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Simplicial presheaves

A simplicial presheaf is a diagram of simplicial sets
X :C% — sSet

defined on a category C having a Grothendieck topology.

Examples:
1) op|r = open subsets of a topological space T
) et|s = étale maps U — S for a scheme S

3) (Sch|s)et = "big" étale site for a scheme S
)

(Sch|) zar, (Sch|s)nis, (Sch|s)q: big sites with Zariski,
Nisnevich, flat topologies ...

5) index category / with no topology: a family U — V for V is
covering if and only if it contains the identity V — V.
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Local weak equivalences

s Pre = sPre(C) is the category of simplicial presheaves on C, with
natural transformations between them as morphisms.

A cofibration A — B of s Pre is a monomorphism.

f: X — Y is a local weak equivalence (Joyal) if
1) fi: X — 7Y is a sheaf isomorphism , and
2 the diagrams

~ f* ~
|—|yEXo(U) W”(X(U)ay) TF,,X —— 7TnY
! v v
Uyexo(uy * Xo—F—>Yo

are pullbacks in the sheaf category for n > 1.

In the presence of stalks X — X,: f is a local weak equivalence iff
all maps £ : Xy — Y, are weak equivalences of simplicial sets.
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Injective model structure

A map p: X — Y is an injective fibration if it has the RLP wrt all
cofibrations which are local weak equivs. (ie. trivial cofibrations).

The category s Pre, with the cofibrations, local weak equivalences
and injective fibrations, satisfies the axioms for a proper closed
simplicial model category. This model structure is cofibrantly

generated.

This is the injective model structure for s Pre(C).

There is a corresponding model structure for simplicial sheaves,
due to Joyal, which is Quillen equivalent.
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Bounded monomorphisms

A Grothendieck site C is implicitly a small category, so that there is
a set of morphisms Mor(C).

Choose an infinite (regular) cardinal a such that | Mor(C)| < a.

B is a-bounded if |B,(U)| < a for all n >0, U € C. A cofibration
(monomorphism) A — B is a-bounded if B is a-bounded.

The existence of the injective model structure for s Pre(C) follows
from the bounded monomorphism condition [2]:

Suppose that i : X — Y is a trivial cofibration and that AC Y is
an a-bounded subobject. Then there is an a-bounded subobject
B CY, such that AC B and BN X — B is a local weak
equivalence.
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Pointed simplicial presheaves

A pointed simplicial presheaf is a morphism % — X in the simplicial
presheaf category, ie. a simplicial presheaf X with a “global”
choice of base point. * = one-point presheaf (terminal object).

A morphism of pointed simplicial presheaves is a commutative

diagram
* (1)

Common notations for the category: s, Pre, */sPre.

There is a proper closed simplicial model structure on s, Pre(C) for
which a morphism (1) is a weak equivalence (resp. cofibration,
fibration) if and only if the map f : X — Y is a local weak
equivalence (resp. cofibration, injective fibration) of simplicial
presheaves. This model structure is cofibrantly generated.
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The map
*

AR

f

X Y

of pointed simplicial presheaves is a weak equivalence if and only if
the map f : X — Y is a local weak equivalence of simplicial
presheaves, ie. induces isomorphisms of sheaves of all homotopy
groups for all local choices of base points.

A similar observation applies to the model structure for pointed
simplicial sets, which is a special case.

This is a common source of errors.
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Sheaf cohomology

There is a model structure on s Prey, (presheaves of simplicial
abelian groups, for which a map A — B is a weak equivalence
(resp. fibration) if the underlying map u(A) — u(B) of simplicial
presheaves is a local weak equivalence (resp. injective fibration).
There is a Quillen adjunction

Z : sPre = sPrey : u.

Suppose that A is a sheaf of abelian groups. There is a natural
isomorphism

[+, K(A, n)] & H"(C, A).
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Sheaf cohomology, Il

“Proof” of Theorem 5.

K(A,n) = T(A[=n]),

where chain complex A[—n] is A concentrated in degree n and
: Chy S sAb: N

is the Dold-Kan correspondence.

If A— Jis an injective resolution of A, then A[—n] — 7(J[—n]) is
a local weak equivalence (ie. quasi-isomorphism), where 7 is good
truncation in degree O (preserves H,-isomorphisms).

The chain complex object 7(J[—n]) satisfies descent, so that
[Z(*), 7(J[—n])] is identified with chain homotopy classes of maps
Z(*%) — J[—n]. O
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Cohomology of simplicial presheaves

Corollary 6.

Suppose that A is an abelian sheaf, with injective fibrant model
J: K(A,n) — GK(A, n). Then there are isomorphisms

H"=k(U,A) if0< k< n, and
0 if k > n.

m(GK(A, n)(U)) = {

For a simplicial presheaf X, define cohomology of X by
H"(X,A) = [X,K(A,n)], n>0.

Example: G = algebraic group, defined over a field k. BG
represents a simplical sheaf on (Sch|k)et, and there is an iso.

H"(BG, A) = H'(et|sc, A),

where et|g¢ is the étale site fibred over BG (classical definition).
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Presheaves of spectra

A presheaf of spectra E on a site C is a functor
E : C°° — Spt.
Alternatively, E consists of pointed simplicial presheaves E",
n > 0, together with bonding maps o : S* A E" — E"H1L.
A morphism « : E — F is a natural transformation of functors.
Alternatively, o consists of pointed simplicial presheaf maps
a: E"— F" n >0, such that the diagrams
51 A EP g o En+1
SlAa\L ¢a
1 +1
S*ANF"——F"
commute.

Spt(C) denotes the category of presheaves of spectra on C.
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1) The sphere spectrum object S is the constant presheaf of
spectra associated to the ordinary sphere spectrum. It consists of
the iterated smash powers

S"=S'A-..ASY n>1,
with §® = AT = {0, 1}, pointed by 0.

2) K = a pointed simplicial presheaf: the suspension spectrum
Y*K =S A K is defined by (X*°K)" = S" A K.

3) [Ze(K) = Z(K)/Z(*), reduced simplicial abelian presheaf]

A = simplicial abelian presheaf. The Eilenberg-Mac Lane spectrum
H(A) consists of pointed simplicial presheaves underlying the
objects

H(A)" = Zo(S")® A, n>0,

with canonical maps

SIAZJ(SM R AL Zy(S" ) 2 A



Chain complexes

H(A) is a suspension spectrum object in simplicial abelian
presheaves. The sphere spectrum for that category is Z4(S).

Every (unbounded) chain complex object D determines a presheaf
of spectra ['(D):
[(D)" = [(r(D[=n))-

Here,

1) D[—n]x = Dk_p is D shifted up n times

2) 7 is good truncation in degree 0, and

3) I': Chy = sAb : N is the Dold-Kan correspondence.
The canonical maps

7(D[=n])[-1] = 7(D[-n —1])

induce the bonding maps — use the natural equivalence

N(Zo(S)) © A) S (NAY[-1]

in normalized chains for simplicial abelian groups A,
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The strict model structure

Strict weak equivalences (resp. strict fibrations) are those maps
a : E — F of presheaves of spectra for which all maps E" — F"
are local weak equivalences (resp. injective fibrations) of pointed
simplicial presheaves.

A map i: A — Bis a cofibration if A° — B° and all
(ST A B") Ugippn AT — BF1

are cofibrations of pointed simplicial presheaves.

The proof of the following is an exercise:

The category Spt(C), together with the strict weak equivalences,
strict fibrations and cofibrations as defined above, satisfies the
axioms for a proper closed simplicial model structure. This model
structure is cofibrantly generated.
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The stable model structure

A map a: E — F of Spt(C) is a stable equivalence if it induces an
isomorphism

AE — 7y F
of sheaves of stable homotopy groups for all k € Z.

A map p: X — Y is a stable fibration if it has the RLP wrt all
maps which are cofibrations and stable equivalences.

Theorem 8.

The category Spt(C), with the cofibrations, stable equivalences
and stable fibrations as defined above, satisfies the axioms for a
proper closed simplicial model category. This model structure is
cofibrantly generated.

This is the stable model structure for Spt(C).
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“Proof” of Theorem 8

The function complex hom(X, Y) for the simplicial model
structure of the Theorem has n-simplices given by the maps

XAAT =Y

The following are the basic steps in the proof of Theorem 8:

A map p: X — Y is a trivial stable fibration if and only if it is a
trivial strict fibration.

Suppose that i : E — F is a monomorphism and a stable
equivalence of Spt(C), and suppose that A C F is an a-bounded
subobject. Then there is an a-bounded subobject B C F such that
A C B and BN E — B is a stable equivalence.

v
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Stably fibrant models

The stable model structure of Theorem 8 is cofibrantly generated,
so there is a natural stably fibrant model n: E — LE.

A map X — Y of stably fibrant objects is a stable equivalence if
and only if it is a strict equivalence. Thus a map E — F is a stable
equivalence if and only if LE — LF is a strict equivalence.

X is stably fibrant if and only if X is strictly fibrant and all
X" — QX" are local weak equivalences.

If X is stably fibrant, then the maps
hom(S A Uy [—n], X) = hom(S A U A SY—n—1],X)

are weak equivalences for all n > 0 and all U € C, so all
X" — QX" are sectionwise weak equivalences.
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The classical model

Y strictly fibrant: (Q2°°Y)" is the filtered colimit of the system
yn % Qyntl 22, gzyni2 Lo,

The objects (2°°Y)" form a presheaf of spectra QY and there
is a natural map of spectra

v:Y — QFY,

which is a stable equivalence. Q°°Y may not be strictly fibrant.

The composite
n: X L FX % QFFX L FQOFX = QX

is a natural stably fibrant model for a presheaf of spectra X.
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Bousfield-Friedlander localization

The map n7: X — QX is the “classical” stably fibrant model.
Here are some basic facts:

A4: The functor @ preserves strict equivalences.

A5: The maps 1, Qn : QX — QQX are strict equivalences.

A6: Q-equivalences are preserved by pullback along stable
fibrations and pushout along cofibrations.

Theorem 8 is a formal consequence of the existence of the model
n: X — QX, and this list of statements.

This is the Bousfield-Friedlander method of proof for the existence
of the stable model structure on the category of spectra, and was
the original argument for Theorem 8.
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Sheaf cohomology, revisited

A = abelian sheaf on C, with corresponding Eilenberg-Mac Lane
spectrum H(A), and strictly fibrant model j : H(A) — FH(A).

H(A)" —— QH(A)"
i VU

FH(A)" —— QFH(A)"1

Qj is a local weak equivalence(!), so o : FH(A)" — QFH(A)"+1 is
a local weak equivalence, and FH(A) is stably fibrant.

Corollary 6 implies the following:

H=k(U,A) ifk <0, and

mFH(A)(U) = {0 ifk > 0.
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Etale cohomology

1) Suppose that S is a scheme and let A be an abelian sheaf for an
étale site over S. Take a strict fibrant model j : H(A) — FH(A) in
presheaves of spectra for the étale topology. Then there are
isomorphisms

H.5(S,A) if k <0, and

meFH(A)(S) = {0 if k> 0.

2) Suppose that S = Sp(k) for a field, and let G be the absolute
Galois group for k. If A is an abelian sheaf for the étale topology
on k and j : H(A) — FH(A) is a strictly fibrant model, then
H=P(G,A) if p<0, and

mpFH(A) (k) = {O o

Here, H*(G, A) is Galois cohomology.
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Profinite groups

The absolute Galois group G of a field k is the pro-group of Galois
groups G(L/k) for the finite Galois extensions L/k inside ksep.

H = {H;} = a profinite group. Write also H = lim H;.

H — Setyr is the site of finite discrete H-sets, ie. finite H-sets F
for which the action H x F — F factors through some action

H; x F — F, with the H-equivariant maps between them. The
coverings are surjective maps. The associated topos is the
classifying topos for H.

A presheaf F on this site is a sheaf if all maps
F(U Hi/Ni) — T F(H)M

are isomorphisms.

A generalized Galois cohomology theory is a cohomology theory
represented by a presheaf of spectra E on such a site.
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Hypercohomology

D = an unbounded presheaf of chain complexes on C, with
associated spectrum object I'(D). Let j : (D) — FI'(D) be a
strictly fibrant model.

Then FT(D) is stably fibrant, and there are isomorphisms

mFT(D)(U) 2 H %(U,D), ke Z,UeC.

H*(U, D) is hypercohomology.

If E is a presheaf of spectra with stably fibrant model j : E — GE,
then one often sees (Thomason)

HX(C, E) := m_ (T« GE).

Here, I'.GE = lim GE(U) is global sections of GE.

veC
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Algebraic K-theory

The category Sch|, of k-schemes can be endowed with the
geometric topologies that you like: Zariski, flat, étale, Nisnevich.

There is a presheaf of spectra K : (Sch|x)°P — Spt such that
K(U) is a model for the algebraic K-theory spectrum of the
k-scheme U.

Suppose that ¢ # char(k) is a prime. Form the cofibre sequence

K25 K — K/t

Ko(U,Z/) := mpK /{(U) defines the mod ¢ K-theory of U.

The K-theory presheaf and its relatives have stably fibrant models
for each of the topologies that we know, eg j : K — Kza,,

J: K = Kpis, and j : K/l — (K /{)et define Zariski, Nisnevich and
étale K-theory.
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If j: E — GE is a stably fibrant model for a presheaf of spectra E,
E satisfies descent for U if E(U) — GE(U) is a stable equivalence.

Fact: All stably fibrant presheaves of spectra Z satisfy descent for
all objects U.

1) The map K(S) — Kza(S) is a stable equivalence if S is
smooth (and Noetherian) over k (Brown-Gersten). Algebraic
K-theory satisfies Zariski descent for smooth schemes S.

2) The map K(S) — Knis(S) is a stable equivalence if S is smooth
(Morel-Voevodsky). Algebraic K-theory satisfies Nisnevich descent
for smooth schemes.

3) The original descent theorem of Nisnevich says that K /¢
satisfies Nisnevich descent (cdh-descent) for smooth schemes.
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4) Suppose ¢ # 2. The Lichtenbaum-Quillen conjecture says that
Ks(k,Z/0) = wsK JU(k) — ms(K/0)et(k) =: KE'(k,Z/0)

is an isomorphism for s > d — 1, where d is the Galois
cohomological dimension of k with respect to /-torsion sheaves.

4) For more general (ie. non-smooth) schemes S, the Nisnevich
K-theory spectrum Kj;s(S) has all of the attributes of
Thomason-Trobaugh K-theory except for the geometric
construction (perfect complexes). The Nisnevich K-groups

TpKnis(S) =: KAVIS(S)

coincide with the Thomason-Trobaugh groups 7,K "7 (S) for
p=0.
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Descent spectral sequence

Suppose that E is a presheaf of connective spectra. E has a
Postnikov tower, which tower has a stably fibrant model

P,E —'+ GP,E

N

P,E— - GPE

| I

E PoE — GPoE

There are fibre sequences
GH(mnE)[—n](S) — GP,E(S) & GP,_1E(S)
in sections, and reindexing a Bousfield-Kan spectral sequence gives

B = H¥(S,7(E) “ = "m_GE(S) = HE(S, E).
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Elephants in the room

Presheaves of symmetric spectra
Derived categories, symmetric spectrum objects
Elliptic cohomology theories, tmf

Derived schemes
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