,

where the map Pic(X)/ℓn = H2,1
M (X,Z/ℓn) → H2

et(X, µℓn(1)) is the cycle map, and therefore, Br(X)ℓn identi-

fies with the cokernel of the cycle map. Thus it follows that for smooth schemes X over B, Br(X)ℓn is trivial

if and only if the above cycle map is surjective: our approach to the Brauer group adopted in this paper is

to consider the above cycle map from motivic cohomology to etale cohomology, and involves a combination

of motivic and étale cohomology techniques. Moreover, in view of this, we will always restrict to smooth

schemes of finite type over the given base scheme B.

Let G denote a not-necessarily connected smooth affine group scheme, of finite type over B, and acting on

the given scheme X. Next we recall the framework of Borel-style equivariant étale cohomology, and Borel-

style equivariant motivic cohomology. For this we form an ind-scheme {EGgm,m×
G
X|m} and then take its

étale cohomology, and also its motivic cohomology when X is also assumed to be smooth. One may consult

[Tot99], [MV99], and also section 3 of this paper for more details. Here BGgm,m is a finite dimensional

approximation to the classifying space of the affine group scheme G, and EGgm,m denotes the universal

1If X is a regular integral Noetherian scheme, one may observe that H2
et(X,Gm)tors = H2

et(X,Gm): see, for example, [CTS,

Lemma 3.5.3]



BRAUER GROUPS OF ALGEBRAIC STACKS AND GIT-QUOTIENTS 3

principal G-bundle over BGgm,m. In the terminology of Definition 3.1, EGgm,m = Um and BGgm,m = Um/G.

We also assume that such a BGgm,m exists, for every m ≥ 0, as a quasi-projective scheme over the given base

B. There are standard arguments to prove that that the cohomology of the ind-schemes {BGgm,m|m ≥ 0},
{EGgm,m ×G X|m ≥ 0} are independent of the choice of the admissible gadgets {Um|m ≥ 0} that enter into

their definition: see, for example, Proposition 3.8.

Let ℓ denote a fixed prime invertible in OB. Then we let H∗,•
G,M(X,Z/ℓn) denote the motivic cohomology of

{EGgm,m×
G
X|m} defined as the homotopy inverse limit of the motivic cohomology of the finite dimensional

approximations EGgm,m×
G
X, that is, defined by the usual Milnor exact sequence relating lim1 and lim of the

motivic hypercohomology of the above finite dimensional approximations. (When ∗ = 2i and • = i, for a

non-negative integer i, these identify with the usual (equivariant) Chow groups.) H∗
G,et(X, µℓn(•)) is defined

similarly and will be often denoted H∗,•
G,et(X, µℓn).

Recall that for each fixed integer i ≥ 0, one obtains the isomorphisms (for m chosen, depending on i):

H2i,i
G,M(X,Z/ℓn) ∼= H2i,i

M (EGgm,m×
G
X,Z/ℓn),m >> 0 and X smooth, and

H2i,i
G,et(X, µℓn) ∼= H2i

et(EG
gm,m×

G
X, µℓn(i)),m >> 0.

These show that one may define the G-equivariant Brauer group of a G-scheme X as follows:

Definition 1.2. BrG(X) = H2
et(EG

gm,m×
G
X,Gm)tors, for m >> 0, where the subscript tors denotes the

torsion subgroup. 2

Moreover, we obtain from the Kummer-sequence the short-exact sequence:

(1.5) 0 → Pic(EGgm,m×
G
X)/ℓn → H2

et(EG
gm,m×

G
X, µℓn(1)) → Br(EGgm,m×

G
X)ℓn = BrG(X)ℓn → 0 and

where

Pic(EGgm,m×
G
X)/ℓn = coker(Pic(EGgm,m×

G
X)

ℓn→Pic(EGgm,m×
G
X)),

BrG(X)ℓn = the ℓn-torsion part of BrG(X).

The comparison theorem [J20, Theorem 1.6] shows that H∗
G,et(X, µℓn(•)) identifies with H∗

smt([X/G], µℓn),

which denotes the cohomology of the quotient stack [X/G] computed on the smooth site: see Proposition 3.6

below for further details. This motivates the the following definition.

Definition 1.3. Given an Artin stack S of finite type over the base scheme B, we define its Brauer group to

be H2
smt(S ,Gm)tors , where H2

smt(S ,Gm) denotes cohomology computed on the smooth site, and the subscript

tors denotes its torsion subgroup. We denote this by Br(S ). For a fixed prime ℓ ̸= char(k), we let Br(S )ℓn

denote the ℓn-torsion part of Br(S ).

Then our first result is the following, which shows the Brauer group of a quotient stack [X/G], so defined,

identifies with the G-equivariant Brauer group defined in Definition 1.2.

Theorem 1.4. Assume that X is a smooth scheme of finite type over the base scheme B satisfying one of

the hypotheses 1.1, and provided with an action by the affine smooth group scheme G. Then, assuming the

2Here we remind the reader that, despite the similarity in appearance, the above equivariant Brauer groups are quite different

from what are called, invariant Brauer groups: see [Cao].
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above terminology,

Br([X/G])ℓn ∼= BrG(X)ℓn .

Therefore, BrG(X)ℓn is intrinsic to the quotient stack [X/G].

We derive a number of results based on the above theorem, a few of which are listed below.

Corollary 1.5. Assume in addition to the hypotheses of Theorem 1.4 that Br(X)ℓn = 0. Then Br([X/G])ℓn ∼=
0 as well in the following cases

(i) G is a split torus, or

(ii) G is a finite product of general linear groups.

We define a toric stack X to be an algebraic stack of the following form: X denotes a smooth split toric

variety over a field k, with dense split torus T and provided with a homomorphism ϕ : T0 = Gr
m → T, for

some r > 0. Then we require that X = [X/T0].

Theorem 1.6. (i) The scheme (A2 − {0})r ×T0 X, where T0 acts on X through ϕ and it acts diagonally on

(A2 − {0})r ×X, is a split toric variety over k, for the split torus T0 × T.

(ii) Therefore, Br([X/T0])ℓn is isomorphic to the ℓn-torsion part of the Brauer group of the toric variety

(A2 − {0})r ×T0
X.

As an application of Theorem 1.4 for stacks defined over Dedekind domains, we also obtain the following

computations. Let R = Z[1/6] and let M1,1,R denote the moduli stack of elliptic curves defined over R. Let

Y = SpecR[g2, g3][1/∆] ⊆ A2
R, where ∆ = g32 − 27g23 .

Theorem 1.7. Let B = SpecZ[1/6] and let Y be as above. Let Z[1/6]∗ denote the units in the ring Z[1/6].
Then for ℓ = 2, or 3,

(i) Br(Y)ℓn ∼= (Z/2Z)ℓn ⊕ (Q/Z)ℓn ⊕ (coker(Z[1/6]∗ ℓn→Z[1/6]∗),
(ii) H1

et(Y, µℓn) ∼= (coker(Z[1/6]∗ ℓn→Z[1/6]∗)⊕ (ker(Z[1/6]∗ ℓn→Z[1/6]∗), and
(iii) Br(M1,1,R)ℓn = ker(res : Br(Y)ℓn → H1

et(Y, µℓn)), where res denotes the residue map as (2.10).

In fact, in Theorem 6.1, we have a more general calculation of the ℓn-torsion part of the Brauer group of

the stack M1,1,R, where R is any Dedekind domain.

Next we discuss the following application of the torsion index of linear algebraic groups: see [Tot05,

section 1].

Theorem 1.8. Assume the base field k is any field and that ℓ is a fixed prime different from char(k). If H

is a connected linear algebraic group defined over k and whose torsion index is prime to ℓ, then Br(BH)ℓn =

Br(Spec k)ℓn , where BH denotes the classifying stack of H, that is [Spec k/H]. In particular, the following

hold:

(i) Br(BG)ℓn = Br(Spec k)ℓn for any prime ℓ different from the characteristic of k if G = GLn, G = SLn

or G = Sp(2n), for any n.

(ii) Br(BG)ℓn = Br(Spec k)ℓn for any prime ℓ different from the characteristic of k and 2 if G = SO(2n),

SO(2n+ 1), or Spin(n), for any n.
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(iii) Br(BG)ℓn = Br(Spec k)ℓn for any simply-connected group G, if ℓ is different from the characteristic

of k and also different from 2, 3, or 5.

Next let X denote a smooth projective curve of genus g over a field k, provided with a k-rational point.

Then one knows the isomorphism of stacks (see for example, [Wang, Proposition 4.2.5]):

(1.6) Bun1,d(X) ∼= BGgm
m ×Picd(X),

where BGgm
m = lim

n→∞
BGgm,n

m , Bun1,d(X) denotes the moduli stack of line bundles of degree d on X and

Picd(X) denotes the Picard scheme. In view of the above isomorphism of stacks, one may define the Brauer

group of the stack Bun1,d(X) to be the Brauer group of the stack BGgm
m × Picd(X). Then, we obtain the

following theorem.

Theorem 1.9. Assume the base field k is separably closed. Then, assuming the above situation, we obtain

the isomorphism:

Br(Bun1,d(X))ℓn ∼= Br(Picd(X))ℓn ∼= Br(Symd(X))ℓn .

In particular, Br(Bun1,d(X))ℓn ∼= 0 if X is rational.

Acknowledgments. We thank N. Ramachandran for discussions on Theorem 1.7 and Roberto Pirisi for

discussions on various aspects of the paper, all of which contributed significantly to the paper.

2. Basic computational techniques

In this section we discuss a number of basic techniques that will help us compute the Brauer groups of

various quotient stacks. We begin with the following result that computes the Brauer groups of schemes of

the form X×Gq
m, q ≥ 1, over a base scheme B as in (1.1).

Lemma 2.1. Consider the commutative diagram

A′
f ′
//

α

��

B′
g′
//

β

��

C ′
h′
//

γ

��

D′ //

δ

��

E′

η

��
A

f //
B

g //
C

h //
D

//
E

in an abelian category with exact rows. Then the following hold:

(i) If α and β are isomorphisms and δ is a monomorphism, then the map γ is also a monomorphism.

(ii) If α is an epimorphism and η is a monomorphism, then

kernel(β) → kernel(γ) → kernel(δ) → cokernel(β) → cokernel(γ) → cokernel(δ)

is exact. In particular, if α is an epimorphism, η is a monomorphism and both β and δ are isomorphisms,

then so is γ.

Proof. The proof of the first statement is a straight-forward diagram-chase, making strong use of the fact α

and β are isomorphisms and δ is a monomorphism. Here is a an outline of a proof. Let c′ϵC ′ be such that

γ(c′) = 0. Then δ(h′(c′)) = h(γ(c′)) = 0. As δ is assumed to be a monomorphism, it follows h′(c′) = 0. By

the exactness of the top row, there exists a b′ϵB′ so that g′(b′) = c′. Now g(β(b′)) = γ(g′(b′)) = γ(c′) = 0, so

that there exists an aϵA so that f(a) = β(b′). But as both α and β are isomorphism, there exists an a′ϵA′
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so that α(a′) = a and f ′(a′) = b′. But, then by the exactness of the top row, c′ = g′(b′) = g′(f ′(a′)) = 0.

Thus γ must be a monomorphism, which proves the first statement. The second statement is a variant of

the Snake Lemma: see, [Iver, Snake Lemma 1.6]. □

Proposition 2.2. Let X denote a smooth scheme of finite type over B, and let ℓ denote a fixed prime

different from the residue characteristics of B. Then the following hold:

• the localization sequence

H∗,•
M (X× A1,Z/ℓn)

j∗ //
H∗,•

M (X×Gm,Z/ℓn)
//
H∗+1,•

M,X×{0}(X× A1,Z/ℓn) ∼= H∗−1,•−1
M (X× {0},Z/ℓn)

breaks up into short exact sequences, thereby providing the isomorphism:

H∗,•
M (X×Gm,Z/ℓn) ∼= H∗,•

M (X,Z/ℓn)⊕H∗−1,•−1
M (X,Z/ℓn).

• A corresponding result holds in étale cohomology with coefficients in µℓn(i).

Proof. Let p : X × A1 → X × {1} ∼= X × Spec k denote the obvious projection and let i : X × Spec k ∼=
X× {1} → X×Gm denote the corresponding closed immersion. Then it is clear that the induced map

p∗ : H∗,•
M (X× {1},Z/ℓn) → H∗,•

M (X× A1,Z/ℓn)

is an isomorphism and the composition of the maps

i∗ ◦ j∗ ◦ p∗ : H∗,•
M (X× {1},Z/ℓn) → H∗,•

M (X× {1},Z/ℓn)

is the identity, thereby proving that the map j∗ : H∗,•
M (X× A1,Z/ℓn) → H∗,•

M (X×Gm,Z/ℓn) is a split

injection. This proves the required assertion. □

Corollary 2.3. Let X denote a smooth scheme of finite type over B. Then the following hold:

(i) We obtain the isomorphism for any positive integer q:

H2,1
M (X×G×q

m ,Z/ℓn) ∼= H2,1
M (X,Z/ℓn)⊕ (⊕q

i=1H
1,0
M (X,Z/ℓn)).

Moreover H1,0
M (X,Z/ℓn) ∼= 0, so that the last isomorphism becomes:

H2,1
M (X×G×q

m ,Z/ℓn) ∼= H2,1
M (X,Z/ℓn).

(ii) The corresponding result for étale cohomology with respect to µℓn(i), where µℓn(0) is identified with the

constant sheaf Z/ℓn, is:

H2
et(X×G×q

m , µℓn(1)) ∼= H2
et(X, µℓn(1))⊕ (⊕q

i=1H
1
et(X, µℓn(0)))⊕ (⊕

(
q
2

)
i=1 H

0
et(X, µℓn(−1))).

with the understanding that for q = 1,

(
q
2

)
= 0.

(iii) One also obtains the following isomorphisms for étale cohomology with respect to µℓn(i) where µℓn(0)

is identified with the constant sheaf Z/ℓn:

H1
et(X×G×q

m , µℓn(1)) ∼= H1
et(X, µℓn(1))⊕ (⊕q

i=1H
0
et(X, µℓn(0))).

(iv) Consequently Br(X×G×q
m )ℓn ∼= Br(X)ℓn ⊕ (⊕qH1

et(X, µℓn(0)))⊕ (⊕

(
q
2

)
H0

et(X, µℓn(−1))), with the same

understanding that

(
q
2

)
= 0 for q = 1.
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Proof. The isomorphism in the first statement in (i) may be deduced from the last proposition by ascending

induction on q. Here one may want to observe that the motivic complexes Z(j) are defined only for j >= 0,

i.e., Z(j) = 0, for j < 0. Next we consider the remaining statements in (i).

Observe that the term H1,0
M (X,Z/ℓn)

H1,0
M (X,Z/ℓn) ∼= H3,1

M,X×{0}(X× A1,Z/ℓn)

∼= H3
Zar(X× A1, i∗(Z/ℓn(0)[−2]))

by (9.3). This is because the codimension of X × {0} in X × A1 is 1. Now Z/ℓn(0), which is the motivic

complex of weight 0 identifies with the constant sheaf Z/ℓn (given by the ring of integers modulo ℓn). The

shift [−2] shifts this sheaf to degree 2, so that Z/ℓn(0)[−2] is the complex of Zariski sheaves concentrated in

degree 2, where it is Z/ℓn. Since constant sheaves are flabby on the Zariski site of any irreducible scheme, the

Zariski cohomology of X×{0} with respect to this complex is trivial in degree 3 or higher. This observation

completes the proof that H1,0
M (X,Z/ℓn) ∼= 0. and complete the proof of the remaining statements in (i).

The statements in (ii) and (iii) on etale cohomology may be proven using ascending induction on q. One

may also want to observe that Hi
et(Y, µℓn(j)) = 0, for all i < 0.

The last statement now follows from (i) and (ii), as well as the identification of the Brauer group Br(Y)ℓn

for a smooth scheme Y with the cokernel of the cycle map H2,1
M (Y)ℓn → H2

et(Y, µℓn(1)) as observed in the

discussion following (1.5). □

2.1. External product pairing and the computation of the Brauer group of a split torus. We

will assume that X and Z are smooth schemes over B; and we will further assume OB has ℓn-th roots of

unity. We first consider the following external product pairing, where µℓn(0) is identified with the constant

sheaf Z/ℓn:

(2.1) x : H1
et(Z, µℓn(1))⊗H1

et(X, µℓn(0)) → H2
et(Z×X, µℓn(1))

One can also interpret the latter in terms of the following well-known construction of cyclic algebras. Assume

that the structure sheaf of the scheme Z has the following property: Pic(Z) ∼= 0, which implies the boundary

map

δ : cokernel(Γ(Z,Gm)
ℓn→Γ(Z,Gm)) → H1

et(Z, µℓn(1))

is an isomorphism. Let a ∈ Γ(Z,Gm) and let Y → X denote a Z/ℓn-torsor corresponding to a class in

H1
et(X, µℓn(0)). Let σ denote the generator of AutX(Y)) ∼= Z/ℓn. Associated to Y and the class a (identified

with a ⊗ 1 ∈ OZ ⊗ OY
∼= OZ×Y), one defines the cyclic algebra OZ×Y[x ]σ/(x

ℓn − a), where x .y ′ = σ(y ′).x ,

for all y ′ ∈ OY×Z. This defines a class in Br(Z × X)ℓn and identifies with the class defined as the image of

Y and δ(a) ∈ H1
et(Z, µℓn(1)) under the external product pairing in (2.1).

Next we take Z = Gm, the multiplicative group scheme defined over B, Now OGm
= OB[t, t

−1]. Let

Y → X denote a Z/ℓn-torsor corresponding to a class in H1
et(X, µℓn(0)) as in the last paragraph. Then, one

may verify that the mapping Y 7→ OY×Gm
[x ]σ/(x

ℓn − t), is an injection H1
et(X,Z/ℓn) → Br(X×Gm)ℓn , with

inverse defined by the residue map associated to the divisor obtained by setting t = 1 in Gm: see [CTS,

p. 32]. (To be able to invoke [CTS, p. 32], one needs to first pull back classes in H1
et(Gm, µℓn(1)) and in

H1
et(X, µℓn(0)) to classes in H1

et(K(Gm×X), µℓn(1)) and H1
et(K(Gm×X), µℓn(0)). Observe that the pull-back

p∗2 : H1
et(X, µℓ(0)) → H1

et(Gm ×X, µℓn(0)) → H1
et(K(Gm ×X), µℓn(0)) is an injection.)
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Next one may take X = Gm to obtain the external product pairing:

(2.2) x : H1
et(Gm, µℓn(1))⊗H1

et(Gm, µℓn(0)) → H2
et(Gm ×Gm, µℓn(1)).

We proceed to interpret this pairing also in terms of cyclic algebras, under the assumption the base scheme

B has the property that ℓ is invertible in OB and that it has a primitive ℓn-th root of unity ζ. Therefore, the

sheaf µℓn identifies the with the constant sheaf Z/ℓn. Given a unit b ∈ Γ(Gm,Gm), let Y → Gm denote the

Z/ℓn-torsor given by Spec (OGm [x ]/(x ℓn − b)) → Gm : we equip this torsor with the automorphism σ given

by sending x 7→ xζ. Therefore, given two units a, b ∈ Γ(Gm,Gm), one may define a cyclic algebra (a, b)ζ , by

applying the construction in the last paragraph with X = Gm, and the torsor Y → X given by the torsor

Spec (OX[x ]/(x
ℓn − b)) → X = Gm.

At this point if X is any smooth scheme of finite type over B, pre-composing the external product

pairing in (2.2) with the cup-product with H0
et(X,Z/ℓn) defines classes in H2

et(X × G2
m;µℓn(1)), and hence

classes in Br(X × G2
m)ℓn . In terms of cyclic algebras this corresponds to letting a = t1 and b = t2 in

the discussion in the last paragraph, and where OG2
m

= OB[t1, t2, t
−1
1 , t−1

2 ]. This defines the summand

(⊕2H1
et(X, µℓn(0))) ⊕ H0

et(X,Z/ℓn) in Br(X × G2
m)ℓn) appearing on the right-hand-side of Corollary 2.3(iii)

with q = 2.

On considering Gq
m, for q ≥ 2, one may iterate the external product pairing in (2.2) and interpret that

in terms of the cyclic algebras (ti, tj)ζ , i < j, where OGq
m

= OB[t1, · · · , tq, t−1
1 , · · · , t−1

q ]. One may then

precompose these cup-products with the cup-product with H0
et(X,Z/ℓn) to obtain classes in Br(X×Gq

m)ℓn .

One may see that these cyclic algebras correspond to the

(
q
2

)
summands of H0

et(B, µℓn(0)) appearing on the

right-hand-side of Corollary 2.3(iii).

2.2. Localization sequences and the residue map. Next we consider localization sequences for motivic

and étale cohomology theories, which provide a convenient technique for computing Brauer groups.

Proposition 2.4. We start by considering the following situation. Consider X a smooth scheme of finite

type over a base scheme B as in (1.1) which is of pure dimension over B. Fix a closed smooth subscheme Z

in X that is of pure codimension in X with open complement U . Then one obtains a commutative diagram

H1,1
M (U,Z/ℓn)

//

a1

��

H2,1
M,Z(X,Z/ℓn)

//

a2

��

H2,1
M (X,Z/ℓn)

//

a3

��

H2,1
M (U,Z/ℓn)

//

a4

��
H1

et(U, µℓn(1))
//
H2

et,Z(X, µℓn(1))
//
H2

et(X, µℓn(1))
//
H2

et(U, µℓn(1))
//

//
H3,1

M,Z(X,Z/ℓn)
//

a5

��

H3,1
M (X,Z/ℓn)

a6

��//
H3

et,Z(X, µℓn(1))
//
H3

et(X, µℓn(1))

so that the following hold:

(1) The maps a1 and a2 are isomorphisms always (under our hypotheses as in (1.1).

(2) The maps a3 and a4 are always injective.

(3) Under the assumption that Z is also smooth and of pure codimension 1, we obtain isomorphisms

H2,1
M,Z(X,Z/ℓn)) ∼= H0,0

M (Z,Z/ℓn)) and H2
et,Z(X, µℓn(1))) ∼= H0

et(Z, µℓn(0)).
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(4) H3,1
M,Z(X,Z/ℓn) ∼= 0.

(5) H3,1
M (X,Z/ℓn) = 0.

(6) If Z has pure codimension > 1, then H3
et,Z(X, µℓn(1)) ∼= 0 as may be seen from cohomological purity.

Proof. The fact that the maps a3 and a4 are always injective follows from the Kummer sequence considered

in (1.5). Observe that the scheme X is assumed to be smooth. The isomorphisms in the third statement are

essentially Thom-isomorphisms, which exist as the schemes X and Z are assumed to be smooth.

The isomorphism H3,1
M,Z(X,Z/ℓn) ∼= 0 in statement (4) may be obtained as follows. First observe that the

motivic complex Z/ℓn(1) is concentrated in degrees 0 and 1: in fact it is the complexGm
ℓn→Gm concentrated in

degrees 0 and 1. The localization sequence in (9.2) shows that H3,1
M,Z(X,Z/ℓn) identifies with the cohomology

of the complex i∗(ZZ(1−c)[−2c] computed on the Zariski site of the base scheme X. Here c is the codimension

of Z in X. If c > 1, clearly this complex is trivial and hence conclusion follows in this case. If c = 1, Thom

isomorphism provides the isomorphism: H3,1
M,Z(X,Z/ℓn) ∼= H1,0(Z,Z/ℓn), which can be shown to be trivial as

in Corollary 2.3.

The vanishing of the cohomology in the statement (5) may be obtained as follows. First, when the

base scheme B is a field, this follows from the identification of the motivic cohomology H3,1
M (X,Z/ℓn) with

CH1,2−3((X,Z/ℓn) which is trivial for obvious reasons. In general, as is shown in [Geis, Corollary 3.3], one

takes the motivic complex Z/ℓn(1), viewed as a complex of sheaves on the (small) flat site of the given

scheme X and takes its pushforward to the Zariski site of the base scheme B, and then computes the Zariski

cohomology of the resulting complex on B. The complex Z/ℓn(1) is concentrated in degrees 0 and 1 and

as B has Zariski cohomological dimension at most 1, the resulting complex on the Zariski site of B has no

cohomology in degree 3 or above, proving the vanishing of the cohomology in the last statement. Moreover

the vanishing of the local cohomology in the last statement is clear.

Therefore, it suffices to prove the first statement, which we proceed to do presently. We will first consider

the map a2. The localization sequence as in (9.2) readily provides the identification:

(2.3) H2,1
M,Z(X,Z/ℓ

n) ∼= H0,0
M (Z,Z/ℓn), while

Thom isomorphism (or purity) provides the isomorphism:

(2.4) H2
et,Z(X, µℓn) ∼= H0

et(Z, µℓn(0)).

Clearly the right-hand-sides of both (2.3) and (2.4) are isomorphic to the sum ⊕Z/ℓn indexed by the con-

nected components of Z and are therefore isomorphic, thereby proving that the map a2 is an isomorphism.

Then the Beilinson-Lichtenbaum conjecture (which follows as a consequence of the motivic Bloch-Kato

conjecture) first shows that the map a1 is an isomorphism, when the base scheme B is the spectrum of a

field. Observe that, this is the statement that the natural map

(2.5) Z/ℓn(i) ≃ τ≤iRϵ∗ϵ
∗(Z/ℓn(i)) ≃ τ≤iRϵ∗(µℓn(i)),

where ϵ is the obvious map of sites from the big étale site of the scheme B to the corresponding big Nisnevich

site. It is shown in [Spitz, Theorem 3.9] that the quasi-isomorphism in (2.5) extends to the case where B is

a Dedekind domain. □
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Corollary 2.5. Assume X is a smooth scheme of pure dimension over B, with Z a closed smooth subscheme

of pure codimension in X with open complement U. Then, if Z has pure codimension 1 in X, we obtain the

exact sequence:

0 → Br(X)ℓn → Br(U)ℓn
res−→H1

et(Z, µℓn(0)).

In case the Z has pure codimension > 1 in X, we obtain:

Br(X)ℓn
∼=→Br(U)ℓn .

Proof. First we consider the case when Z has pure codimension 1 in X. Then, one observes the Thom

isomorphism (in view of the assumption that Z is also smooth):

H3
et,Z(µℓn(1) ∼= H1

et(Z, µℓn(0)).

Next, one invokes Proposition 2.4 and Lemma 2.1 with α = a1, β = a2, γ = a3, δ = a4 and η = a5 to obtain

the exact sequence stated in the corollary. Observe that the resulting map

Br(U)ℓn−→H1
et(Z, µℓn(0))

identifies with the residue map discussed in section 2.4. (Hence we denote this map by res.)

In case the codimension of Z in X is larger than 1, the same Proposition 2.4 and Lemma 2.1 provides the

second conclusion. □

2.3. Computing Equivariant Brauer groups. In this section, we will discuss certain techniques that

will facilitate the computation of equivariant Brauer groups. We will make use of the admissible gadgets

defined in Example 3.3.

Let G = GLn, for a fixed integer n > 0. Let W = End(An) = the space of all n× n-matrices with entries

in B. In this case, we will let

(2.6) EGgm,2 = (GLn ×W)
⋃

GLn ×GLn

(W ×GLn).

The determination of the bad set Zm as in Example 3.3 shows that the codimension of EGgm,2 in W×W is

2. We also observe that the following hold, when X is a scheme provided with an action by GLn:

(i) (GLn ×W)×GLn
X is open in EGgm,2 ×GLn

X with the compliment being ((W −GLn)×GLn)×GLn
X

(ii) ((W −GLn)×GLn)×GLn X has codimension 1 in (GLn ×W)×GLn X.

Therefore, Corollary 2.5 provides the short exact sequence:

(2.7) 0 → BrGLn
(X)ℓn → Br((GLn ×W)×GLn

X)ℓn
res−→H1

et((W −GLn)×GLn)×GLn
X, µℓn(0)).

Clearly

(2.8) (GLn ×W)×GLn
X ∼= W ×X and ((W −GLn)×GLn)×GLn

X ∼= (W −GLn)×X,

so that the exact sequence (2.7) identifies with

(2.9) 0 → BrGLn(X)ℓn → Br(X)ℓn
β→H1

et((W −GLn)×X, µℓn(0)).

However, it may be important to point out that the map β can only be understood as the map corresponding

to the residue map res under the above identifications. We may also consider the following special cases of

the above general result.
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(i) Take n = 1, so that GLn = Gm. In this case one may take W = A1, so that EGgm,2 = A2 − {0} =

A1 ×Gm

⋃
Gm × A1. In this case the exact sequence (2.9) becomes

(2.10)

0 → BrGm
(X)ℓn → Br((Gm×A1)×Gm

X)ℓn ∼= Br(X)ℓn
res→H1

et((A1−Gm)×Gm)×Gm
X, µℓn(0)) ∼= H1

et(X, µℓn(0)).

(ii) Take n = 2, so that in this case W = End(A2) and W − GL2 = St1(A2), where St1(A2) denotes the

Stiefel variety of 1-planes in A2, and St1(A2) denotes its closure in A2. Observe that St1(A2) = A2−{0},
so that St1(A2) = A2. In this case the exact sequence (2.9) becomes

(2.11) 0 → BrGL2(X)ℓn → Br(X)ℓn
β→H1

et(St1(A2)×X, µℓn(0)) ∼= H1
et(X, µℓn(0)).

with the map β interpreted in terms of the map α in (2.7) making use of the identifications in (2.8).

(iii) In case G is a closed smooth affine group-scheme of GLn, with G acting on X, one obtains an induced

action by GLn on GLn ×GX. In view of Theorem 1.4, BrG(X)ℓn ∼= BrGLn
(GLn ×GX). Therefore, in this

case the exact sequence (2.9) becomes

(2.12) 0 → BrG(X)ℓn → Br(GLn ×GX)ℓn → H1
et((W −GLn)× (GLn ×GX), µℓn(0)).

As an example of this, assume X is provided by an action of SLn which in fact extends to an action by

GLn. Then GLn ×SLn
X ∼= GLn /SLn ×X ∼= Gm ×X. Therefore, the exact sequence in (2.13) becomes

(2.13) 0 → BrSLn
(X)ℓn → Br(Gm ×X)ℓn → H1

et((W −GLn)× (Gm ×X), µℓn(0)).

In particular, it follows that BrSLn
(X)ℓn injects into Br(Gm ×X)ℓn ∼= Br(X)ℓn ⊕H1

et(X, µℓn(0)).

(iv) We next consider the case where G = Gr
m, a split torus of rank r, or more generally a diagonalizable group

of the form µn1×· · ·×µns×Gt
m, with r = s+t. In this case, we will always choose EGgm,2 = (A2−{0})r .

Moreover, we will also observe that when s = r, and Gr
m is provided with an action on the scheme X

with an induced action by G on X, the quotient (A2−{0})r×GX identifies with a sum of s line bundles

over (A2 − {0})r ×Gr
m
X with their zero section removed. These observations will be very useful when

we consider the Brauer groups of toric stacks.

Example 2.6. We will assume the base B is the spectrum of a field k of characteristic different from

2. We show here as an immediate consequence of (2.11) above that if H̄g denotes the moduli stack of

stable hyper-elliptic curves of genus g ≥ 2 and even, then Br(H̄g)ℓn ∼= Br(Spec k)ℓn , for any ℓ different

from 2 and invertible in the base field k. As observed in [LP, Lemma A.3], there is an open substack

H̄′
g ⊆ H̄g so that H̄′

g = [Ug/GL2], for an open subscheme Ug ⊆ A2g+3 so that the complement of Ug

in A2g+3 has codimension greater than 1. Then the restriction Br(H̄g)ℓn → Br(H̄′
g)ℓn is injective. Now

Br(H̄′
g)ℓn = Br([Ug/GL2])ℓn . By (2.11), the latter injects into Br(Ug)ℓn ∼= Br(A2g+3)ℓn ∼= Br(Spec k)ℓn .

This shows the composite map above Br(H̄g)ℓn → Br(A2g+3)ℓn ∼= Br(Spec k)ℓn is an injection.

On the other hand, one has the pull-back π∗ : Br(Spec k)ℓn → Br(H̄g)ℓn : the composition of this map

with the above map Br(H̄g)ℓn → Br(A2g+3)ℓn ∼= Br(Spec k)ℓn is clearly an isomorphism. This shows

that the map Br(H̄g)ℓn → Br(A2g+3)ℓn ∼= Br(Spec k)ℓn is in fact an isomorphism.

2.4. More on the residue map. Assume the situation of Corollary 2.5. Then the resulting map

(2.14) Br(U)ℓn → H1
et(Z, µℓn(0))
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has an explicit description in terms of the residue map, discussed in detail in [GS, Chapter 6] and also [CTS,

Chapter I, 1.4], which we will summarize here.

First one observes that if p denotes the ideal sheaf in OX defining the divisor Z, then the localization of

OX at p is a sheaf of discrete valuation rings. If K(X) denotes the corresponding function field of X, and

k(Z) denotes the function field of Z, then one observes the following:

(i) the field k(Z) ∼= OX,p/pOX,p and the latter identifies with the residue field of the corresponding valuation

on OX.

Throughout the remaining statements let ℓ denote a fixed prime different from the residue characteristics.

(ii) As X is smooth, the natural map Br(X)ℓn → Br(K(X))ℓn is an injection: see [CTS, Theorem 3.5.5].

(iii) As Z- (the generic point of Z) is closed and of dimension < the dimension of Z, the natural map

H1
et(Z, µℓn) → H1

et(Spec k(Z), µℓn) is also an injection.

(iv) A key result due to Merkurjev-Suslin identifies KMilnor
2 (K(X))/ℓnKMilnor

2 (K(X)) with H2
et(K(X), µℓn(2))

and KMilnor
1 (k(Z))/ℓnKMilnor

1 (k(Z)) with H1
et(k(Z), µℓn(1)). (See [MS], [GS, Chapter 8] and [CTS, Chap-

ter 1, 1.4].)

(v) Another key result due to Merkurjev-Suslin shows that if the field K contains a primitive ℓn-th root

of unity ζ, then any class in the Brauer group Br(K)ℓn is Brauer equivalent to finite product of cyclic

algebras of the form (a1, b1)ζ ⊗K · · · ⊗K (am, bm), ai, biϵK
∗, i = 1, · · · ,m. (See [GS, Theorem 2.5.7].)

(vi) One also has the following commutative square (see [GS, Proposition 7.5.1]), which proves the com-

patibility of the residue map in étale cohomology with the tame symbol map on Milnor K-theory as

in:

(2.15) KMilnor
2 (K(X))/ℓnKMilnor

2 (K(X))
Tame.sym//

h2

��

KMilnor
1 (k(Z))/ℓnKMilnor

1 (k(Z))

h1

��
H2

et(K(X), µℓn(2))
res //

H1
et(k(Z), µℓn(1))

where the map denoted Tame.sym is the tame symbol defined as follows:

(2.16) δv : K(X)∗ ×K(X)∗ → k(Z)∗, δv (a,b) = (−1)v(a).v(b)
av(b)

bv(a)
mod(p)

where p denotes the ideal defining Z in X. Moreover, h2 and h1 are the Galois symbol maps: see [GS,

Definition 4.6.4].

(vii) Finally we also make the observation that, assuming K(X) contains a primitive ℓn-th root of unity ζ,

multiplication by ζ defines an isomorphism µℓn(i− 1) → µℓn(i). Therefore, under this assumption and

with the choice of a primitive ℓn-root of unity of ζ, the residue map above may be also viewed as a map

(2.17) H2
et(K(X), µℓn(1))

res //
H1

et(k(Z), µℓn(0))

Moreover, in this case, the residue map has the following concrete interpretation:

(2.18) residue((a, b)ζ) = the Galois extension of k(Z) given by adjoining (
avZ(b)

bvZ(a)
)1/ℓ

n

.

Remark 2.7. It follows that in order to be able to apply the results above in (iv) through (vii), when one is

considering the framework as in 1.1, one needs to consider schemes defined over B[ζ], where ζ is a primitive

ℓn-th root of unity and ℓ is different from the residue characteristics of B.
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3. Equivariant Brauer groups vs. Brauer groups of quotient stacks: Proof of

Theorem 1.4

The goal of this section is to prove Theorem 1.4. We begin discussing the construction of geometric

classifying spaces and Borel construction followed by the simplicial variant. Throughout this section, B will

denote a Dedekind domain.

3.1. Admissible gadgets. Let G denote a fixed smooth affine group scheme over B. We will define a pair

(W,U) of smooth schemes over B to be a good pair for G if W is a representation of G and U ⊊ W is a

G-invariant non-empty open subscheme on which G acts freely and so that U/G is a quasi-projective scheme

over B. Moreover, one may choose (W,U) so that the complement W−U has arbitrarily high codimension.

It is known (cf. [EG, Lemma 7, §6.2]) that a good pair for G always exists.

Definition 3.1. A sequence of pairs {(Wm,Um)|m ≥ 1} of smooth schemes over B is called an admissible

gadget for G, if there exists a good pair (W,U) for G such that Wm = W×m

and Um ⊊ Wm is a G-invariant

open subset such that the following hold for each m ≥ 1.

(1) (Um ×W) ∪ (W ×Um) ⊆ Um+1 as G-invariant open subvarieties.

(2) {codimUm+1
(Um+1 \ (Um ×W)) |m} is a strictly increasing sequence,

that is,

codimUm+2
(Um+2 \ (Um+1 ×W)) > codimUm+1

(Um+1 \ (Um ×W)) .

(3) {codimWm (Wm \Um) |m} is a strictly increasing sequence, that is,

codimWm+1 (Wm+1 \Um+1) > codimWm (Wm \Um) .

(4) Um has a free G-action, the quotient Um/G is a smooth quasi-projective scheme over B and Um →
Um/G is a principal G-bundle.

(5) In addition, we will also assume the following (see [MV, Definition 2.1, p. 133]):

Um(G) has a k-rational point

Lemma 3.2. Let U denote a smooth quasi-projective scheme over B with a free action by the smooth affine

group scheme G so that the quotient U/G exists as a smooth quasi-projective scheme over B. Then if X is

any smooth G-quasi-projective scheme over B, the quotient U×
G
X ∼= (U ×

SpecB
X)/G (for the diagonal action

of G) exists as a scheme over B.

Proof. This follows, for example, from [MFK94, Proposition 7.1]. □

Example 3.3. An example of an admissible gadget for G can be constructed as follows: start with a good

pair (W,U) for G. The choice of such a good pair will vary depending on G. Choose a faithful representation

R of G of dimension n, that is, G admits a closed immersion into GL(R). Then G acts freely on an open

subset U of W = R⊕n = End(R) so that U/G is a variety. (For e.g. U = GL(R).) Let Z = W \U.

Given a good pair (W,U), we now let

(3.1) Wm = W×m,U1 = U and Um+1 = (Um ×W) ∪ (W ×Um) for m ≥ 1.
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Setting Z1 = Z and Zm+1 = Wm+1 \Um+1 for m ≥ 1, one checks that Wm \Um = Zm and Zm+1 = Zm × Z.

In particular, codimWm
(Wm \Um) = m(codimW(Z)). Moreover, Um → Um/G is a principal G-bundle and

the quotient Vm = Um/G exists as a smooth quasi-projective scheme.

3.2. The geometric and simplicial Borel constructions. Given an admissible gadget {(Wm,Um)|m ≥
0} for the linear algebraic group G and a G-scheme X, we define

EGgm,m = Um, EGgm,m ×G X = Um ×G X, BGgm,m = Um ×G (Spec k), and(3.2)

πm : EGgm,m ×G X → BGgm,m.

The ind-scheme {EGgm,m ×G X|m ≥ 0} is called the geometric Borel construction. We will often denote

lim
m→∞

{EGgm,m ×G X|m ≥ 0} by EGgm ×G X. We next consider EG ×G X which is the simplicial scheme

defined by Gn ×X in degree n, and with the structure maps defined as follows:

di(g0, · · · , gn, x) = (g1, · · · , gn, x), i = 0(3.3)

= (g1, · · · , gi−1.gi, · · · , gn, x), 0 < i < n

= (g1, · · · , gn−1, gn.x), i = n, and

si(g0, · · · , gn−1, x) = (g0, · · · , gi−1, e, gi, · · · , x)

where gi ∈ G, x ∈ X, gi−1.gi denotes the product of gi−1 and gi in G, while gn.x denotes the product of

gn and x. e denotes the unit element in G. This is the simplicial Borel construction. Then we obtain the

following identification, which is well-known.

Lemma 3.4. One obtains an isomorphism: EG×G X ∼= cosk
[X/G]
0 (X), where cosk

[X/G]
0 (X) is the simplicial

scheme defined in degree n by the (n+ 1)-fold fibered product of X with itself over the stack [X/G], with the

structure maps of the simplicial scheme cosk
[X/G]
0 (X) induced by the above fibered products.

For each fixed m ≥ 0, we obtain the diagram of simplicial schemes (where p1 is induced by the projection

EGgm,m ×X → X and p2 is induced by the projection EG× (EGgm,m ×X) → EGgm,m ×X):

(3.4) EG×G (EGgm,m ×X)

p1

vv

p2

((
EG×G X EGgm,m×

G
X

G acts diagonally on EG×G (EGgm,m ×X).

Proposition 3.5. (i) The map

p∗1 : H1
et(EG×G X,Gm) → H1

et(EG×G (EGgm,m ×X),Gm) and the map(3.5)

p∗2 : H1
et(EG

gm,m ×G X,Gm) → H1
et(EG×G (EGgm,m ×X),Gm), for m > 1,

are isomorphisms.

(ii) The corresponding maps, for m > 1 with ℓ ̸= char(k),

p∗1 : H2
et(EG×G X, µℓn(1)) → H2

et(EG×G (EGgm,m ×X), µℓn(1)), and(3.6)

p∗2 : H2
et(EG

gm,m ×G X, µℓn(1)) → H2
et(EG×G (EGgm,m ×X), µℓn(1))

are isomorphisms.
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Proof. The isomorphisms in (i) are rather involved, and therefore, we discuss the proof of (i) first. A key

to the proof is the observation that, over the base scheme B which is a Dedekind domain, H1
et(An,Gm) ∼=

Pic(An,Gm) ∼= 0, for any n ≥ 0. We consider the Leray spectral sequences associated to the maps p1 and p2:

Es,t
2 (1) = Hs

et(EG×G ×X,Rtp1∗(Gm)) =⇒ Hs+t
et (EG×G (EGgm,m ×X),Gm) and(3.7)

Es,t
2 (2) = Hs

et(EG
gm,m ×G ×X,Rtp2∗(Gm)) =⇒ Hs+t

et (EG×G (EGgm,m ×X),Gm).

Since s, t ≥ 0, both spectral sequences converge strongly.

The stalks of Rtp2∗(Gm) ∼= Ht(EG ×
SpecB

(SpecA),Gm), where A denotes a strict Hensel ring. (Strictly

speaking, in order to obtain the above identification, we need to make use of the simplicial topology as

in [J02] or [J20, 5.4]. But we will ignore this rather subtle point for the rest of the discussion.) Since

EG ∼= coskSpecB0 (G), EG ×
SpecB

(SpecA) ∼= coskSpecA0 (G ×SpecB SpecA) is a smooth hypercover of SpecA.

Therefore, we obtain the isomorphism:

(3.8) Ht
et(EG ×

SpecB
(SpecA),Gm) ∼= Ht

smt(EG ×
SpecB

(SpecA),Gm) ∼= Ht(SpecA,Gm).

These groups are trivial for t = 1 (see, for example, [Mi, Lemma 4.10]). Therefore, it follows that

(3.9) Rtp2∗(Gm)SpecA ∼= 0, for t = 1.

Next we observe the isomorphism, by taking t = 0 in (3.8):

(3.10) p2∗(Gm)SpecA ∼= H0(EG ×
SpecB

(SpecA),Gm) ∼= H0(SpecA,Gm),

where p2∗(Gm)SpecA denotes the stalk of the sheaf p2∗(Gm) at SpecA. Observing that Gm is in fact a sheaf

on the flat site, and therefore also on the smooth site, it follows that there is a natural map of sheaves

Gm → p2∗(Gm), where the Gm on the left (on the right) denotes the sheaf Gm restricted to the étale site of

EGgm,m ×G X (the étale site of EG×G (EGgm,m ×X), respectively). The isomorphism in (3.10) shows this

map induces an isomorphism stalk-wise. It follows that the natural map Gm → p2∗(Gm) of sheaves on the

étale site is an isomorphism. This provides the isomorphism:

(3.11) E1,0
2 (2) = H1

et(EG
gm,m ×G X,p2∗(Gm)) ∼= H1

et(EG
gm,m ×G X,Gm),m > 0.

The stalks of Rtp1∗(Gm) ∼= Ht(EGgm,m ×
SpecB

(SpecA),Gm), where A denotes a strict Hensel ring, for all

t ≥ 0. Observe that this strict Hensel ring A is the stalk of the structure sheaf of (EG×G X)n = Gn ×X, at

a geometric point. Hence it is a filtered direct limit limi Ai, with each Ai regular.

To determine the groups Ht(EGgm,m ×
SpecB

(SpecA),Gm), we consider the long exact sequence (with EGgm,m =

Um, which is assumed to be an open subscheme of the affine space Am, with Zm = Am −Um):

(3.12)

· · · → H0
et,Zm×Spec BSpecA(Am ×SpecB SpecA,Gm) → H0

et(Am ×SpecB SpecA,Gm) →
α→H0

et(Um ×SpecB SpecA,Gm) → H1
et,Zm×Spec BSpecA(Am ×SpecB SpecA,Gm)

→ H1
et(Am ×SpecB SpecA,Gm)

β→H1
et(Um ×Spec k SpecA,Gm) →

→ H2
et,Zm×Spec BSpecA(Am ×SpecB SpecA,Gm) → · · ·

Next we observe the identification of Gm with Z(1)[1] from Proposition 9.2 in the Appendix. As a result,

we obtain the following identifications, for a smooth scheme Y of finite type over the base B, which is assumed
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to be a Dedekind domain (which also includes the case of it being a field) and a closed smooth subscheme

Z of pure codimension c in Y:

H1
et,Z(Y,Gm) ∼= H1

Zar,Z(Y,Gm) ∼= H2,1
M,Z(Y), and(3.13)

H0
et,Z(Y,Gm) ∼= H0

Zar,Z(Y,Gm) ∼= H1,1
M,Z(Y).

Therefore, by Proposition 9.4 in the Appendix, we see that if c > 1, then

H1
et,Z(Y,Gm) ∼= H2,1

M,Z(Y) ∼= 0, and(3.14)

H0
et,Z(Y,Gm) ∼= H1,1

M,Z(Y) ∼= 0.

The map denoted α (β) in the long exact sequence (3.12) identifies with the restriction

H1,1
M (Am ×SpecB SpecA) → H1,1

M (Um ×SpecB SpecA)

(H2,1
M (Am ×SpecB SpecA) → H2,1

M (Um ×SpecB SpecA), respectively)

forming part of the localization sequence for the motivic cohomology groups. In fact, the corresponding

localization sequence is given by:

(3.15)
· · · → H1,1−cm

M (Zm ×SpecB SpecA) → H1,1
M (Am ×SpecB SpecA)

α′

→H1,1
M (Um ×SpecB SpecA)

→ H2,1−cm
M (Zm ×SpecB SpecA) → H2,1

M (Am ×SpecB SpecA)
β′

→H2,1
M (Um ×SpecB SpecA) → 0

where cm denotes the codimension of Zm in Am, which we assume satisfies cm > 1. To see that one gets

such a localization sequence, one first replaces the strict Hensel ring A by one of the Ai, where A = limi Ai,

with each Ai a regular local ring. Clearly then the corresponding localization sequence exists and the groups

in (3.15) involving the Zm are trivial, as cm > 1, by assumption. At this point, one takes the direct limit

over the Ai: since the motivic cohomology groups are contravariantly functorial for flat maps, and filtered

colimits are exact, we obtain the localization sequence (3.15). Moreover, the groups appearing in (3.15)

involving the Zm are all trivial, thereby proving that the maps α′ and β′ in (3.15), and therefore, the maps

α and β in (3.12) are isomorphisms. This provides the isomorphisms for t = 0, 1:

Rtp1∗(Gm)SpecA ∼= Ht
et(Um ×Spec k SpecA,Gm) ∼= Ht

et(Am ×Spec k SpecA,Gm)(3.16)

∼= Ht
et(SpecA,Gm).

Therefore, it follows that

(3.17) Rtp1∗(Gm)SpecA ∼= 0, for t = 1.

Since Gm is a sheaf on the flat and hence on the smooth topology, there is a natural map Gm → p1∗(Gm) of

sheaves where the Gm on the left (on the right) is a sheaf on the étale site of EG×G X (on the étale site of

EG×G (EGgm,m ×X), respectively). The stalk-wise isomorphism in (3.16) for t = 0 shows that the natural

map Gm → p1∗(Gm) of sheaves on the étale site is an isomorphism. This provides the isomorphism:

(3.18) E1,0
2 (1) = H1

et(EG×G X,p1∗(Gm)) ∼= H1
et(EG×G X,Gm).

Moreover, observing that the differentials in the spectral sequences above go from Ep,q
r to Ep+r,q−r+1

r , one

sees (using (3.9) and (3.17)) that

(3.19) E0,1
r (1) = E0,1

r (2) = 0 for all r ≥ 2 and that E1,0
2 (i) ∼= E1,0

r (i), for all r ≥ 2, i = 1, 2.
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The last observation shows that E1,0
2 (i), i = 1, 2 is isomorphic to the abutment in degree 1, namely, H1

et(EG×G

(EGgm,m × X),Gm), m > 1. (Observe that the assumption m > 1 implies the codimension cm of Zm in Am

is at least 2.) Therefore, the isomorphisms in (3.18) and (3.11) complete the proof of (i).

Next we consider the proof of (ii). The key point is to consider the Leray spectral sequences for the maps

p1 and p2. In this case, one may readily compute the stalks of Rtpi∗(µℓn(1)) to be trivial for t = 1, 2 and

∼= µℓn(1) for t = 0, and for m >> 0. (See [J20, Theorem 1.6] for further details.) Therefore, the conclusions

in (ii) follow readily. □

Let S denote an algebraic stack, which we will assume is of Artin type and of finite type over the given

base field k, with x : X → S an atlas, that is, a smooth surjective map from an algebraic space X. We let

BxS = coskS0 (X) denote the corresponding simplicial algebraic space. Then we let Ssmt denote the smooth

site, whose objects are y : Y → S , with y a smooth map from an algebraic space Y to S , and where a

morphism between two such objects y′ : Y′ → S and y : Y → S is given by a map f : Y′ → Y making the

triangle

Y′
f //

y′
  

Y

y
��

S

commute. The same definition defines the smooth site of any algebraic space. The smooth and étale sites of

the simplicial algebraic space BxS may be defined as follows. The objects of Smt(BxS ) are given by smooth

maps un : Un → (BxS )n for some n ≥ 0. Given such a un : Un → BxSn and vm : Vm → BxSm, a morphism

from un → vm is a commutative square:

Un

α′
//

un

��

Vm

vm

��
BxSn

α //
BxSm

where α is a structure map of the simplicial algebraic space BxS . The Étale site Et(BxS ) is defined similarly.

An abelian sheaf F on Smt(BxS ) is given by a collection of abelian sheaves F = {Fn|n} with each Fn being

an abelian sheaf on Smt(BxSn), so that it comes equipped with the following data: for each structure map

α : BxSn → BxSm, one is provided with a map of sheaves ϕn,m : α∗(Fm) → Fn so that the maps {ϕn,m|n,m}
are compatible. Abelian sheaves on the site Et(BxS ) may be defined similarly. We skip the verification that

the category of abelian sheaves on the above sites have enough injectives. The n-th cohomology group of

the simplicial object BxS with respect to an abelian sheaf F is defined as the n-th right derived functor of

the functor sending

(3.20) F 7→ kernel(δ0 − δ1 : Γ(BxS0,F0) → Γ(BxS1,F1)).

Now we obtain the following Proposition.

Proposition 3.6. Let F denote an abelian sheaf on Smt(S). Then we obtain the following isomorphisms:

(i) H∗
smt(BxS , x

∗
• (F )) ∼= H∗

smt(S ,F ), where the subscript smt denotes cohomology computed on the smooth

sites and x• : BxS → S is the simplicial map induced by x : X → S.
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(ii) H∗
smt(BxS , x

∗
• (F )) ∼= H∗

et(BxS , α∗x
∗
• (F )), where the subscript et denotes cohomology computed on the

étale site and α : Smt(BxS ) → Et(BxS ) is the obvious morphism of sites.

Proof. Observe that x : X → S is a covering of the stack S in the smooth topology, so that

kernel(δ0 − δ1 : Γ(BxS0,F0 ) → Γ (BxS1,F1 )) ∼= Γ (S ,F ).

Since Hn
smt(S ,F ) is the n-th right derived functor of the above functor, in view of (3.20), we see that

it identifies with Hn
smt(BxS , x

∗
• (F )). This provides the isomorphism in (i). The isomorphism in (ii) is a

straight-forward extension of a well-known result comparing the cohomology of an algebraic space computed

on the smooth and étale sites. □

Corollary 3.7. Assume the above context.

(i) Then we obtain an isomorphism

H1
et(EG

gm,m ×G X,Gm) ∼= H1
et(EG×G X,Gm) ∼= H1

smt([X/G],Gm), for m > 1,

which is functorial in the G-scheme X.

(ii) Moreover, we obtain isomorphisms:

H2
et(EG

gm,m ×G X, µℓn(1)) ∼= H2
et(EG×G X, µℓn(1)) ∼= H2

smt([X/G], µℓn(1)) for m > 1.

which are functorial in the G-scheme X, and where ℓ ̸= char(k).

Here H1
smt([X/G],Gm) and H2

smt([X/G], µℓn(1)) denote the cohomology of the quotient stack [X/G] computed

on the smooth site.

(iii) One obtains an isomorphism BrG(X)ℓn ∼= Br([X/G])ℓn , thereby proving that BrG(X)ℓn is an invariant

of the quotient stack [X/G], for any prime ℓ ̸= char(k).

Proof. The first isomorphisms in both the statements (i) and (ii) are from Proposition 3.5. The second

isomorphisms in (i) and (ii) follow from the isomorphism of the simplicial schemes: EG×GX ∼= cosk
[X/G]
0 (X)

and Proposition 3.6. Next we consider the third statement.

Recall the long exact sequence in étale cohomology obtained from the Kummer sequence:

(3.21)
→ H1

et(EG×G X,Gm)
ℓn→H1

et(EG×G X,Gm)
δ→H2

et(EG×G X, µℓn(1)) → H2
et(EG×G X,Gm)

ℓn→H2
et(EG×G X,Gm) → · · ·

Then the cokernel(H1
et(EG×GX,Gm)

ℓn→H1
et(EG×GX,Gm)) maps to H2

et(EG×GX, µℓn(1)), by a map induced

by the boundary map δ: we will denote this map by δ̄. Then, in view of the isomorphisms in (i) and (ii),

the Brauer group BrG(X)ℓn identifies with the cokernel of the map δ̄.

In view of Proposition 3.6, the isomorphisms in (i) and (ii) and the long exact sequence (1.5), Br([X/G])ℓn

identifies with

kernel(H2
et(EG×G X,Gm)

ℓn→H2
et(EG×G X,Gm)).

Again by Proposition 3.6, the isomorphisms in (i) and (ii) and the long-exact sequence (1.5), this identifies

with

cokernel((H1
et(EG×G X,Gm)/ℓ

n δ̄→H2
et(EG×G X, µℓn(1))) ∼= BrG(X)ℓn .

This proves the third assertion and hence Theorem 1.4. □
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Proposition 3.8. The equivariant Brauer groups are independent of the choice of an admissible gadget

defined as in Definition 3.1.

Proof. Let {(Wm,Um)|m} and {(W̄m, Ūm)|m} denote two admissible gadgets for the given linear algebraic

group G. Let G act on the given scheme X. Let Zm = Wm − Um, Z̄m = W̄m − Ūm. Then one may observe

that {(W̃m = Wm × W̄m, Ũm = Um × W̄m ∪ W̄m × Ūm)|m} is also an admissible gadget. Moreover,

codimŨm×GX(Ũm ×G X− (Um × W̄m)×G X) = codimWm
(Wm −Um), and(3.22)

codimŨm×GX(Ũm ×G X− (Wm × Ūm)×G X) = codimW̄m
(W̄m − Ūm).(3.23)

Therefore, if codimWm
(Wm −Um) ≥ 2 and codimW̄m

(W̄m − Ūm) ≥ 2, then in the long exact sequence

· · · → H2,1
Qm

(Ũm ×G X) → H2,1(Ũm ×G X) → H2,1((Um × W̄m)×G X) → H3,1
Qm

(Ũm ×G X) → · · · ,

where Qm = Ũm ×G X− (Um × W̄m)×G X, and in the long exact sequence

· · · → H2,1

Q̄m
(Ũm ×G X) → H2,1(Ũm ×G X) → H2,1((Wm × Ūm)×G X) → H3,1

Q̄m
(Ũm ×G X) → · · · ,

where Q̄m = Ũm ×G X− (Wm × Ūm)×G X, both the end terms are trivial, thereby showing that the middle

maps in both the long exact sequences are isomorphisms. Here Hi,1 denotes either motivic cohomology of

weight 1 with Z/ℓn-coefficients or étale cohomology with respect to the sheaf µℓn(1). The assertion on the

triviality of the local motivic cohomology terms above follows from Proposition 9.4, while the corresponding

assertion for étale cohomology follows from well-known cohomological semi-purity statements. □

4. Proof of Corollary 1.5

Proof of Corollary 1.5. The two statements follow readily from the discussion in section 2.3: see espe-

cially (2.7). □

5. Brauer groups of stacks of the form [X/D] where D is a smooth diagonalizable group

scheme and Proof of Theorem 1.6.

The main theme of this section is the determination of the Brauer groups of quotient stacks of the form

[X/D], where D is a smooth diagonalizable group scheme. We begin by observing that when D is the 1-

dimensional torus Gm, then (2.10) provides a means to compute the Brauer group of the quotient stack

[X/D]. We proceed to consider some of the remaining cases.

5.1. Toric stacks. Let X be a toric variety defined over a field k for the split torus T = Gs
m. Consider a

homomorphism

Gr
m → Gs

m

given by characters

α1, . . . , αs : Gr
m → Gm.

Each character in turn decomposes as αi = (αi1, αi2, . . . , αir) where αij : Gm → Gm given by z 7→ zαij .

We are interested in the Brauer group of the quotient stack [X/Gr
m]: as defined in the introduction, such

stacks are what we call toric stacks. We let

(5.1) X2(X,Gr
m) := (A2 \ {0})r ×Gr

m
X.
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Proposition 5.1. Suppose that X is smooth. Then there is a canonical isomorphism, for any ℓ prime to

char(k):

Br(X2(X,Gr
m))ℓn

∼= Br([X/Gr
m])ℓn .

Proof. This is proved in Theorem 1.4. □

5.2. Notation. We let

AG(u) =

{
Gm × A1 if u = 1

A1 ×Gm if u = 2

Given v ∈ {1, 2}r, with v = (v1, . . . , vr) we set

(5.2) U(v ,X,Gr
m) = (

r∏
1

AG(vi))×Gr
m
X.

Given u ∈ {1, 2}. we let

û =

{
1 if u = 2

2 if u = 1.

Proposition 5.2. In the above situation, for each choice of v = (v1, · · · , vr), there is an isomorphism

ϕv : U(v ,X,Gr
m) → Ar ×X

given by

ϕv((x11, x12), . . . (xr1, xr2), p) =

(
x1v̂1

x1v1

, . . . ,
xrv̂r

xrvr

,

r∏
1

x−1
ivi

.p

)

Proof. One checks that the lift of ϕv, defined by the same equations is equivariant for the action of Gr
m on∏r

1 Avi ×X and hence ϕv is well defined. One can write down the inverse of ϕv as

ϕ−1
v (x1, . . . xr, p) = [(y11, y12), . . . (yr1, yr2), p]

where

yi1 =

{
1 if vi = 1

xi if vi = 2

and

yi2 =

{
xi if vi = 1

1 if vi = 2
.

One checks that these maps are mutually inverse. □

Proposition 5.3. As v varies over {1, 2}r the U(v ,X,Gr
m) form an open cover of X2(X,Gr

m).

Proof. This is clear. □

Proposition 5.4. The variety X2(X,Gr
m) is toric and has dense open torus

Gr
m × T

λ→ X2(X,Gr
m)

given by

(z1, . . . , zr, p) 7−→ [(1, z1), (1, z2), . . . , (1, zr), p].
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Proof. The question that λ is an open embedding is local on X2(X,Gr
m) so it can be checked locally on

U(v ,X,Gr
m). Using the isomorphism of the prior proposition, we check that it is an open embedding with

dense image.

To see that X2(X,Gr
m) is normal note that normality is local for the smooth topology and the smooth

cover X× (A− {0})r is normal. □

Proposition 5.5. Choose v ,w ∈ {1 , 2}r .
(1) We have ϕv (U(v ,X,Gr

m) ∩U(w ,X,Gr
m)) =

∏r
1 AGvi ,wi ×X where

AGvi ,wi =

{
A1 if vi = wi

Gm otherwise.

(2) The composition

r∏
1

AGvi ,wi ×X
ϕ−1
v→ U(v ,X,Gr

m) ∩U(w ,X,Gr
m)

ϕw→
r∏
1

AGvi ,wi ×X

is given by

ϕw ◦ ϕ−1
v (x1 , . . . , xr , p) = (x v1 ,w1

1 , . . . , x vr ,wr
r , t · p)

where

x vi ,wi

i =

{
xi if vi = wi

x−1
i otherwise,

and

t =

r∏
i=1 ,vi ̸=wi

x−1
i .

Proof. (1) Set

ÃGvi ,wi =


Gm × A1 if vi = wi = 1

Gm ×Gm if vi ̸= wi

A1 ×Gm if vi = wi = 2 .

It follow from 5.2 that
∏r

1 Ãvi ,wi ×Gr
m
X = U(v ,X,Gr

m) ∩U(w ,X,Gr
m).

When vi = wi the ith component of Ãvi ,wi is the same as that of U(v,X,Gr
m) and when vi ̸= wi then an

open axis is missing. The result follows directly from the formula for ϕv

(2) We make use of the formula for ϕ−1
v given in the proof of 5.2. We see that

ϕw ◦ ϕ−1
v (x1, . . . , xr , p) = ϕw ((y11 , y12 ), . . . , (yr1 , yr2 ), p)

=

(
y1,ŵ1

y1w1

, . . . ,
yr,ŵr

yrwr

,

r∏
1

y−1
iwi

· p

)
,

where

yi1 =

{
1 if vi = 1

xi if vi = 2
yi2 =

{
xi if vi = 1

1 if vi = 2 .

One checks

yiwi
=

{
xi if vi = wi

1 if vi ̸= wi .
yiŵi

=

{
1 if vi = wi

xi if vi ̸= wi .

It follows that

yiŵi

yiwi

=

{
xi if vi = wi

x−1
i if vi ̸= wi
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and
r∏
1

y−1
i,wi

=
∏

vi ̸=wi

x−1
i = t .

□

We will assume from now on familiarity with cones and fans and their associated toric varieties.

Proposition 5.6. Consider the morphism of tori

ϕv : U(v ,X,Gr
m) ⊇ Gr

m × T = Gr+s
m → Gr+s

m ⊆ Ar ×X.

Then the induced pullback map on character lattices ϕ∗
v : X(Gr+s

m ) = Zr+s → X(Gr+s
m ) = Zr+s is given by

multiplication by the matrix

B(v , α) =

(
Iv A(v , α)
0s×r Is×s

)
,

where:

Iv =


ϵ(v1 ) 0 · · · 0
0 ϵ(v2 ) · · · 0
...

...
...

...
0 · · · 0 ϵ(vr )



A(v , α) =


−α11(v1 − 1 ) · · · −αs1 (v1 − 1 )
−α12(v2 − 1 ) · · · −αs2 (v2 − 1 )

...
...

...
−α1r(vr − 1 ) · · · −αsr (vr − 1 )


Here

ϵ(vi) =

{
1 if vi = 1

−1 if vi = 2

Proof. We need to compute the morphism from the torus Gr
m ×T to Ar ×X via ϕv . The torus Gr

m ×T sits

inside U(v ,X,Gr
m) as described in 5.4. Recall the embedding is

(z1, . . . , zr, p) 7−→ [(1, z1), . . . , (1, zr), p].

Hence, one computes

ϕv ((1, z1 ), (1 , z2 ), . . . , (1 , zr ), p1 , . . . , ps) =
(
z
ϵ(v1 )
1 , z

ϵ(v2 )
2 , . . . , z ϵ( vr )

r , tp1 , tp2 , . . . , tps

)
where

t =

r∏
i=1,vi=2

z−1
i .

Now let χi : Gr+s
m → Gm be the character χi(z1, . . . , zr+s) = zi. We need to compute χi ◦ ϕv . It is easy to

see that

χi ◦ ϕv = χ
ϵ(vi)
i

when i ≤ r. This proves that the left (r + s)× r block of the matrix B(v, α) is correct. Now assume i > r.

Take 1 ≤ j ≤ r. Then

χi ◦ ϕv ([(1, 1), . . . , (1, zj), . . . , (1, 1), 1]) = χi(1, . . . , z
ϵ(vj)
j , . . . , 1, zλj .1).
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Now λ = 0 if vj = 1 and λ = −1 if vj = 2. Now recall that the torus Gr
m acts on T = Gs

m via the characters

αi as described at the start of this section. The top right r×s block of B(v, α) is obtained by observing that

vi − 1 =

{
0 if vi = 1

1 if vi = 2.

It remains to check that the bottom s× s block is the identity. This straightforward as Gs
m act on Gs

m via

ordinary multiplication. □

Proposition 5.7. Let V be a finite dimensional vector space with an automorphism a : V → V. Let ρ be a

cone in V with dual cone ρ∨. Then we have

a(ρ)∨ = (at)−1(ρ∨).

Proof.

v ∈ (a(ρ))∨ ⇐⇒ < a(x ), v > 0 ≥ ∀ x ∈ ρ

⇐⇒ < x , at(v) > 0 ≥ ∀ x ∈ ρ

⇐⇒ (at)(v) ∈ ρ∨

⇐⇒ v ∈ (at)−1 (ρ∨).

□

Proposition 5.8. Let Σ ⊆ Zs be a fan for the toric variety X. Let cone(e1, . . . , er) be the standard fan for

the toric variety Ar so that cone(e1, . . . , er)× Σ is a fan for Ar × X. Then a fan for X2(X,Gr
m) is given by

taking the union of the fans

(B(v , α)t)−1 (cone(e1, . . . , er)× Σ)

as v varies over {1, 2}r.

Proof. Consider first the case where X is affine, given by a cone σ. We write Sσ for the monoid consisting

of lattice points in σ∨. We have

Spec(k [Sσ×cone(e1...er)]) = X.

As a sub-algebra of the co-ordinate ring of the torus, this is

k [SB(v ,α)(σ×cone(e1...er))].

In other words, the dual cone for U(v ,X,Gr
m) is B(v , α)(σ × cone(e1 . . . er)). The cone is then described via

the lemma. The affine case now follows from [CLS, Exercise 3.2.11]. The same gluing procedure yields the

result in general. □

We will now recall the following basic framework from [JL, section 2]. Observe that X2(X,Gr
m) is now

a smooth split toric variety for the open torus Gr+s
m . We will denote the characters of this torus by ti,

i = 1, · · · r + s. Let ζ denote a primitive ℓn-th root of unity in k and let (ti, tj)ζ and (b, ti)ζ denote cyclic

algebras with b ∈ k∗. Observe that any Azumaya algebra generated by the cyclic algebras (ti, tj)ζ , i < j

will be of the form Πi<j(ti, tj)
ei,j
ζ , for some choice of integers 0 ≤ ei,j < ℓn, while any Azumaya algebra

generated by the cyclic algebras (b, t)ζ , with b ∈ k∗ and t a character of the torus Gr+s
m will be of the form

Λ = Πr
i=1(bi, ti)

ei
ζ , for some integers ei ≥ 0.
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We will denote the subgroup of Br(T)ℓn generated by {Π1≤i<j≤r+s(ti, tj)
ei,j
ζ |ei,j ≥ 0} by A, and the

subgroup generated by {Π1≤i≤r+s(b, ti)
ei
ζ |ei ≥ 0, b ∈ k∗} by B. Let M (N) denote the lattice of characters

(co-characters or 1-parameter subgroups) associated to the split torus Gr+s
m . Let ∆ denote the fan associated

to X2(X,Gr
m) and let N′ denote the subgroup generated by

⋃
σ∈∆ σ ∩N. Then N′ = Za1n1 ⊕ · · ·Zar+snr+s,

where n1, · · · ,nr+s is a basis for N and ai ≥ 0 are integers with ai |ai+1 , for i = 1, · · · , r + s − 1. Then

[JL, Theorem 2.1] readily provides the following theorem that calculates the Brauer group of the toric stack

[X/Gr
m].

Theorem 5.9. For a prime ℓ different from char(k), let Br(X){ℓ} denote the ℓ-primary torsion in the

Brauer group of X. Let n denote a fixed positive integer. Then the following hold assuming k contains a

primitive ℓn-th root of unity ζ:

(i) Br([X/Gr
m])ℓn ∩ A = Br(X2(X,Gr

m)ℓn ∩ A is generated by {Λ = Πi<j(ti , tj )
ei,j
ζ | ℓn |ai , i = 1, · · · r + s},

and

(ii) Br([X/Gr
m])ℓn ∩ B = Br(X2(X,Gr

m)ℓn ∩ B is generated by {Λ(b) = Πr
i=1(b, ti)

ei
ζ | ℓn|ai , i = 1, · · · , r + s}

as b ∈ k∗ varies among the corresponding classes in H1
et(Spec k , µℓn(0)).

(iii) Moreover, Br([X/Gr
m])ℓn

∼= Br(Spec k)ℓn ⊕ (Br([X/Gr
m])ℓn ∩A)⊕ (Br([X/Gr

m])ℓn ∩ B).

Moreover, [JL, Corollary 2.2] provides the following corollary.

Corollary 5.10. Assume the basic hypotheses of the last theorem. Then the following hold:

(i) In case there is a cone σ in the fan ∆ with dimension(σ) ≥ r − 1, then Br([X/Gr
m])ℓn ∩A is trivial.

(ii) In case there is a cone σ in the fan ∆ with dimension(σ) ≥ r, then both Br([X/Gr
m])ℓn ∩ B and

Br([X/Gr
m])ℓn ∩A are trivial, so that Br([X/Gr

m])ℓn
∼= Br(Spec k)ℓn .

Example 5.11. Let n ≥ 1 denote a positive integer. We will now consider the Brauer group of the weighted

projective stack [(An − {0})/Gm].

Corollary 5.12. Assume the basic hypotheses of Theorem 5.9. Then Br([(An−{0})/Gm])ℓn ∼= Br(Spec k)ℓn .

Proof. From the description of the fan for the associated toric variety X2(An−{0},Gm) as in Proposition 5.8,

one can see that it satisfies hypotheses in Corollary 5.10(ii). □

5.3. Quotient stacks of the form [X/µℓn ]. Next we proceed to consider quotient stacks of the form [X/µℓn ]

where X is a smooth scheme provided with an action by the diagonalizable group scheme of the form µℓn , all

defined over the base scheme B as in 1.1, with ℓ a prime invertible in OB. In this case, we let Eµℓn = A2−{0}
provided with the action of µℓn , where it acts through the obvious injection µℓn → Gm and Gm acts on A2

in the obvious manner. In view of Theorem 1.4, one may identify Br([X/µℓn ]) with Br(Eµℓn ×µℓn
X).

Proposition 5.13. Assume the above situation. Then the following hold.

(i) For n ≥ n′, we obtain a short exact sequence:

0 → Br([X/Gm])ℓn′ → Br([X/µℓn ])ℓn′ → H1
et([X/Gm], µℓn′ (0)) → 0.

(ii) In case n < m, we obtain a short exact sequence, where σ is the first Chern classes of the line bundle

O(−1) on BGm = P∞:

0 → (Br([X/Gm)ℓn′ )/ℓnσ → Br([X/µℓn ])ℓn′ → ker(H1
et([X/Gm], µℓn′ [0])

ℓnσ̄−→H3,1
et ([X/Gm])) → 0.
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(iii) Next assume that the base field has a primitive ℓ-th root of unity and that the smooth scheme X is

provided with an action by the symmetric group Σℓ, where Σℓ denotes the symmetric group on ℓ-letters. Then

µℓ identifies with the constant subsheaf Z/ℓ of Σℓ and

Br([X/Σℓ])ℓ ∼= (Br([X/µℓ])ℓ)
Aut(µℓ).

Proof. We will first prove (i) and (ii) when X = B, so that µℓn acts trivially. We begin with the calculations

in [Voev2, section 6] on the motivic cohomology of Bµℓn . A key observation is that Bµℓn = O(−ℓn)− z(P∞),

where O(−ℓn) denotes the obvious line bundle on P∞. This is clear since a model for the geometric classifying

space for µℓn is given as the quotient (An+1 − 0)/µℓn which fibers over Pn = (An+1 − 0)/Gm. Therefore, the

homotopy purity theorem [MV, Theorem 2.23] provides the cofiber sequence:

(5.3) Bµℓn+ → (O(−ℓn)P∞)+ → Th(O(−ℓn)),

where Th(O(−ℓn)) is the Thom-space of the above line bundle, which identifies with the cofiber of the first

map. Next we let Heven
M (P∞,Z/ℓn′

) = ⊕iH
2i,i
M (Pn,Z/ℓn′

) and similarly Heven
et (P∞,Z/ℓn′

) = ⊕iH
2i,i
et (Pn,Z/ℓn′

).

Then

H∗,•
M (P∞,Z/ℓn

′
) ∼= H∗,•

M (B,Z/ℓn
′
) ⊗
Z/ℓn′

Heven
M (P∞,Z/ℓn

′
), and(5.4)

H∗,•
et (P∞,Z/ℓn

′
) ∼= H∗,•

et (B,Z/ℓn
′
) ⊗
Z/ℓn′

Heven
et (P∞,Z/ℓn

′
).

Moreover, Heven
M (P∞,Z/ℓn′

) = Z/ℓn′
[σ] and Heven

et (P∞,Z/ℓn′
) = Z/ℓn′

[σ̄] are both polynomial rings in the

variable σ and σ̄ which are the first Chern classes of the line bundle O(−1). (Observe that the cycle map

sends σ to σ̄.)

Then the long-exact sequences in motivic and in étale cohomology with Z/ℓn′
coefficients associated to

the above cofiber sequence provide the commutative diagram of long exact sequences

(5.5)

//
H0,0

M (B,Z/ℓn′
)[σ]

∪e //

��

H2,1
M (B,Z/ℓn′

)[σ]
//

��

H2,1
M (Bµℓn ,Z/ℓn

′
)

//

��

H1,0
M (B,Z/ℓn′

)[σ]
//

��//
H0

et(B, µℓn′ (0))[σ̄]
∪e //

H2,1
et (B, µℓm(1))[σ̄]

//
H2

et(Bµℓn , µℓn′ )
//
H1

et(B, µℓn′ (0))[σ̄]
//

where σϵH2,1(P∞) is the first Chern class of O(−1).

Here e denotes the Euler class of the line bundle O(−ℓn). H∗,• denotes either motivic or étale cohomology

with Z/ℓm-coefficients. The map denoted ∪e is the composition of the Thom isomorphism and the obvious

map H∗,•(Th(O(−ℓn))) → H∗,•(E(O(−ℓn)P∞)) ∼= H∗,•(P∞).

Next we break the remaining part of the proof into two cases, (i) when n ≥ n′ and (ii) when n < n′. In

the first case, observe that ℓnσ = e(O(−ℓn)) and therefore, the above long exact sequence breaks up into

short exact sequences since we are working with Z/ℓn′
-coefficients for n ≥ n′. In view of (5.4), the statement

in (i) follows when n ≥ n′ by taking the cokernels of the vertical maps, and observing that H1,0
M = 0. In fact

one may observe that the vertical maps above are all injective, as one may see from the Kummer sequence

and then apply Lemma 2.1 to obtain the required conclusion, when X = B and the action by µℓn is trivial.
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Next we consider the case where X is no longer the base scheme B. In this case, and for the remainder of

the proof, we will denote (A2 − {0})×µℓn
X by [X/µℓn ] and similarly (A2 − {0})×Gm

X by [X/Gm]. A key

observation now is that (A2 −{0})×µℓn
X = π∗(O(−ℓn))− z([X/Gm]), where π : (A2 −{0})×µℓn

X → Bµℓn

is the projection and π∗(O(−ℓn)) denotes the pull-back of the line bundle O(−ℓn) on P∞ = BGm. This is

clear since a model for the geometric classifying space for µℓn is given as the quotient (An+1 − 0)/µℓn which

fibers over Pn = (An+1− 0)/Gm. Therefore, the homotopy purity theorem [MV, Theorem 2.23] provides the

cofiber sequence:

(5.6) ((A2 − {0})×µℓn
X)+ → π∗(O(−ℓn)P∞)+ → Th(π∗(O(−ℓn))).

In this case, in place of the diagram (5.5), we obtain the diagram:

(5.7)

//
H0,0

M ([X/Gm],Z/ℓn
′
)

∪π∗(e) //

��

H2,1
M ([X/Gm],Z/ℓn

′
)

//

��

H2,1
M ([X/µℓn ],Z/ℓn

′
)

//

��

H1,0
M ([X/Gm],Z/ℓn

′
)

//

��//
H0

et([X/Gm], µℓn′ (0))
∪π∗(e)//

H2
et([X/Gm], µℓn′ (1))

//
H2

et([X/µℓn ], µℓn′ (1))
//
H1

et([X/Gm], µℓn′ (0))
//

where the map denoted ∪π∗(e) is the cup product with the Euler class of the pulled-back line bundle

π∗(O(−ℓn)P∞). Now the class π∗(e) = π∗(ℓnσ) = ℓnπ∗(σ) and hence is trivial. Therefore, the long-exact

sequences in each row break up into short-exact sequences. One obtains the short exact sequence in (i) on

taking the cokernels.

Next we consider (ii), i.e. the case when n < n′. Now the long exact sequence (5.5) no longer breaks up

into short exact sequences so that we will argue a bit differently as follows. Here also we first consider the

special case where X = B and µℓn acts trivially. Then one obtains the following commutative diagram of

short exact sequences from the long exact sequence (5.5):

(5.8) 0
//

��

H2,1
M (B)[σ]/(ℓnσ)

��

//
H2,1

M (Bµℓn)
//

��

K
//

��

0

��
0

//
H2

et(B, µℓn′ )[σ̄]/(ℓnσ̄)
//
H2

et(Bµℓn , µℓn′ )
//
K̄

//
0

where

K = ker(H1,0
M (B)[σ]

ℓnσ−→H∗+1,•
M (S)[σ]) and K̄ = ker(H1

et(B, µℓn′ (0))[σ̄]
ℓnσ̄−→H3

et(B, µℓn′ )[σ̄]).

Taking the cokernels of the vertical maps, now proves (ii) in this case. When X is no longer B, we will

instead obtain the commutative diagram with exact rows:

(5.9) 0
//

��

H2,1
M ([X/Gm])/(ℓ

nσ)

��

//
H2,1

M ([X/µℓn ])
//

��

K
//

��

0

��
0

//
H2

et([X/Gm], µℓn′ )/(ℓnσ̄)
//
H2

et([X/µℓn ], µℓn′ )
//
K̄

//
0

where

K = ker(H1,0
M ([X/Gm])

ℓnσ−→H∗+1,•
M ([X/Gm])) and K̄ = ker(H1

et([X/Gm], µℓn′ (0))
ℓnσ̄−→H3

et([X/Gm], µℓn′ )).

Taking the cokernels of the vertical maps, now proves (ii) in this case.
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Next we will consider (iii). First observe that, under our hypotheses, one may identify the sheaf µℓ with

the constant sheaf Z/ℓ. In this case, we will adopt the terminology from section 2.3 and let EGLgm,2
n denote

the object defined in (2.6). Then we will let [X/Σℓ] denote EGLgm,2
n ×GLn

(GLn ×Σℓ
X). Moreover we will

let [X/µℓn ] denote EGLgm,2
n ×GLn

(GLn×Z/ℓX). Then one has a natural map p : [X/µℓ]
∼=→[X/Z/ℓ] → [X/Σℓ].

The main observation now is that |Σl/Z/ℓ| = (ℓ − 1)! is invertible in Z/ℓ and µℓ. Therefore, the induced

maps

p∗ : H∗,•
M ([X/Σℓ],Z/ℓ) → H∗,•

M ([X/µℓ],Z/ℓ)Aut(µℓ) and(5.10)

p∗ : H∗
et([X/Σℓ],Z/ℓ) → H∗

et([X/µℓ],Z/ℓ)Aut(µℓ)

are split injective. One may also observe that the action of Aut(µℓ) is compatible with the cycle map.

Therefore the case of [X/µℓ] considered above completes the proof of (iii) in the Theorem. □

6. Brauer group of the moduli stack of elliptic curves and Proof of Theorem 1.7.

Let M1,1,R denote the moduli stack of elliptic curves over the base scheme B, which we assume is the

spectrum of a Dedekind domain R, for example, the ring of integers in a number field. We proceed to

compute the ℓ-primary torsion part of the corresponding Brauer group. We will assume that the primes 2

and 3 are invertible in R. Then we make use of the following presentation for the stack M1,1,R: see [Ols,

Proposition 28.6] or [Hart77, Chapter IV section 4]. Let Y = SpecR[g2, g3][1/∆] ⊆ A2
R, where ∆ = g32−27g23 .

We define an action of Gm by g2 7→ u4g2, g3 7→ u6g3, u ∈ Gm. Let ℓ denote any prime and let B = SpecR.

(6.1) M1,1,R = [Y/Gm]

Then we obtain the following result..

Theorem 6.1. Assume further that the prime ℓ is invertible in R. Then the following hold:

(i) Br(Y)ℓn ∼= Br(B)ℓn ⊕H1
et(B, µℓn).

(ii) Br(M1,1,R)ℓn = kernel(res : Br((A1 × Gm) ×Gm
Y)ℓn ∼= Br(Y)ℓn → H3

et,(Gm×{0})×GmY(Gm × A1 ×Gm

Y, µℓn(1)) ∼= H1
et((Gm × {0}) ×Gm Y, µℓn) ∼= H1

et(Y, µℓn)), where res denotes the residue map discussed

in (2.10) and in (2.14). In particular the Brauer group Br(M1,1,R)ℓn is a subgroup of Br(Y)ℓn . Moreover

Br(M1,1,R)ℓn ∼= 0 if the residue map in (ii) is injective.

(iii) In case the Brauer group Br(B)ℓn is trivial, Br(Y)ℓn ∼= H1
et(B, µℓn) and hence Br(M1,1,R)ℓn is gener-

ated by classes coming from H1
et(B, µℓn).

(iv) In case R is a finite field or a complete discrete valuation ring with finite residue field, Br(B)ℓn is

trivial, so that the conclusions in (iii) hold in these cases.

Proof. Throughout the proof, we will let x = g2 , y = g3 and ∆̃ = SpecR[x , y ]/(x3 − 27y2 ). Let Ai
B

denote the affine space of dimension i over B = SpecR. Observe that the curve corresponding to ∆̃ has an

isolated singularity at the origin, which can be resolved by taking the normalization as follows. Recall that

∆̃ corresponds to the plane curve with equation : (x/3)3 = y2. Therefore, we substitute (x/3) = t2 and

y = t3, so that A = R[x , y ]/((x3 − 27y2 ) ∼= R[t2, t3] with function field K(t), where K denotes the function

field of R. This is because 1/t = t2/t3 = (x/3 )/y = x/(3y). Since R is assumed to be a Dedekind domain,

it is integrally closed in its field of fractions K. Therefore, R[t] is integrally closed in K(t): see [StacksP,
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Normal rings: Lemma 10.7.8]. Clearly t is integral over A, and therefore the integral closure of A in K(t) is

R[t] = R[3y/x ], which corresponds to the affine line A1
B over B = SpecR. This proves that the normalization

of the curve ∆̃ is the affine line A1
B and the normalization maps A1

B−{0} isomorphically to the curve ∆̃−{0}.

Therefore, we obtain the isomorphisms:

(6.2) A2
B − ∆̃ ∼= (A2

B − {0})− ((∆̃)− {0}) ∼= A2
B − A1

B
∼= A1

B ×Gm,B

H3
et(A2

B − ∆̃, µℓn(1)) ∼= H3
et((A2

B − {0})− (∆̃− {0}), µℓn(1)) ∼= H3
et((A2

B − A1
B), µℓn(1)),

where the last isomorphism follows from the observation made earlier that the normalization of ∆̃ is the

affine line A1. At this point Corollary 2.3(iii) applies to provide a proof of the first assertion. The second

assertion then follows from (2.10). The remaining statements are clear. □

Next one considers the following conditions on B.

(i) Pic(B) = 0,

(ii) H2
fppf(B, µℓn) = 0. (In case ℓ is invertible in B, H2

et(B, µℓn) = 0.) and

(iii) H1
fppf(B, µℓn) = 0. (In case ℓ is invertible in B, H1

et(B, µℓn) = 0.)

Lemma 6.2. (i) Under the hypothesis in (i), Br(B)ℓn ∼= H2
fppf(B, µℓn(1)), which denotes cohomology com-

puted on the fppf site. Therefore, under the hypothesis in (i), (ii) is equivalent to Br(B)ℓn ∼= 0.

(ii) Under the hypothesis in (i), H1
et(B, µℓn) ∼= 0 if and only the the ℓn-th power map Γ(B,Gm) → Γ(S,Gm)

is surjective.

Proof. To see (i), consider the the following part of the long exact sequence provided by the Kummer

sequence:

(6.3) · · · → H1
fppf(B,Gm) → H1

fppf(B,Gm)
α→H2

fppf(B, µℓn)
β→H2

fppf(B,Gm)
γ→H2

fppf(B,Gm) → · · ·

(If ℓ is invertible in B, one may also use the corresponding long-exact sequence in étale cohomology.) The

map denoted γ is the ℓn-th power map, and its kernel is Br(B)ℓn . The exactness of the long exact sequence

above shows that the kernel of γ is isomorphic to the image of β. But the map β is clearly injective in view

of the assumption that Pic(B) = 0. Thus Br(B)ℓn ∼= H2
fppf(B, µℓn).

For (ii) we consider the following part of the long exact sequence provided by the Kummer sequence:

(6.4) 0 → H0
fppf(B, µℓn) → Γ(B,Gm)

ℓn→Γ(B,Gm)
δ→H1

fppf(B, µℓn) → Pic(B) ∼= 0

This shows that H1
fppf(B, µℓn) is isomorphic to the cokernel of the ℓn-th power map. Thus H1

fppf(B, µℓn) ∼= 0

if and only if the ℓn-th power map Γ(B,Gm)
ℓn→Γ(B,Gm) is surjective. □

Next we make the following observations. Let Z denote the ring of integers in Q. Then

(i) Pic(SpecZ) ∼= 0, and

(ii) Br(SpecZ) ∼= 0. In particular Br(SpecZ)ℓn ∼= 0.

One may readily see (i) is true because Z is a PID. The statement that Br(SpecZ) ∼= 0 may be proven using

class-field-theory: see [Ay], for example. Since Br(SpecZ)ℓn denotes the ℓn-torsion part of Br(SpecZ) the

second assertion in (ii) follows.

Next observe that SpecZ[1/6] = SpecZ − {(2), (3)}. Therefore, one may compute its Brauer group as

follows.
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Lemma 6.3. Br(SpecZ[1/6])ℓn ∼= (Z/2Z)ℓn ⊕ (Q/Z)ℓn , for ℓ = 2 or 3.

Proof. We skip the proof as this follows from a standard argument using the computation that Br(Z) = 0. □

Taking R = Z[1/6], we obtain the following corollary to Theorem 6.1.

Corollary 6.4. Let B = SpecZ[1/6] and let Y be as in Example 6. Let Z[1/6]∗ denote the units in the ring

Z[1/6]. Then for ℓ = 2, or 3,

(i) Br(Y)ℓn ∼= (Z/2Z)ℓn ⊕ (Q/Z)ℓn ⊕ (coker(Z[1/6]∗ ℓn→Z[1/6]∗),
(ii) H1

et(Y, µℓn) ∼= (coker(Z[1/6]∗ ℓn→Z[1/6]∗)⊕ (ker(Z[1/6]∗ ℓn→Z[1/6]∗), and
(iii) Br(M1,1,R)ℓn = ker(res : Br(Y)ℓn → H1

et(Y, µℓn)), where res denotes the residue map as in Theorem 6.1.

Proof. The Kummer sequence in (6.4) (which holds on the étale site in this case since ℓ = 2, 3) shows

that H1
et(SpecZ[1/6], µℓn) ∼= coker(Z[1/6]∗ ℓn→Z[1/6]∗). Therefore (i) follows. The Kummer sequence in (6.4)

shows that H0
et(SpecZ[1/6], µℓ) ∼= ker(Z[1/6]∗ ℓn→Z[1/6]∗) Therefore (ii) follows. Now (iii) follows readily from

Theorem 6.1 and the above observations. This completes the proof of the Corollary. □

7. Brauer group and torsion index of linear algebraic groups: Proof of Theorem 1.8.

We next recall the definition of the torsion index of connected linear algebraic groups from [Tot05, section

1]. Throughout this section we will worked over any base field k with ℓ a prime different from char(k),

and that all linear algebraic groups we consider are defined over k. Let H denote a fixed connected linear

algebraic group with a chosen Borel subgroup B and a chosen maximal torus T ⊆ B. Let N denote the

dimension of H/B. For a linear algebraic group G, we will let BGgm denote BGgm,m, for some m >> 0.

Next consider the diagram H/B
i→BBgm f→BHgm, where f denotes the obvious map induced by the inclusion

B ⊆ H. Observe that BBgm ≃ BTgm, where ≃ denotes a weak-equivalence in the motivic homotopy category.

Definition 7.1. (See [Tot05, section 1] and also [Tot05.1, Definition 1].) Let N = dim(H/B), so that

CHN(H/B) ∼= Z. Then the torsion index of H (denoted t(H)) is the positive integer t(H) so that

image(i∗ : CHN(BBgm) → CHN(H/B))

is t(H).CHN(H/B).

Observe that there exists a class a ∈ CHN(BBgm,Z/ℓn)(∼= H2N,N
M (BBgm,Z/ℓn)) so that

(7.1) f∗(a) = t(H) ∈ CH0(BHgm,Z/ℓn) ∼= Z/ℓn,

where t(H) is the image of the torsion index t(H).

Remark 7.2. For linear algebraic groups defined over the complex numbers, the torsion index can also be

defined using singular cohomology with integral coefficients, as for such groups the singular cohomology of

H/B with integral coefficients is isomorphic to the corresponding Chow group.

Next we consider the following squares that commute:

(7.2) H∗,•
M (BBgm,Z/ℓn)

f∗ //

cycl

��

H∗−2N,•−N
M (BHgm,Z/ℓn)

cycl

��
H∗

et(BB
gm, µℓn(•))

f̄∗ //
H∗−2N

et (BHgm, µℓn(• −N))
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(7.3) H∗,•
M (BBgm,Z/ℓn)

cycl

��

H∗,•
M (BHgm,Z/ℓn)

f∗
oo

cycl

��
H∗

et(BB
gm, µℓn(•)) H∗

et(BH
gm, µℓn(•))

f̄∗
oo

To see that these squares commute, one may observe that BBgm,m identifies with EHgm,m ×H (H/B)

while BHgm,m identifies with EHgm,m×H (H/H) ∼= EHgm,m×H (Spec k). Now observe that, since B is a Borel

subgroup in H, H/B is a flag variety and therefore admits an H-equivariant closed immersion into a projective

space Pn on which H acts. Therefore, the map EHgm,m ×H H/B → EHgm,m ×H H/H ∼= EHgm,m ×H Spec k

factors as the composition EHgm,m ×H H/B
i→EHgm,m ×H Pn π→EHgm,m ×H Spec k . Therefore it suffices to

show that the cycle map commutes with i∗ and i∗ as well as with π∗ and π∗. One may prove i∗ commutes

with the cycle map by using a deformation to the normal cone argument. To prove π∗ commutes withe

the cycle map, one may use the projective space bundle formula for motivic and étale cohomology. The

commutativity of i∗ and π∗ with the cycle map may be proven similarly.

Lemma 7.3. (i) The cycle map cycl : H∗,•
M (BBgm,Z/ℓn) → H∗

et(BB
gm, µℓn(•)) is an isomorphism when the

base field k is separably closed.

(ii) For any base field k, Hu
et(BB

gm, µℓn(v)) ∼= ⊕i+2m=u,j+m=vH
i
et(Spec k , µℓn(j ))⊗Z/ℓnH

2m
M (BBgm,Z/ℓn(m)).

In particular,

H2
et(BB

gm, µℓn(1)) ∼= H2
et(Spec k , µℓn(1))⊗Z/ℓnH

0
M(BBgm,Z/ℓn(0))⊕H0

et(Spec k , µℓn(0))⊗Z/ℓnH
2
M(BBgm,Z/ℓn(1))

∼= H2
et(Spec k , µℓn(1))⊕H2

M(BBgm,Z/ℓn(1)).

(iii) For any base field k, the cycle map in the left column in the commutative squares (7.2) and (7.3) are

both injective.

(iv) H∗,•
M (Spec k ,Z/ℓn) is a split summand of both H∗,•

M (BBgm,Z/ℓn) and H∗,•
M (BHgm,Z/ℓn). H∗

et(Spec k , µℓn(•))
is a split summand of both H∗

et(BB
gm, µℓn(•)) and H∗

et(BH
gm, µℓn(•)). It follows that Br(Spec k)ℓn is a split

summand of both Br(BBgm)ℓn and Br(BHgm)ℓn .

Proof. Observe that BBgm ≃ BTgm = P∞, where T is a split maximal torus in H. Therefore, the first two

statements follow readily from the calculation of the motivic and étale cohomology of a projective space Pn.

In fact, we will presently provide the following details on this. One starts with the isomorphisms provided

by the projective space bundle formula:

(7.4) H∗,•
M (BBgm,m,Z/ℓn) ∼= H∗,•

M (Spec k ,Z/ℓn)[t]/(tm+1) ∼= H∗,•(Spec k ,Z/ℓn) ⊗
Z/ℓn

Z/ℓn[t]/(tm+1),

where t has bi-degree (2, 1). Similarly one see that

(7.5) H∗
et(BB

gm,m, µℓn(•)) ∼= H∗
et(Spec k , µℓn(•))[t]/(tm+1) ∼= H∗,•

et (Spec k , µℓn(•)) ⊗
Z/ℓn

Z/ℓn[t]/(tm+1),

where t has bi-degree (2, 1). Next one may observe that ⊕0≤j≤mH2j,j
M (BBgm,m,Z/ℓn) ∼= Z/ℓn[t]/(tm+1).

These observations prove the first statement in (ii). The second statement in (ii) is now an immediate

consequence of the first statement.

The third statement is an immediate consequence of the first two. Observe from the definition of admissible

gadgets as in (3.1), we require that the Um there always has a k-rational point. It follows that the finite
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degree approximations BBgm,m and BHgm,m also have k-rational points. The statements in (iv) are immediate

consequences of this. □

Moreover, one may observe that the cycle map H0,0
M (BHgm,Z/ℓn) → H0

et(BH
gm, µℓn(0)) ∼= Z/ℓn is also an

isomorphism. In view of these observations, one may define the torsion index t(H) as the class in Z/ℓn so

that if ā = cycl(a), with the class a as in (7.1)

(7.6) f̄∗(ā) = t(H) ∈ H0
et(BH

gm, µℓn) ∼= Z/ℓn,

Proposition 7.4. (See [Tot05, section 1].) (i) The kernel of the cycle map

cycl : H∗,•
M (BHgm,Z/ℓn) → H∗

et(BH
gm, µℓn),

as well as the kernel of the restriction map

f∗ : H∗,•
M (BHgm,Z/ℓn) → H∗,•

M (BBgm,Z/ℓn)

are killed by t(H).

(ii) Br(BHgm)ℓn/(Br(Spec k)ℓn) = H2
et(BH

gm.µℓn(1))/(Im(cycl) + H2
et(Spec k , µℓn(1))) is killed by t(H),

where Im(cycl) denotes the image of the cycle map cycl : H2,1
M (BHgm,Z/ℓn) → H2

et(BH
gm, µℓn(1)).

Proof. Define a map α : CHi(BBgm,Z/ℓn) ∼= H2i,i
M (BBgm,Z/ℓn) → CHi(BHgm,Z/ℓn) ∼= H2i,i

M (BHgm,Z/ℓn)
by α(x) = f∗(a.x). Then, α(f∗(x)) = f∗(a.f

∗(x)) = f∗(a).x = t(H).x . As BTgm identifies with BBgm, the

map f∗ identifies with the restriction homomorphism res : H∗,•
M (BHgm,Z/ℓn) → H∗,•

M (BTgm,Z/ℓn), thereby
proving that its kernel is killed by the class t(H). In view of the fact that cycle map forming the left vertical

map in (7.3) is injective, it follows that the kernel of the cycle map

(7.7) cycl : H∗,•
M (BHgm,Z/ℓn) → H∗

et(BH
gm, µℓn(•))

is contained in the kernel of f∗, and hence is killed by the class t(H). This completes the proof of (i).

We next consider the statement in (ii). Therefore, let x̄ ∈ H2
et(BH

gm, µℓn(1) denote a class. Then

(7.8) t(H).x̄ = f̄∗(cycl(a).̄f
∗(x̄ )).

In view of statements (ii) and (iv) in Lemma 7.3, one may write

(7.9) f̄∗(x̄ ) = cycl(y) + z = cycl(y) + f̄∗(z̄ ), y ∈ H2,1
M (BBgm,Z/ℓn), z̄ ∈ H2

et(Spec k , µℓn(1))

Therefore,

(7.10) t(H).x̄ = f̄∗(cycl(a.y) + cycl(a).f̄ ∗(z̄ )) = cycl(f̄∗(a.y)) + f̄∗(cycl(a).f̄
∗z̄ ) = cycl(f̄∗(a.y)) + t(H)z̄ .

This proves the statement in (ii), thereby completing the proof of the Proposition. □

7.1. Information on the torsion index. Using the fact that connected reductive groups over any alge-

braically closed field of positive characteristic admit liftings to characteristic 0, one may make use of the

determination of the torsion index for compact Lie groups. The following are known:

(i) The only primes that divide the torsion index of simply-connected groups are 2, 3 and 5.

(ii) The torsion index for GLn, SLn and Sp(2n), for any n is 1.

(iii) The torsion index for SO(2n) and SO(2n+ 1), for any n, are powers of 2.

(iv) The torsion index of Spin(n) is a power of 2: see [Tot05] for more details.
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(v) The torsion index of E6 is 6 and of E8 is 26325: see [Tot05.2].

Corollary 7.5. (i) Br(BG)ℓn ∼= Br(Spec k)ℓn for any prime ℓ different from the characteristic of k if

G = GLn, G = SLn or G = Sp(2n), for any n.

(ii) Br(BG)ℓn ∼= Br(Spec k)ℓn for any prime ℓ different from the characteristic of k and 2 if G = SO(2n),

SO(2n+ 1), or Spin(n), for any n.

(iii) Br(BG)ℓn ∼= Br(Spec k)ℓn for any prime ℓ different from the characteristic of k for any simply-

connected group G, if ℓ is also different from 2, 3, or 5.

Proof of Theorem 1.8. Clearly the above discussion completes the proof of the theorem. □

8. Proof of Theorem 1.9.

We first observe that BGgm
m

∼= lim
n→∞

Pn. Since each Pn is a linear scheme which is projective and smooth,

it follows from [J01, Theorem 4.5, Corollary 4.6] that one obtains isomorphisms for any smooth scheme Y:

⊕iH
2i,i
M (BGgm

m ×Y,Z/ℓn) ∼= (⊕iH
2i,i
M (BGm,Z/ℓn))⊗ (⊕iH

2i,i
M (Y,Z/ℓn)) and(8.1)

⊕iH
2i
et(BGgm

m ×Y, µℓn(i)) ∼= (⊕iH
2i
et(BGm, µℓn(i)))⊗ (⊕iH

2i
et(Y, µℓn(i))).

Since the cycle map cycl : ⊕iH
2i,i
M (BGgm

m ,Z/ℓn) → ⊕iH
2i
et(BGgm

m , µℓn(i)) is an isomorphism, the Brauer group

Br(Bun1,d(X))ℓn , which is the cokernel of cycle map, identifies with Br(Picd(X))ℓn . Finally the isomorphism

Br(Picd(X))ℓn ∼= Br(Symd(X))ℓn is proven in [IJ20, Theorem 1.2].

Recall that Br(Y) = 0 if Y is a connected projective smooth variety that is rational: this follows from

the well-known fact that the Brauer group is a stable birational invariant for connected projective smooth

varieties. The last statement follows from this observation. □
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9. Appendix: Motivic cohomology over regular Noetherian base schemes

First one may observe that the higher cycle complex may be defined over any base scheme B: if X is a

scheme of finite type over B, one considers Zc(X, .) to be the chain complex defined in degree n, by

(9.1) {Z = a pure codim c cycle on X×B ∆B[n]|Z intersects the faces of X×∆B[n] properly}.

Definition 9.1. We let Z(c) denote the co-chain complex Zc(X, .)[−2c] in cohomological degree m, that is,

Z(c) = Zc(X, 2c−m). (Observe that Z(c) is contravariantly functorial for flat maps.) If X denotes a smooth

scheme of finite type over B, we will let ZX(c) denote the restriction of the complex Z(c) to the small Zariski

or Nisnevich site of X. We call the complex Z(c) the motivic complex of weight c.

Next we will assume that B = SpecR, where R is a Dedekind domain.

Proposition 9.2. Assume in addition that X denotes a smooth scheme of finite type over B. Then ZX(1)[1]

identifies with GX
m, which denotes the restriction of the sheaf Gm to the small Nisnevich site of X.

Proof. This is discussed in [Bl, section 6], where the discussion does not assume the base scheme is a field.

One may also see [Spitz, section 7.3], where these results are reworked in the setting of motivic spectra. □

Definition 9.3. (Motivic cohomology) Let X denote a scheme of finite type over B. We let Hi,j
M(X) =

Hi
Zar(X,Z(j)), where HZar denotes the hypercohomology on the Zariski site.

It is observed in [Geis, Corollary 3.3], that one obtains the identification Hi
Zar(X,Z(j)) ∼= HZar(B, π∗(Z(j))),

where π : X → B denotes the structure map.

Let X denote a scheme of finite type over B and let Z denote a closed subscheme of X of pure codimension

c with ope complement U. Let i : Z → X and j : U → X denote the corresponding immersions. Then it is

shown in [Geis, Corollary 3.3] that one obtains the distinguished triangle

(9.2) 0 → i∗ZZ(n− c)[−2c] → ZX(n) → j∗ZU(n)

in the derived category of Zariski sheaves on X. In particular, this provides the identification of the terms

in the long-exact sequence forming the top row in the diagram:

(9.3) Hi
Z(X,Z(n))

//

∼=
��

Hi(X,Z(n))
//

∼=
��

Hi(U,Z(n))

∼=
��

Hi
Zar(X, i∗ZZ(n− c))

//
Hi

Zar(X,ZX(n))
//
Hi

Zar(X, j∗ZX(n))

Proposition 9.4. Assume the above situation. If n < c = codimX(Z), where codimX(Z) denotes the

codimension of Z in X, then Hi
Z(X,Z(n)) = 0.

Proof. This is clear from the identification of the first terms in the commutative diagram (9.3), since when

n < c, the complex ZZ(n− c) is trivial. □

9.1. Some technical results. We will conclude this section with the following technical results that will

be used elsewhere in the paper in computing the Brauer groups. We begin with the spectral sequences:

Es,t
2 = Hs

Nis(U,Rtp∗(τ≤jRϵ∗ϵ
∗(Z/ℓn(j)))) ⇒ Hs+t

Nis (p
−1(U),Z/ℓn(j))(9.4)

Es,t
2 = Hs

Nis(U,Rtp∗(Rϵ∗ϵ
∗(Z/ℓn(j)))) ⇒ Hs+t

Nis (p
−1(U),Rϵ∗ϵ

∗(Z/ℓn(j))) ∼= Hs+t
et (p−1(U), µℓn(j))
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The obvious map from the first spectral sequence to the second induces an isomorphism on the E2-terms for

0 ≤ s+ t ≤ j, as s ≥ 0.

Lemma 9.5. Let p : X → Y denote a map of smooth schemes over k, so that it is Zariski locally trivial,

with fibers given by the scheme X satisfying the condition that the cycle map:

cycl : H2,1
M (X,Z/ℓn) → H2

et(X, µℓn(1))

is an isomorphism. Let U, V denote two Zariski open subschemes of Y so that X ×Y U ∼= U × X and

X ×Y V ∼= V ×X. Assume that the corresponding cycle maps

H2,1
M (X ×Y U,Z/ℓn) → H2

et(X ×Y U, µℓn(1)) and H2,1
M (X ×Y V,Z/ℓn) → H2

et(X ×Y V, µℓn(1))

are both isomorphisms and the cycle map

H2,1
M (X ×Y (U ∩V),Z/ℓn) → H2

et(X ×Y (U ∩V), µℓn(1))

is a monomorphism. Then the cycle map

H2,1
M (X ×Y (U ∪V),Z/ℓn) → H2

et(X ×Y (U ∪V), µℓn(1))

is an isomorphism.

Proof. For a subscheme W in Y, we will continue to let XW = X ×Y W. Now we consider the commutative

diagram with exact rows:

H1,1
M (XU,Z/ℓn)⊕H1,1

M (XV,Z/ℓn)
//

��

H1,1
M (XU∩V,Z/ℓn)

//

��

H2,1
M (XU∪V,Z/ℓn)

��
H1

et(XU, µℓn(1))⊕H1
et(XV, µℓn(1))

//
H1

et(XU∩V, µℓn(1))
//
H2

et(XU∪V, µℓn(1))

//
H2,1

M (XU,Z/ℓn)⊕H2,1
M (XV,Z/ℓn)

��

//
H2,1

M (XU∩V,Z/ℓn)

��//
H2

et(XU, µℓn(1))⊕H2,1
et (XV, µℓn(1))

//
H2

et(XU∩V, µℓn(1))

In view of the spectral sequence in (9.4) with j = 1, one may observe that the second vertical map is an

isomorphism. Therefore, Lemma 2.1(ii) applies to prove the required map is an isomorphism □

Proposition 9.6. Let p : X → Y denote a map of smooth schemes over k, satisfying the hypotheses of

Lemma 9.5. We will further assume the following: let Ui, i = 1, · · · ,n denote open subsets of Y, so that the

hypotheses of Lemma 9.5 holds with U, V denoting any two of these open sets. Assume further that there

exists an affine space AN so that each Ui
∼= AN and that each intersection Ui1 ∩Ui2

∼= Gm×AN−1. Then the

following holds, where for a subscheme W in Y, we will let XW = X ×Y W, and cycl will denote the higher

cycle map:

(i) cycl : H2,1
M (X(U1∪···∪Un−1)∩Un

,Z/ℓn) → H2
et(X(U1∪···∪Un−1)∩Un

, µℓn(1)) is a monomorphism and

(ii) cycl : H2,1
M (X(U1∪···∪Un−1)∪Un

,Z/ℓn) → H2
et(X(U1∪···∪Un−1)∪Un

, µℓn(1)) is an isomorphism.

Proof. We will prove these using ascending induction on n. We will first consider (i). Observe that the case

n = 2 is handled by Lemma 9.7.
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Assume next that (i) holds when Ui, i = 1, · · · , n are any open subsets of Y satisfying the hypotheses.

Let Ui, i = 1, · · · , n, n + 1 be open subsets satisfying the hypotheses. Let W1 = (U1 ∪ · · · ∪ Un−1) ∩ Un+1

and let W2 = Un ∩Un+1. Then we obtain the commutative diagram:

H1,1
M (XW1 ,Z/ℓn)⊕H1,1

M (XW2 ,Z/ℓn)
//

��

H1,1
M (XW1∩W2 ,Z/ℓn)

//

��

H2,1
M (XW1∪W2 ,Z/ℓn)

��
H1

et(XW1 , µℓn(1))⊕H1
et(XW2 , µℓn(1))

//
H1

et(XW1∩W2 , µℓn(1))
//
H2

et(XW1∪W2 , µℓn(1))

//
H2,1

M (XW1
,Z/ℓn)⊕H2,1

M (XW2
,Z/ℓn)

��

//
H2,1

M (XW1∩W2
,Z/ℓn)

��//
H2

et(XW1
, µℓn(1))⊕H2,1

et (XW2
, µℓn(1))

//
H2

et(XW1∩W2
, µℓn(1))

Then the inductive assumption, together with Lemma 9.7 show the map H2,1
M (XW1

,Z/ℓn) → H2
et(XW1

, µℓn(1))

is a monomorphism while Lemma 9.7 shows the map H2,1
M (XW2

,Z/ℓn) → H2
et(XW2

, µℓn(1)) is a monomor-

phism. Observe that W1 ∪ W2 = (U1 ∪ · · · ∪ Un) ∩ Un+1. In view of the spectral sequence in (9.4) with

j = 1, one may observe that the first two vertical maps are isomorphisms. Therefore, now an application of

Lemma 2.1(i) then shows the cycle map H2,1
M (XW1∪W2

,Z/ℓn) → H2
et(XW1∪W2

, µℓn(1)) is a monomorphism,

thereby completing the proof of (i).

At this point (ii) follows readily from Lemma 9.5 by taking U = U1 ∪ · · · ∪Un and V = Un+1 there. Now

observe that U ∩V = (U1 ∪ · · · ∪Un) ∩Un+1. (i) proved above shows that the cycle map

H2,1
M (X ×Y (U ∩V),Z/ℓn) → H2

et(X ×Y (U ∩V), µℓn(1))

is a monomorphism. The inductive assumption now shows that the cycle map

H2,1
M (X ×Y U,Z/ℓn) → H2

et(X ×Y U, µℓn(1))

is an isomorphism. Therefore, the hypotheses of Lemma 9.5 are satisfied, so that Lemma 9.5 applies to

complete the proof of (ii). □

Lemma 9.7. Assume that X is a smooth scheme so that the cycle map

cycl : Hi,1
M (X,Z/ℓn) → Hi

et(X, µℓn(1))

is an isomorphism for all 0 ≤ i ≤ 2. Then the induced cycle map Hi,1
M (X×Gm,Z/ℓn) → Hi

et(X×Gm, µℓn(1))

is injective for for all 0 ≤ i ≤ 2.

Proof. In view of the observation (9.4) above, the above cycle map is an isomorphism for i = 0 or i = 1.

Therefore, it suffices to consider the case i = 2. This follows from the commutative diagram of localization

sequences:

H2,1
X×{0},M(X× A1,Z/ℓn)

//

��

H2,1
M (X× A1,Z/ℓn)

//

��

H2,1
M (X×Gm,Z/ℓn)

��
H2

X×{0},et(X× A1, µℓn(1))
//
H2

et(X× A1, µℓn(1))
//
H2

et(X×Gm, µℓn(1))
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//
H3,1

X×{0},M(X× A1,Z/ℓn)

��

//
H3,1

M (X× A1,Z/ℓn)

��//
H3

X×{0},et(X× A1, µℓn(1))
//
H3

et(X× A1, µℓn(1))

The map H3,1
X×{0},M(X× A1,Z/ℓn) → H3

X×{0},et(X× A1, µℓn(1)) identifies with the map

H1,0
M (X× {0},Z/ℓn) → H1

et(X× {0}, µℓn(0))

and H1,0
M (X × {0},Z/ℓn) ∼= CH0(X × {0},Z/ℓn;−1) ∼= 0. Therefore this map is clearly injective. The map

H2,1
X×{0},M(X× A1,Z/ℓn) → H2

X×{0},et(X× A1, µℓn(1)) identifies with the map

H0,0
M (X× {0},Z/ℓn) → H0

et(X× {0}, µℓn(0))

which is also an isomorphism. Now the required assertion follows from the following lemma. □
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(1973), 521-552.
[MFK94] D. Mumford, J. Fogarty and F. Kirwan, Geometric Invariant Theory. Third Edition, Ergeb. der Math., Springer-

Verlag, Berlin-New York, 1994.

[MV] F. Morel and V. Voevodsky, A1-homotopy theory of schemes, I. H. E. S Publ. Math., 90, (1999), 45–143 (2001)
[New] P. Newstead, Introduction to moduli problems and orbit spaces, Lecture Notes, Tata Institute, (1978).

[Pir] R. Pirisi, Cohomological Invariants of Algebraic stacks, Transactions of the AMS, 370, (2018), 1885-1906.

[Re03] M. Reineke, The Harder-Narasimhan system in quantum groups and cohomology of quiver moduli, Invent. Math.
152 (2003), 349–368.

[MS] A. Merkurjev and A. Suslin, K-cohomology of Severi-Brauer varieties and the norm residue homomorphism (Rus-

sian), Izv. Akad. Nauk SSSR Ser. Mat. 46 (1982), 1011-46, 1135-6.
[Mi] J. Milne, Etale Cohomology, Princeton University Press, Princeton, (1981).

[MV99] F. Morel and V. Voevodsky, A1-homotopy Theory of schemes, Publ. IHES, 90, (1999), 45-143.

[Ols07] M. Olsson, Sheaves on Artin stacks, J. reigne angew. Math., 603, (2007), 55-112.
[Ols] M. Olsson, Course Notes for Math 274: Notes by Anton Geraschenko, (2007),

svn://sheafy.net/courses/stacks sp2007.
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