Lecture 007 (November 11, 2009)

14 Spectral sequences: filtered chain complexes

The treatment of spectral sequences given here is
a nuts and bolts approach (which means that we
chase some elements), that essentially follows Mac
Lane’s Homology [1]. There are, of course, many
books. The aim here is simply to get the basic
calculational machines running.

Suppose that C' is an ordinary chain complex. A
filtration on C' is a sequence of subcomplexes

FCCcHRC)Cc---Cc F,CC...
of C' such that
Un>o F,C =lim F,C =C.
n>0
One often says that the structure consisting of a

chain complex C' together with a filtration F,,C' is
a filtered compler.

Example 14.1. We have already seen some stan-
dard examples. Suppose that E is a first quadrant
bicomplex, and let F}, E be the sub-bicomplex with

E,, itp<n,

F.E,,=
"o if p > n.



Then the subobjects
F,(Tot(E)) = Tot(F,E)
define a filtration of Tot(FE).

Generally, any filtration of a bicomplex E (suitably
defined) determines a filtration of Tot(E). There
are two canonical filtrations of a bicomplex FE,
namely the horizontal filtration displayed above
and the vertical filtration, with

FnyEp,q — Era %f 1=

0 if ¢ > n.

The horizontal and vertical filtrations of a bicom-
plex are both of fundamental importance in appli-
cations.

Every filtration F,, = F,C on a chain complex
C' determines short exact sequences of chain com-
plexes

OHFn—ILFn&Fn/Fn—lﬁo

with corresponding long exact sequences in homol-



ogy groups
9 H, F,
Tx
Hp+qu E Hp+q(Fp/Fp—1) O p+q—1Fp—1

:

D«
Hp_’_q_leH- . .

[t is a key observation that these long exact se-
quences fit together to form a “ladder diagram”

0
= Hy gy
Tx
L0 F, o PH, (F,_/F,_y) -2~ F
p+qt p—1 ptq\+£'p—1/L'p-2 ptq—14"p—2
ix is

Hpiqky - Hp+q(Fp/Fp—1) : Hp—l-q—le—lA"'

Uk

Dx
Hp_‘l_q_leH- o .

The following is the piece of the picture on which



[ want to focus:

Dx

Hp_i_q_le_?)H- . .

&

0 D«
-oHHp_I'_qu_]_ Hp+q_1Fp_2H¢oo

ix ix
DPx 0 Px
Hp+qu Hp+q(Fp/Fp—1) e p+q—1Fp—1 -

Tk Tk

0

0
O H, Fo Hygr B2

Tk Tx

HyyC Hpyg1C
We have the following definitions of abelian groups:
roo. —1/: -r—1
Zr = 0 im(i ™)),
. r—1
B, , = p«lker(i,)),
By =254/ By
Here, "1 denotes the composite map,
Hyq1Fpr — Hpyg1Fp1, and
Hyy oy — Hyrglpira,
respectively.

All of these groups are R-modules if the filtered
chain complex is defined in the category of R-
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modules. The definitions are natural in morphisms
of filtered complexes, suitably defined.

Observe that
E;,q = H"U(F,/F))
since 4" is the identity map, so that
Z) .= Hpyeo(F,/F,—1) and B, , = 0.
There is a homomorphism
d . E,, — E,
called the r-differential, which is defined by [u] +—
[ps(v)] where i’ Y(v) = d(u).

Observe that if u, u' € Z)  with u = u'+p,(z) for
some x € H,,F, then 0(u) = 0(u') since Op, =
0, so that d"([u]) is independent of the choice of

representative u.

Ifir—1(v") =i’ *(v) = O(u), then v—2v' € ker(:% 1)
so that p*(v) = p*(?)’) -l-p*(?) — U/) and [ *(U)] —
[p«(v")] in E o T follows that d" is well
defined for all p, q, r.

—r,q+r—1

Lemma 14.2. 1) The composite

E’f’

<, pr 4 pr
prrg—r+1 — 7 Lpg T

p—r,q+r—1

18 the 0 map.



2) There is an isomorphism
: ~ +1
ker(d")/im(d") = E, .
Proof. The first claim is an exercise.
There are inclusions
r r+1 r+1 r
By CBpy CZyy CZyy
Let v be the composite map
r+1 T r
Zng CZpg— By
The sequence
r+1 v rod T
Zp,q _> Ep,q " Lp—rgtr-1
is exact. To see this, observe that

o If u € Z1', then O(u) = i (v) for some v €

Hyq-1Fp—r—1, and so d'([v]) = [p.i.(v)] = 0.

o If d'([u]) = [p(v)] = 0, then p.(v) = p.(w)
where %1 (w) = 0, so that p.(v —w) = 0 and
v — w = i,(v'). But then

() =7 v —w) =7 (v) = A(u),
and u € Z;;;l.
The resulting composite map

Zh+t — ker(d") — ker(d")/ im(d")
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has kernel Bg’gl. In effect, suppose that u +—
0 under this map. Then [u] = [p.(v')] in £}
where 7 1(v/) = O(w) for some w, or equiva-
lently i’ (v') = 0. But then u = p,(v') + p«(v)

where " 1(v) = 0, so that u = p,(v' + v) with

it(v+ ') =0, so that u € B} ", N
Here are some observations:
1) The morphism d' : E;  — E, | is the com-

posite
0 *
Hp+q(Fp/Fp—1) — p+q—1Fp—1 = Hp+q—1Fp—1/Fp—2v
and so the groups Eg’ ; are the homology groups
of the chain complex

«O0 «0
Hyprqr1Fp1/F, = HyiqF )/ Fpa = Hyrq1Fp1/Fps

2) Tacitly, F,, = 0 for p < 0 so that E;’q = 0 for
p < 0. It follows that £ =0 for p <0,

In good examples, such as the standard filtra-
tions of the total complex Tot(E) of a first
quadrant bicomplex E, we also have E];q =0
and hence B = 0if ¢ <0.

3) The number p + q is the total degree of the
group FEy . The differential

d - E;’q — Eg

—r,q+r—1»
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decreases total degree by 1, for all » > 1.

The picture that emerges is a sequence of arrays
of groups E  — the array £ is called the E"-
term — with differentials d" in the E"-term with
isomorphisms H, ,(E") = E;*!. This is a spectral
sequence.

Spectral sequences are a calculational tool, but to
actually make calculations we need a few more def-
initions.

Define subgroups 25 and By of Hy,o(F,/F, 1)
by

Zyg =ker(0: HypoF)y/Fp1 — Hpiq1£F)-1)
By = pslker(HpygFy, — HpyC))
Then BJS, C Z5%, (exercise), and we define
B =2/ Bry
Finally, set
FyHpqC = im(HyioF), — HpioC).
Then the subgroups
- C FpHp+qC C Fp+1Hp+qC C ...

define a filtration of H,,,C, and we have the fol-
lowing:



Lemma 14.3. There are (natural) short exact
sequences

0— F, 1H),C — F,H, ,C 5 EX, — 0.

The proof of this result is an exercise: the map
m: FyHy O — EJ
is defined by 7(x) = [p«(y)|, where y € H,,F,
maps to & under the map
HyygFp — HpyyC
We have inclusions
B,,CB,CZ;,CZ,,

for all » > 1. We are filtering an ordinary chain
complex, so that

oo r
Zyg = Zpg
if r > p+ 1. We say that the spectral sequence
converges if

B,,= By,
for r sufficiently large, for all p, ¢. This would mean
that
r 100
Ep,q o Ep,q
for r sufficiently large, for all p, ¢. In this case, we

write
roo__
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to indicate that we have a spectral sequence for
which one can calculate the E™-term (usually for
r =1 or r = 2, and there’s some fun in the calcu-
lation) and which converges to give a calculation
of the homology H,C'.

This means that we have a filtration F,H,,C of
H,.,C with filtration quotients

FyHy g — E — 0
which can be calculated from the corresponding
terms F, | by iterating the homology machine which
produces E7*! from B finitely many times in
cach bidegree. The references to bidegree and the

corresponding total degree give notational cues for
keeping track of the calculations.

15 First quadrant bicomplexes

The two spectral sequences associated to a first
quadrant bicomplex E are standard and very im-
portant examples.

1) Recall that the bicomplex E has a horizontal
filtration F},E with

E,, itp<n,

F.E,, =
o if p>n
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which induces a filtration
F,, Tot(E) = Tot(F, F)

of the associated total complex Tot(E). Recall
that there is an isomorphism

F, Tot(E)/F,—1 Tot(E) = E, .[—p]
and so there is an isomorphism
E;aq — p+q(Ep7*[_p]) = Hqu,* = H;Ep7>|<-

These isomorphisms fit into a commutative dia-
gram

1 dl 1
Ep,q Ep—l,q

%i F

Hy Loy b Hyloy 14
so that one could write
2 hrrv
E,,=H,/H/(E)
The spectral sequence converges since
Fn TOt(E>p+q = TOt<E>p+q
if n > p+ q, so that we have
El =H'H/(E)= H,,Tot(E). (1)
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The resulting filtration of H,, Tot(F) in total de-
gree n has the form

FyH,—FH,— - Fn—lHn*)FaniHn

=] | |

E(()),On Eion—l ES?O
(2)

2) The bicomplex E has a vertical filtration F)F
with
F'E,, - E,, itqg<n,

0 if g >n

which induces a filtration
F;L Tot(E) = Tot(FT’ZE)

of the associated total complex Tot(F). there is
an isomorphism

F, Tot(E)/F,_1 Tot(E) = E, ,[—p]
and so there is an isomorphism
E,,= Hy (B [-p]) = HE,, = H/E,,.

These isomorphisms fit into a commutative dia-
gram

1 dl 1
Ep,q Ep—l,q

ig

Hyl 8y Hylyp
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so that one could write
2 vrTh
Ep,q - Hqu (E>

The spectral sequence converges by the same ar-
gument as before, so that we have

E’ = H'H!(E)= H,,Tot(E).  (3)

The spectral sequence (3) is effectively the “same”

spectral sequence as the spectral sequence (1) which
is obtained by filtering in horizontal degree, except
that we've reversed the roles of p and ¢q. Revers-
ing the order of calculating vertical and horizontal
homology can have strikingly different outcomes,

and this frequently gives two very useful and com-
plementary apporoaches to calculating the same
thing, which is the homology of the total complex
Tot(E).

Example 15.1. Suppose that C' is a chain com-
plex of right R-modules and that A is a left R-
module. Suppose that the bicomplex map

P(C)p,q — Gy

is an Eilenberg-Cartan resolution of C' (as in Sec-
tion 13). Then Tot(P(C)) — C is a weak equiv-
alence and Tot(P(C)) is a complex of projectives.
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Recall that the higher torsion product functors
Tor,(C, A) (Section 10) are defined by

Tor,(C, A) = H,(Tot(P(C)) g A)
up to isomorphism.

There is an isomorphism
Tot(P(C)) ®p A = Tot(P(C) ®r A).

1) Filter the bicomplex P(C')® A in the horizontal
direction:

P(C)y,®A ifp<n,

Fi(P(C)® A)py =1 o

and
F, Tot(P(C) ® A) = Tot(F,(P(C) ® A).
Then
F, Tot(P(C)®A)/F,_1 Tot(P(C)®A) = P(C), .A[—p]

where P(C'), . — C, is a projective resolution, so
that
1~
E, , = Tor,(C), A).

It follows that
E; = H,Tor,(C, A) = Tor,(C,A).  (4)
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2) Filter the bicomplex P(C') ® A in the vertical
direction:

and
F Tot(P(C)® A) = Tot(F(P(C) ® A).
Then
E} Tot(P(C)®A)/F,_ Tot(P(C)®A) = P(C), ,@A[—p)

and
E,, = Hy(P(C).,® A).

The chain complexes P(C),., are split, and so there
are isomorphisms

Hy(P(C).p @ A) = Hy(P(C)sp) @ A

by Lemma 13.7. The chain complex p — H, (P(C)).,
is a projective resolution of H,C since P(C') — C

is an Eilenberg-Cartan resolution, and it follows
that there is an isomorphism

E; = Tor,(H,C, A).
In summary, this spectral sequence has the form
E; = Tor,(H,C, A) = H,yqToryo(C, A). (5)
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The spectral sequence (5) is the universal coeffi-
cients spectral sequence. It is a generalization of
the universal coefficients theorem (Theorem 9.17).

The spectral sequences (4) and (5) both converge
to the same thing, namely the higher torsion groups
Tor,(C, A). The spectral sequence (4) is more use-
ful in the presence of “coarse” information about
the complex C' on the chain level, while (5) is used
when was one has “fine” information about its ho-
mology.

Example 15.2. Choose cofibrant (projective) mod-
els P = C and Q = D for C and D respectively,
in the respective categories of ordinary chain com-
plexes. Form the bicomplex P ®p () with

(P ®R Q)p,q - Pp QR Qq

and take the horizontal filtration F,( P®r()). Then
in the corresponding spectral sequence

E;,q = H,(P,®rQ) = Hy(F,®D) = B,®H,(D).
[t follows that

E? , = Tor,(C, H,D) = Tor,.,(C, D).
Filtering in the vertical direction gives the spectral
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sequence
E; , = Tor,(H,C, D) = Tor,.4(C, D).

For either of these spectral sequences, there is more
work to do: more spectral sequence calculations as
in Example 15.1 may be required to calculate the
respective E?-terms.

16 Filtered cochain complexes and third quad-
rant bicomplexes

Suppose that C' is an unbounded complex with a
filtration

--C F,CCcF,CcCc...C
indexed by n € Z. We still require that

nez

The basic spectral sequence machinery of Section
14 applies in this more general case. We still have
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the picture of interlocking long exact sequences

P«
Hp_’_q_le_SH- . .

Ty
°O.H . F H F oL
« e —= p+q p_l p+q_1 p_2H-o-
ix ix
0 Dx 0 Px
Hp+qu Hp+q(Fp/Fp—1) e p+q—1Fp—1 -

Tk Tk

0 0
O H,  F Hygr B9

Tk Tx

HyyC Hpyg1C
but with p,q € Z. We set
Zr = 0 im(i ),
B}, = pu(ker(ii ™)),
By = Zpal By
and then again a differential

T . T T
d . Ep,q — p—r,qg+r—1

is defined such that the analog of Lemma 14.2
holds (with the same proof): the composite

r
p+r,g—r+1

r

a, E’ 4,
Dq p—r,qt+r—1
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is the 0 map, and there is an isomorphism
ker(d")/im(d") = EJ 1.
Subgroups Z% and BYS of Hyy(F,/F, 1) are de-
fined by
Z;,Cc} = ker(0 : HpyoFp/Fp1 — Hprg1F)p-1)
By = pelker(Hy o F, — HpoC))

(0.¢} (0.8}
Then BJS, C Z7, and we set

B =2/ Bry
Finally, the analog of Lemma 14.3 holds (with the
same proof): there are natural short exact sequences
0— F,1H,,,C — F,H,;,C 5 EX, — 0, (6)
where F,H,,,C is the image of the map
Hyg(F,C) — HpigC.

Remark 16.1. The definition of Z)$ which ap-
pears above is not standard. This group is nor-
mally required to be the preimage under the map
0 of the canonical map
Liil Hyig1Fy — Hprg1Fp-1.
k

The two descriptions of Z7¢ coincide for the filtra-
tions of ordinary chain complexes which were dis-
cussed in Section 15, but not in general, and the
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question of when the two corresponding descrip-
tions of E¢ coincide can become a rather delicate
issue.

In general, there are inclusions
r—1 r 00 00 T r—1
Bp,q C Bp,q C Bp,q C Zp,q C Zp,q C Zp,q
We say that the spectral sequence converges if for
all p, g there is an r such that
1) Z> =2, and
2) B;;q = Bgi,.
Generally, even if such a spectral sequence con-

verges, to make effective calcuations you also need
to know that

3) F,H,.,C = 0 for some n, for all p, q.
Suppose that E is a third quadrant bicomplex.

1) Filter the bicomplex E in horizontal degrees by
setting
BE,, - E,, ifp<n,
0 if p >n.
Then the subobjects
F,(Tot(FE)) = Tot(F,F)

define a filtration of Tot(E) with FyTot(E) =
Tot(E), so the filtration on Tot(F) is descending.
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Note that condition 2) above follows automatically.

Also, F,E, , = 0if ¢ > n so that F,, Tot(E),:, =
0ift p+q > n. It follows that H, F}; = 0 if
k < p — 1. Conditions 1) and 3) follow, and so
the spectral sequence for the filtered complex con-
verges in the strong sense that it satisfies condi-
tions 1)-3).

Suppose that p and ¢ are positive numbers. There
are isomorphisms

El - H—p—CI(F—p/F—p—l) = H—p—Q(E—]%*[pD = H—C_IE—pa*

—P,—q
and it follows that the spectral sequence has the
form

E*, ,~H"H' (E)= H_,  Tot(E).
The filtration of H_,, Tot(E) has the form

F—nH—nHF—(n—l)H—nH"' F—lH—nHFOH—niH—n
*| | |
3On,O Ei?n—l),—l E(()),O—n

2) Reversing the roles of p and ¢ (or by using the
vertical filtration) we find a spectral sequence with

E?, _,=H'H"(E)= H_, ,Tot(E).

p
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T
—P,—q
only non-zero for p, g > 0. It is a common (mean-

In both spectral sequences, the terms E are

ing, universal) practice to rewrite

X nls p,q _ 00
BN = E_p7_q and B0 = F

—DP,—q
and
H"Tot(E) = H_, Tot(FE).

Then the two spectral sequences are written
EYY = HIHY(E) = HP™Tot(F), and
EY" = HPHI(E) = H"™ Tot(E).
The differentials
d: Kk, ,— E

q —p—r,—q+r—1

are rewritten as
. P4 p+r,g—r+1
d, : EPY — E} ,

so that they raise total degree by 1 in the new
notation.

One also writes
F"H" Tot(E) = F_,H_, Tot(E)
so that the filtration of H" Tot(FE) (for both spec-
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tral sequences) takes the form

FrH"— pn-lpgn—. .. FlHn*’FOHniHn
;£O EQ}JL1 Eén

(7)
Example 16.2. Suppose that C' is a chain com-
plex and that A is a module. Suppose that A — I

is an injective resolution of A. Form the third
quadrant bicomplex

hom(C, I)_, _, = hom(C,, I_,).
Recall from Lemma 12.7 that there is an isomor-
phism
H" Tot(hom(C, I)) = «(C, I|—n)).

Filter the bicomplex in vertical degrees, so that
there are isomorphisms

EYY = hom(H,C, I7).
It follows that the resulting spectral sequence has

Equ = Eth(HpC7 A) = 7T(C, [[_p_Q]) = [07 A[_p_QH'
(8)

The last identification is a consequence of Corol-
lary 12.9.
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The spectral sequence (8) is the universal coeffi-
cients spectral sequence 1n cohomology.

The standard universal coefficients theorem for co-
homology says that, if X is a simplicial set and A
is an abelian group, then there is short exact se-
quence

0 — Ext(H,~1(X),A) - H(X,A) — hom(H,(X),A) — 0
where the homology groups H.(X) = H.(X,Z)
have integral coefficients.

This result is usually proved by applying hom( , A)
to the exact sequence of chain complexes

0— Z(X)—>Z(X)— B(X)[-1—0

where Z(X), = Z,Z(X), B(X), = B,Z(X)
are defined by cycles and boundaries, respectively,
and the differentials are trivial for both Z(X) and
B(X).
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