Lecture 004 (October 8, 2014)

8 The K-theory spectrum

Recall that there is a poset isomorphism
O«xn=n+1,
and write
f=0%0 m+1~0+m—0*xn>n+1

for each ordinal number map 6 : m — n.
Let X be a simplicial set, and write £EX for the
simplicial set with

EX,=X,:1=X(0xn),
and with structure maps 0% FX, — EX,, for
ordinal number maps # : m — n.

Example: Suppose that C' is a small category:.
Then EBC has m-simplices given by strings of
arrows

o:a—by— - — by,

and 0* (o) is the string

a — bg(o) — = bg(m).



It follows that there is an isomorphism
| | Bla/C) = EBC.
acOb(C)

There is a natural simplicial set map
p: BEX — X

which is defined by sending an n-simplex o : A"*1 —
X to a(0). Every vertex z of X defines a vertex
so(z) : Al — X of EX: in this way, there is a
natural simplicial set map q : Xy — EX.

Lemma 8.1. The map p: EX — Xy is a nat-
ural strong deformation retraction, with section
and homotopy inverse q : Xg — EX.

Proof. The composite p - q is the identity on X,
so it suffices to find a natural homotopy

h:EX xA' 5 EX

from the identity on EX to ¢ -p which is constant
on Xo.

There is an isomorphism

[

lgq EA" = EX,
A— X
so it suffices to find the homotopy
h:EA" x A' — EA"
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and show that it is natural in simplices. The con-
tracting homotopies

B(v/n) x A' = B(v/n)
onto initial objects induce homotopies
EA"xA'2 | | Blu/n)xA' — | | B(v/n) = EA”

veEN veENn

which do the job. ]

Example: Suppose that D is a simplicial (small)
category. Then there is a simplicial category ED
with £D, = D, 1, with structure functors o* -
D,.1 — D,.1. The corresponding bisimplicial
set BE D has vertical simplicial sets (BED),, (cor-
responding to strings of arrows of length n) with
strong deformation retractions

(BED), = E(BD,) = B(Dy),

which respect simplicial structure maps It follows
that the canonical simplicial category morphism

ED — l)Q
induces a strong deformation retraction
BED = BDj

of bisimplicial sets. This strong deformation re-
traction is natural in simplicial categories D.
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The following result is a consequence of this obser-
vation:

Example 8.2. There is a homotopy equivalence
BETs0(S¢(M)) ~

for each exact category M. This equivalence is

natural in exact functors in M.

There is a natural homotopy equivalence
BE130(S+(M)) ~ B Iso(Sy(M)), (1)

and Iso(Sp(M)) is the groupoid of zero objects of
M and the isomorphisms between them. This is a
trivial groupoid because all zero objects are initial
in M, so there is a homotopy equivalence

Blso(Sp(M)) ~ x. (2)

The desired homotopy equivalence is the composite
of the equivalences (1) and (2).

The ordinal number maps d° : n — 0 * n induce
a natural simplicial set map

dy: EX — X.

Suppose that ¢ : A" — X is an n-simplex of



EX. Then there is a commutative diagram

and the map dy : EA™ — A" can be identified
with the map

| | B(v/(n+1)) = B(n+1)
ven+1
which is induced by the canonical forgetful functors
v/(n+1) = n+ 1. Note that the k-simplex
V—>lg—> > U

of B(v/(n + 1))y is identified with a (k41)-simplex
in AT} = EA?*! in the obvious way under the
identification

| | B(v/(n+1))=EA""

veEn+1

In particular, the n-simplex
0—=1—=2—=---—=n+1l

of B(0/(n+ 1)) maps to o € EX,, under the com-
posite

B(0/(n+1)) = EA" 2 EX.
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The contracting homotopy

h:B0/m+1)) x A' = B(0/(n+1)
is defined by functions

hry : B(0/(n+ 1))y — B(0/(n+ 1)),
one for each 7 : k — 1 (satisfying compatibility
conditions). Explicitly, if 7: n — 1 is the string

0o 0—1—- o1 (3)
(0<i<n+1)and
Y0 = o= =

is an n-simplex of B(0/(n + 1)), then h-(7y) is the
simplex

0—=0—=--=0—=7 == In

The simplex h.(), interpreted as an element of
A"t1 has the form

n+1s
he () = spdi(7)-
[t follows that, for 0 € X,,1 = FX,,, the homo-
topy h : EX x Al — EX is defined by functions

hr X1 — Xoga,

indexed by ordinal number morphisms 7 :n — 1
written as in (3), where

h-(0) = sydy (o). (4)
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Example 8.3. Suppose that w € Xy, so that w
represents a vertex of £X. The homotopy A :
EX x A = EX defines a 1-simplex hq(so(w)) €
E X, where 1 denotes the identity morphism 1 —
1. The simplex so(w) of £ X7 is the simplex s1(w) €
X, and

hi(s1(w)) = sodi(s1(w)) = so(w)

according to the description we have just seen. In
E X, this simplex is a path

sod1(w) = daso(w) = disp(w) = w
which can be represented by the picture
x

sod1(w) w
ai‘/w\y

It follows as well that the composite

AV YD gy Al l px b x
is the simplex w.

Example 8.4. Suppose that M is an exact cate-
gory, and that the exact functor P : Ar(n+ 1) —
M is an (n + 1)-simplex of s(M), or equivalently
an n-simplex of E'se(M). Then the homotopy

h: EsoM) x Al = Es,(M)
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of Lemma 8.1 is given by functions
hT . Sn_|_1<M) — Sn+1(M)

indexed by ordinal numbers maps 7 :n — 1. If 7
is the map (3) then

he(P) = sidi(P)
in S¢(M),51. In terms of strings of admissible
monics, h, takes the string
P(0,1)— ---— P(0,n+1)
to the string
P(0,0) = ---»— P(0,0) — P(0,i+1) = --- — P(0,n+1)
(5)

for 0 <7< n+1.

Now consider the pullback

F(M)—"= Es.(M)
| |0
Se(0) —— 54(M)

where the map ¢ is the inclusion of the subset of
all exact functors P : Ar(n) — M such that

P(i,j) =0

for all 0 < ¢ < j. Then f(M), is the subset of all
exact functors P : Ar(n + 1) — M such that the
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string of admissible monics
P0,1) — P(0,2) -+ — P(0,n+1)
consists of isomorphisms.

If 0 is a distinguished zero object of M then there
is a function

10 : Ob(M) — f(M)() = ES.(M)O = S.(M)1
which takes P to the simplex
O0—P

|

0
This function determines a simplicial set map
ig : Ob(M) x A! — 5,(M). (6)

The description of the homotopy h of (5) implies

that this map ¢ coincides with the composite
Ob(M)xA! % Bs (M)x A 2 Eso(M) 2% s,(M).
See also Remark 8.5 below.

The map 7 of (6) induces a pointed simplicial set
map

o : (Ob(M)/ Ob(0)) A ST = 5,(M)/s4(0),

where Ob(0) is the set of zero objects of M and
Se(0) is the subcomplex of s4(M) which consists
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of all exact functors P : Ar(n) — M which take
values in zero objects.

The subcomplex s,(0) is contractible, by Lemma
5.1, since every zero object is uniquely isomorphic
to the fixed object 0.

Remark 8.5. One can alternatively describe the
composite

Ob(M) x A 2% Bs (M) x Al 5 Es (M)

as the map which associates the path represented
by the exact functor

O0—0—+FP

.

O0—P

|

0
(aka. s1(ip(P)) € se(M)3) to the object P of M.
It follows that the composite
Ob(M)xA! W4 B (M)x Al B Eso(M) 2 s,(M)
of (6) is defined by taking the pair
(P,7:n—1)

to the composite exact functor

(P)

Ar(n) = Ar(1) 7 ML
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One can also see this directly from Example 8.3.

Say that an exact category M together with a fixed
choice of zero object 0 is a pointed exact category.
A pointed exact functor f : M — N of pointed
exact categories is the obvious thing: it’s an exact
functor which preserves the choices of zero objects.

The map
o : (Ob(M)/ Ob(0)) A ST — 5,(M)/s54(0) (7)

is natural in pointed exact functors M — N. If
0 is a distinguished zero for M, then the exact
functors 0 : Ar(n) — M which are constant at
0 are distinguished zeros for the exact categories
Sp(M), so that Se(IM) is a pointed simplicial exact
category, and there is an induced bisimplicial set
map
0 1 (56(M)/54(0)) A ST = 54(Se(M))/54(S4(0)).
(8)
Here, s4(Se(IM)) is the bisimplicial set of objects
of a bisimplicial exact category

Se(M) = S.(S.(M)),
and one alternatively writes

52(M) = 54(S.(M)).
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The bisimplices of s2(M) can be identified with
functors
P : Ar(m) x Ar(n) - M

which are exact in each variable. The bisimplicial
set 54(5.(0)) is the subcomplex s2(0) of s2(M)
which consists of all functors P as above which
take values in zero objects: this is a contractible
subcomplex of s2(M).

Then the map o can be rewritten as the map
0 1 (56(M)/54(0)) A ST — 5¢(M)/5(0)
of pointed bisimplicial sets.

The construction can be further iterated. Write
S¥(M) for the k-fold simplicial exact category whose
objects are the functors

P :Ar(n) X --- X Ar(ng) - M

which are exact in each variable, and write s¥(IM)
for its k-fold simplicial set of objects. Write s%(0)
for the objects P of s%(M) which take values in
zero objects. Then s¥(0) is contractible, and there
are k-fold pointed simplicial set maps

01 (50(M)/55(0))AST — 571 (M) /5710). (9)
These maps are called bonding maps.
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The pointed spaces
Ob(M)/ Ob(0), s4(M)/s4(0), 55(M)/55(0), . .

and the bonding maps ¢ of (9) determine a spec-
trum K (M), which is called the K-theory spec-
trum of the exact category M.

The assignment
M — K(M)
is natural in pointed exact categories M.

Lemma 8.6. Suppose that f : M — N is an
exact equivalence. Then the induced map fy :
s (M) — s¥(N) is a weak equivalence.

When I say that a map of k-fold simplicial sets is
a weak equivalence, I mean that it induces a weak
equivalence of associated diagonal simplicial sets.

Proof. The induced functor
5¢(M) = SJ(N)

of n-fold simplicial exact categories is an exact
equivalence of exact categories in all multi-simplicial
degrees, and for all n. It follows that the induced
map

5eSETHM) — 5,557H(N)
is a weak equivalence. ]
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According to the description given of the map h in
(5), the composite homotopy

EsoM) x A L Eso (M) 2 s.(M)

maps the subobjects
Es,(0) x Al and Es,(M) x {0}
into se(0), and therefore induces a pointed map
hi: (Eso(M)/Es4(0)) A A, = 54(M)/54(0),
naturally in M. Here Al is the I-simplex Al

pointed by the vertex 0.
The adjoint of h, is a map

h: Ese(M)/Es4.(0) = P(s54(M)/54(0))

taking values in the path space which fits into a
commutative diagram

Ob(M)/ Ob(0)

ive|
f(M)i/f(O) %Est)l/Es.(m &s.<M>l/s.<o>
~7 1
QU(86(M)/54(0)) —= P(54(M)/54(0)) — s.(l\(/I)/)s.(O)
10
The sequence along the bottom is the “path-loop
fibration” (PX is paths in X starting at the base
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point — to make this actually work you have to re-
place s¢(IM)/se(0) by a fibrant model). The map
h is a weak equivalence on account of Lemma 8.1,
since so(IM) and s,(0) have the same sets of ver-
tices. The composite map

Ob(M)/ Ob(0) 25 f(M)/£(0) = Q(se(M)/54(0))
is the adjoint of the map o of (7).
The diagram (10) is natural in exact categories
with distinguished zero object. Thus, by applying
this construction to the simplicial exact categories
S¥(M) we obtain a list of commutative diagrams
of multisimplicial sets

se(M)/55(0)
M) /R (0) — kﬂ(M)i/Esw >d0*sf+1<M>l/s‘z+1<o>
h 1
Q(sg ™ (M) /5.7(0)) = Py (M) /5570 ))9(8’.“)“(1\@/8’5“(0)
11
where, for notational convenience, f*™1(M) = f(S¥(M))
and EsfT1 (M) = Es,(S5(M)).

The composite

SSM/s5(0) = FIDMD)/FH0) = QLT /57 (0)
is the adjoint o, of the map o of (9).
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Lemma 8.7. The map
i0e : 54(M)/55(0) — f*H(M)/ f51(0)
18 a weak equivalence for k > 1.

Proof. It is enough to show that the map
igs 1 s (M) — fAHH(M)

is a weak equivalence. The map iy : Ob(M) —
f(M) is the object level map of a map

i : M — F(M)

of simplicial exact categories, where F'(M),, is the
exact category whose objects are the exact functors
P : Ar(n+ 1) — M such that all morphisms in
the string

P(0,1) — P(0,2) = ---»— P(0,n+1)
are isomorphisms. The composite
M % S1(M) = F(M)y = F(M),

is an exact equivalence for each n > 0, so that the
map i : M — F(M) is a simplicial exact equiva-
lence. Applying the functor s to this exact equiv-
J(M) — fHHM),

alence gives the map g4 : s
which is therefore a weak equivalence by Lemma
8.6. ]
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Theorem 8.8. The maps

SE(M)/s5(0) = skt (M)/Esk1(0) 2 o5 (M) /551 (0)

form a fibre homotopy sequence if k > 1.
Corollary 8.9. The adjoint map

0, 54(M)/55(0) = Qs (M) /5.(0))
18 a weak equivalence for k > 1.

Corollary 8.9 follows from Theorem 8.8 by a com-
parison of fibre sequences. The Corollary says that
the K-theory spectrum K (M) is an {2-spectrum in
levels 1 and above.

Proof of Theorem 8.8. It’s enough to show that
the maps

sH(M) — Estt (M) 2 k1M

form a fibre sequence. But this sequence may be
identified with the effect of applying the functor s*
to the sequence

M — ES.(M) 2% S,(M)

of maps of simplicial exact categories.

The additivity theorem (Theorem 6.1) holds for
the functors M +— s¥Ex(M) for k& > 1. To see

17



this, look at the diagram

ke k
sk Ex(M) 2029 k(M) % sF(M)

y R
Se ExSf_l(M() Hg%.Sk_l(M) X 545K 71(M)

Sof,so

The map on the bottom is a weak equivalence by
Theorem 6.1, and so the map on top is a weak
equivalence too. The symmetric monoidal struc-
ture of M induces an H-space structure on s% (M),

and it follows, just as in the proof of Corollary 7.2,
that any exact sequence

00— fr—g—>h—0
of exact functors M — N determines maps

fs Gies Py sk(M) — s’f(N)

which satisfy the relation

Now consider the sequence of exact functors

M 5 Sp1(M) =5 5, (M) (12)

where the functor ¢ associates to an object P the
exact functor ¢(P) : Ar(n+ 1) — M which is
determined (by a fixed choice of zero object 0) by
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letting the string
i(P)(0,1) — i(P)(0,2) > - i(P)(0,n + 1)
be the string of identities
1 1 1
P—P— .. .— P (13)

and so i(P)(i,7) = 0 for all other pairs i < j.
The sequence of functors (12) can be replaced up
to exact equivalence by the sequence

M 5 Mo, (M) 2 Mon, (M),

where i(P) is the sequence of identities (13), and
p sends the string

Pi— Py— o= Py (14)
to the string
PPy — P[P - — Py [Py
The functor p has a section
o : Mon,(M) — Mon,, (M)
(up to isomorphism) which sends the string

Q1 — = Oy
to the string

00— Q1 - — Q.
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The functor ¢ : M — Mon,,;1(M) has a left in-
verse ¢ which sends the string (14) to the object
P

There is an exact sequence
0—=2-g—1—>0-p—0

of exact functors Mon,,11(M) — Mon,1(M), so

that the is a relation

of maps st Mon,,11(M) — s¥Mon, (M) in the

homotopy category. It follows that the map

(Gs, pe) = 5¥ Mony,y 1 (M) — s¥(M) x s¥ Mon,,(M)

is a weak equivalence with homotopy inverse in-
duced by the composite functor

M > Mon, (M) %% Mon,, 1 (M) x Mon, s 1 (M) 2 Mon,,, (M),

In particular the sequences

sF(M) N Mo, 1 (M) £ s* Mon,, (M)

and

SEM) 25 55,1 (M) 25 sES,(M)

are homotopy fibre sequences. All spaces s%(N)

are connected (see below), so it follows from a the-
orem of Bousfield and Friedlander [1], [2, IV.4.9],
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that the maps
sF(M) — s"ES,(M) — skS,(M)

form a homotopy fibre sequence. O

Remark 8.10. The space
se(N) = 505,7/(N)

is connected for each exact category N, since all of
the simplicial sets
k—1
S‘Sil ..... g1 (N)

are connected. One can show that if X is a k-
fold simplicial object in simplicial sets such that
all of the constituent spaces X, ; are connected,
then the associated diagonal simplicial set d(X) is
connected (exercise).

Since all spaces s¥(M) are connected for k > 1,
then all spaces K (M)* are connected for k > 1. It
follows from Theorem 8.8 that the space K (M)
is (k — 1)-connected for k > 1, and then one com-
putes explicitly to show that the K-theory spec-
trum is connective, and that the stable homotopy

groups m; K (M) are given by
mK(M) 2 mQK(M)' = 7,1 BQ(M)
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for ¢ > 0. In other words the stable homotopy
groups of K (M) coincide up to isomorphism with
the classical K-groups of M in positive degrees,
and are 0 in negative degrees.

9 Symmetries and products

Suppose that X is a set, and recall that the n-
fold product X *" can be identified with the set of
functions x : n — X, where

n={1,2,...,n}.

Any symmetric group element o € 3, determines
a bijection

of L XX = X, (15)
which is defined by sending an element x : n — X
to the composite

n>on> X,

This assignment is covariant in X and contravari-
ant in o, and it follows that there is a (standard)
natural left action

S, x XX s X (16)

of the group ¥,, on X *™ which sends the pair (o, z)
to the element (o~1)*(z). Alternatively, in terms
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of n-tuples,

O'(IEl, ce ,xn) = (950_1(1), c o ,CE’O—l(n)).

If X is a pointed space, this action preserves the
base point (k,...,*) of X*" and it also preserves
the subspace of X *" which consists of all (n-tuples)
x :n — X such that z(7) = % for some i. It fol-
lows that the action (16) induces an action

2, x XM — XM (17)

of 3, on the n-fold smash product X" which is
natural in pointed X. This action specializes (for
example) to the usual left action

3, % (S s (ST, (18)

Suppose that M is an exact category, pointed by a
zero object 0. Recall that the K-theory spectrum
K (M) consists of the pointed “spaces”

Ob(M)/ Ob(0), 54(M)/54(0), 53(M)/54(0), ...

Well, this is kind of a lie, because the objects in
this list are multi-simplicial sets. What we mean
to write 1s

K(M)" = d(s(M)/5,(0)).
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where d : s"Set — sSet is the multisimplicial
diagonal functor. Thus, for example, d(s¥(M))
is the simplicial set with n-simplices given by all
functors

P:Ar(n)** - M
which are exact in all variables. If  : m — nis an
ordinal number map, then the m-simplex 6*(P) is

the composite functor

xk
Ar(m)* 2 Arn)*F & M.

The symmetric group Xy in k-letters acts (on the
right) on the category Ar(n)** by permuting fac-
tors, and therefore acts on the left on the sets
d(sF(M),: for 0 € ¥; and P as above, o(P) is

the composite
Ar(n)* T Ar(n)F 5 M.

where 0™ is the map defined in (15). The functions
0 d(sy(M))y = d(s4(M)),

plainly respect the simplicial structure, so that
there is a natural induced left action

N % d(s(M)) — d(s4(M)),
and hence a natural pointed action
Y x K(M)Y — K(M)".
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The bonding map
ox : S'AKM)F — K(M)H!
is induced by a (k + 1)-fold simplicial set map
ho Al x s5 (M) — P (M)

which takes the pair (7, P) consisting of the n-
simplex 7 : n — 1 and the multisimplex

P :Ar(ny) X --- X Ar(ng) - M
to the composite

Ar(n) x Ar(nl)lx -+ X Ar(nyg)
Ar(1) x Ar(;l) X - X Ar(ng) M

where P, is the unique functor such that
P.((0,0),€1,...,€ex) = P((1,1),€1,...,€x) =0
and
P.((0,1),€1,...,€x) = P(eq, ..., €x).
Similarly, the iterated bonding map
og  S"AKM)F — K(M)

(S" denotes the r-fold smash (S1)"") is induced on
diagonals by the (r + k)-fold simplicial set map

ho Al x oo Al x sF (M) — LM
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which takes the (r 4+ 1)-tuple
(m; 51,...,m, 5 1,P)
to the composite

Ar(mg) x -+ X Ar(m,) X Ar(ny) x -+ x Ar(ng)
TI*XMXTMXl\L

Ar(1) x -+ x Ar(1) x Ar(ng) x -+ X Ar(nyg)

P*l

M
where P, is the uniquely determined functor such
that

P.((0,1),...,(0,1),€1,...,€1) = Plex, ..., €x)
and
Pivi, o Y €15y €6) =0
if some y; # (0, 1).
In particular, the induced map
he: (A % d(sg(M)) — d(s,7 (M)
is defined on n-simplices by taking the (r+1)-tuple
m>51,...,n51,P)
to the composite
Ar(n)" x Ar(n)*F D20 AN (1) x Ar(n)<F 2 ML

If v € %, then

V(71 Te) = Ty o Tym1)



in (A1)’ and there is a commutative diagram

Ar(n)*" e Ar(n)*"
77_1(1)*><~~><77_1(T)*l l’Tl*X-”XTr*
Ar(1)*" TAr(l)Xr
It follows that the iterated bonding map
og S"AKM)F — K(M)"
is (2, x Xk )-equivariant, and so we have proved

Proposition 9.1. The K -theory spectrum K (M)
has the structure of a symmetric spectrum. This
symmetric spectrum structure is natural in pointed
exact categories M.

Here’s a first observation:

Lemma 9.2. Suppose that the exact functors
f,g : M — N are naturally isomorphic. Then
the induced maps f, - K(M) — K(IN) of (sym-
metric) spectra represent the same map in the
stable category.

Proof. The source and target maps
s,t: Iso(N) - N

are exact equivalences, and therefore induce stable
equivalences

S, by » K(Iso(IN)) — K(N)
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by Lemma 5.1 (Lecture 003) and Lemma 8.6 above.
There is a commutative diagram of exact equiva-
lences

[so(N (19)

P

N -NxN

where A is the diagonal functor and o assigns the
identity map 1p : P — P to each object P of M.
It follows that the maps s, and t, coincide in the
stable category.

Finally, a natural isomorphism A : f = ¢ is an
exact functor h : M — Iso(IN) such that the dia-
gram
Iso(N)
P

M@NXN

commutes. There is an induced commutative dia-
gram

K (Iso(N))

y |(st2)

K(M);—K(N) x K(N)

so that f, = s hy, = t.h, = g, in the stable cate-
gory, as claimed. O
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The moral of this last proof is that the diagram
(19) is a path object for the category of exact cat-
egories.

Suppose that M1, My and N are exact categories.
A biexact functor (or biexact pairing) is functor

®IM1XM2%N

which is exact in each variable in the sense that all
functors

®(P, ): My — Nand ® (,Q): M; — N
are exact.
Example: The tensor product functors
®:P(X) x P(X)—= P(X)
and
®:P(X)x M(X) > M(X)
for vector bundles P(X) and coherent sheaves M (X))

on a Noetherian scheme X are standard examples
of biexact functors.

Every biexact pairing ® : M1 x My — N induces
a simplicial set map

@ @ d(s5,(My)) x d(si(My)) — d(s,7(N)).

Explictly, given exact functors P : Ar(n)*" — M;
and @ : Ar(n)*® — My, the n-simplex ®(P, Q)
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is the composite
Ar(n)*" x Ar(n)** 2% M, x My, 2 N.
To go further, we need to replace the biexact pair-
ing ® up to equivalence by a biexact pairing
®o : My x My — Ny
which takes values in an exact category N having

a unique zero object 0. This is done by letting &y
be the composite

M1XM2%NL>N0,

where r : N — Ny is the retraction map onto an
exact subcategory Ny C N having 0 as the only
zero object — see the Appendix. This is harm-
less, since the retraction map is natural in exact
categories and is an exact equivalence. We shall
henceforth assume that the target N of the biex-
act pairing

®:M; x My - N
has a unique zero object 0.
The map
® : d(sy(My)) x d(s3(Mz)) = d(s,"*(N)).

is plainly (33, X Y)-equivariant, and P ® @ = 0 if
either P or () is a zero object. It follows that the
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pairing ® induces a pointed (%, x X )-equivariant
map

@, 1 K(M))" A K(M,)® — K(N)*. (20

It is an exercise (which uses the assumption that
N has only one zero object) to show that the dia-
grams

(A1) X 3(M) X s3(Ma) 255 557 (M) X 53(My)
1><®l i@
(Al)xk v S:+8(N> 8/::+T+S(N)

and

(AN 53(My) X 55(My) = sE+7 (M) x 55(M3) — > sk+75(N)

tXl\L ic(k’,r)@l

S(M1) ¢ (A1) x 85(Ma) = o7 (M) x (M) —> sL 545 (N)

commute. Here,
t (AN sh(M) — sh(M;) x (AN)*#

interchanges factors, and the element c(k,r) €
Y1 shuffles the first &k entries of k 4+ r past the
last r entries.
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It follows that the diagrams

SYAK(My)" A K(Mp)* = K (M)"" A K(Ma)*
n.| o
Sk A K(N>T+S K(N)k+r+s
(21)

OK

and

o Nl ®

SEANK(Mp)" A K(M)$ —— K(M;)¥" A K(My)® — K(N)k+r+s

tAl\L J{c(k,r)@l

K(Ml)r A SE A K(M2)5 > K(Ml)T A K(Mg)k+s T) K(N)r+k+s
(22)

commute.

The data for a smash product pairing
Ry K (M) Ay K(Msy) — K(N)

consists of a family of maps (20) satisfying the
commutativity conditions (21) and (22) — see [4,
p.b18], for example. We have therefore proved the
following:

Proposition 9.3. Suppose that
®:M; x My — N

18 a biexact pairing, and that N has a unique
zero object. Then the induced maps

@, K(Mp)" A K(M,)® — K(N)'
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form a morphism
R, + K(M;) Ay K (M,) — K(N)
of symmetric spectra.

There is a natural shift operator Z — Z[1] for
symmetric spectra Z, where

Z[l]n _ Zl—i—n’

and o € ¥, actsas 1 o € ¥,,.; on Z'™. The
structure map o : S” A Z[1|" — Z[1]"™" is defined
to be the composite

ST A gltn 9y gr+ltn c(r,l)@l} Zl+r+n7
and Z[1] has the structure of a symmetric spec-

trum. The adjoints o, : 2" — QZ" of the
composite maps

Z"NSY L ST Az Lz
together determine a natural map
g7 — Q]
of symmetric spectra.

This map is not a stable equivalence of symmetric
spectra in general: Jeff Smith has given a coun-
terexample — see [5].
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If, however, the underlying spectrum consists of
Kan complexes and is an {2-spectrum above some
level, then the map of spectra underlying o is a sta-
ble equivalence, so that ¢ is a stable equivalence
of symmetric spectra [3], [5, Lem. 10]. In par-
ticular, if Z is an ()-spectrum above level 0, then
()Z[1] is stably fibrant and the stable equivalence
Z — QZ[1] is a stably fibrant model for Z.

It follows from Corollary 8.9 that, up to level-
wise replacement of K (M) by an injective fibrant
model, the symmetric spectrum QK (M)[1] is a
stably fibrant replacement for the symmetric spec-
trum K (M). In particular, we have the following;

Lemma 9.4. Any stably fibrant replacement

. symmetric spectra consists of weak equiva-

lences
KM)" — FK(M)"

forn > 1, and FK(M)" is the derived loop
space of K (M),
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Appendix: Some category theory

The contents of this section are meant to indicate
that making a choice of zero object in an exact
category M is harmless.

The moral of the following is that we can form an
equivalent exact category M with the same non-
zero objects as M, and with only one zero object.
Further, this construction is natural: a choice of
zero object 0 in M gives My the structure of a
strong deformation retract of M, and any exact
functor f : M — N determines a unique exact
functor f, : My — Ny which commutes with re-
tractions in the sense that the diagram of exact

functors
M —"-~M,
fl |
N —Nj
commutes.

Suppose that C' is a category with a full subcate-
gory A which is a trivial groupoid. Suppose further
that A is closed under isomorphisms: if there is an
isomorphism x = a with a € A, then x € A.
Pick an object 0 in A, and let Cyy be the full sub-
category on the objects Ob(C') — Ob(A) U {0}.
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Define a function r : Ob(C') — Ob(Cy) by setting
x if z € Ob(C') — Ob(A), and
0 if z € Ob(A).

Then there are isomorphisms

r(x) =

Ny T = r(z)
such that n, = 1, if x € Ob(C') —Ob(A) and 7, is
the canonical isomorphism x — 0 in the groupoid
Aifz € Ob(A). If a : z — y is a morphism of
C', let r(«) be the unique morphism such that the
diagram
T —27r(x)

o r(«)

Y7
commutes. Then if ¢ : Cy C C' is the inclusion
of Cp in C, we see that r - ¢ is the identity on
Cp, and the isomorphisms 7, determine a natural
isomorphism
n:le =

Note that the isomorphism 7 restricts to the iden-
tity isomorphism

on the image of the inclusion functor ¢, so that Cj
is a strong deformation retract of C'.
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Suppose that D is a category with full subcategory
B which is a trivial groupoid. Suppose that B is
closed under isomorphisms. Pick an object 0 of B
and form the full subcategory Dy of D in the same
way that Cj is constructed above. Then there is
a functor r : D — Dy which together with the
inclusion 7 : Dy — D forms a strong deformation
retraction of D onto D.

Suppose that f : C' — D is a functor such that
f(A) C B, and let f, be the composite
c>cpL b,
[ claim that the diagram of functors
C—"=Cy (23)

fl |-
D—D,

commutes as required.

Consider the commutative diagram

flo) ———inf@)
. D
Flir(e)) —— i ()
If f(x) € B then f(ir(x)) € B and

0=rf(x) LY r(flir(@) =0
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is the identity morphism. If f(x) ¢ B then « ¢
A and the map n, : * — dr(z) is the identity
morphism, and so

rfng) rflx) = rflir(x))

is the identity morphism as well. It follows that
the functors r f and rfir = f.r coincide, and so
the diagram (23) commutes.
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