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$lasaHIT

$1is postulated as a type with:
> abasepoint « : $1,

> apath() : e = o,

It comes with an elimination rule: forany T : $! — U

t:T(e) .
f:tzgt — fHT(X)

x:§!

such that f(«) = tand [f] (O) = ¢.
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Warming-up

In particular, functions s 5 A corresponds to
> apointx : A,

> asymmetry f @ x = x.

Example: define —idg: as the function St — 8! given by:
» thepoint » : $!,

» the symmetry 971 1 o = o
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Proof sketch

Goal: prove that
(s =s') = (s' +s!)

> Identify (§' = 1) with (8! = §1)

» Prove that

(Sl = Sl) = (Sl - $1)(id51) * (Sl - $1)(—id51)

> Identify both component with ST
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idg, # —ids;

Suppose p : idg: = ~idg:, and evaluate:

ple): o=
[p] (©) = p(e) = p(+)

k:2Z
LoTlokot=oF k

Consequence: Hf = idg: H + Hf = ~idg; 0 is a proposition for f : $1 — §1.
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s ¢(e) TI41©)
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Equivalences are merely idg: or —idg;

Let ¢ : S! = ST and prove the proposition Hgf) = idSl" + Hgf) = —id$1H.

WLOG, suppose ¢is pointed: p : » = ¢(«).

Because ¢ equivalence: p~1p(())p = O*L.

In other words thereis ey : ¢ = idg; or e_; : ¢ = —idg:. Then truncate.
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$t — §!

(st —sh) :(Z x:x> = ($'xZ)

x: 81

idSl } (0’1)

_id$1 } (o’—l)



Conclusion: (§! = §1) =~ §! + §!

(t=8)= (8! — 51)(id$1) + (8! — sl)(_id$l)
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Conclusion: (§! = §1) =~ §! + §!

(8'=81)= E(Sl — $1)(id$1)} + [(Sl — Sl)(—idsl)}

]

st $!
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$2 := 381 is the suspension of $!, defined by:
» twopoles N, S : §2,
» foreach x : $1,apathmrd(x) : N = S.

$2 comes with an elimination rule: for every T : $2 — U,
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$2 as a suspension

$2 := 381 is the suspension of $!, defined by:
» twopoles N, S : §2,
» foreach x : $1,apathmrd(x) : N = S.

$2 comes with an elimination rule: for every T : $2 - U,

n: T(N)
1 T0) — £ [T
m: H n :erd(x) $ yl_[“

x:81

suchthat f(N) = n, f(S) = sand [ f] - mrd = m.
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Generalization

Should we expect (82 = $%) ~ §2 + §2 2

Probably not: the argument for $1 = (§! — Sl)(id ) relies on
s

QS =7  abelian group

Still plausible: there is two equivalent connected components, one at id$2, the

other at ~idg,.
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Definition of —idg.




Definition of —idg.

Hopefully, idg, # —idg, still holds.
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idg, # ~idg,
Suppose p : [, ¢, 1d(y) = ~id(y).
WLOG, one can suppose p(N) = mrd(+) and p(S) = mrd(« )_1 inhabited.

Then one has
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x: 8!



idg, # ~idg,
Suppose p : [, ¢, 1d(y) = ~id(y).
WLOG, one can suppose p(N) = mrd(+) and p(S) = mrd(« )_1 inhabited.
Then one has

m(e) : mrd(-)_lmrd(-)mrd(-)_1 = mrd(-)_1
[7](O) = w(e) = 7(+)



idg, # ~idg,
Suppose p : [, ¢, 1d(y) = ~id(y).
WLOG, one can suppose p(N) = mrd(+) and p(S) = mrd(« )_1 inhabited.

Then one has

m(e) : mrd(-)_lmrd(-)mrd(-)_1 = mrd(-)_1
[7](O) = w(e) = 7(+)

... ultimately, one gets an element of [mrd] (()?) = reflyrdce)
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Recall the Hopf family:

H:82 51U o > x
N n: =81 O  (x=x)
Sr>s:=8!

cs1 5 (81 =gl
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Recall the Hopf family:
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S+>s:=8!

cs1 5 (81 =gl
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Recall the Hopf family:
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Recall the Hopf family:

H:82 51U
N> n =81
Sr>s:=8!
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idg, # —idg. (cont'd)

Recall the Hopf family:

H:82 51U
N> n =81
Sr>s:=8!

x— (x,0,) : 815 (8! =81

Then [#] - mrd is an equivalence, in particular [[#] » mrd] is injective and one
ends up with (52 = refl, . &
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Degree is a monoid morphism

The degree of a function f : $2 — $2 pointed by fy : N = f(N)is

(1
B0 =X, my(s?) 2L 452y

3

QX) := pty =pty
Qm1(X) = Q(Q"X)
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The degree of a function f : $2 — $2 pointed by fy : N = f(N)is

my(s?) 2T, 4 (s2)

ZI| 1I|

Z Z

11— d(f. fo)

. . d(ldSZ, refIN) =1
Because 7, is a functor: d((g.80) - (f, f) ) = d(g. go) * d(f. fy)

=(g- f.181(f) - &)



Degree is a monoid morphism

The degree of a function f : $2 — $2 pointed by fy : N = f(N)is

my(s?) 2T, 4 (s2)

| ']

Z Z

11— d(f. fo)

d(id$z,reﬂN) =1
d( (g.80)°(f. fo) ) = d(g.g) = d(f. fo)

Because i, is a functor:

Consequence: the degree maps pointed equivalences to either 1 or —1.
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Q(1)
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Define 7(p) = [H]|(p)(+)forp : N=N.



Alternative description

d

Q(1)

(52 —. §2) 212 (g1 _, g2) SUMA ag2 2D a1 7

0-connected

Define 7(p) = [H]|(p)(+)forp : N=N.

Consequence: for (f, fy),(g,80) : $? —, $2,

d(f. fo) = d(g.80) = I(f. fo) = (g. &)l
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Putting things together

Recall one has idg, # —idge.

Hence, proving Hf = id$2” + Hf = _id$20 for an equivalence f : $2 = $2, one
can suppose that fis pointed by some f, : N = f(N).

Then d(f, fy) = £1. Also, d(idgz, refly) = 1 and d(-idg,, mrd(«)) = 1.

This yield H(f, fo) = (idg2, refIN)H + H(f, fo) = (—ing,mrd(o))” From which
derives ”f = idSZH + Hf = —id$z".
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Equivalence of both components

Define ¥ : (§2 — $2) — ($2 — $2) by mapping a map fto:

P()N) = £(S), X(F)S) = f(N), [¥(f)]-mrd = [f]-mrd(-)"

» W¥isanequivalence (it is its own inverse)
> \P(ld$2) = _idSZ

Hence,
(8% = $2)(id:q,2) G Sz)(‘idSZ)



Conclusion forn = 2

(SZ = SZ) ~ 2 x (Sz = Sz)(ld 2)
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Freudenthal’s theorem

Inductively, $7*1 := 8" with the appropriate elimination rule.
Freudenthal's suspension theorem implies that
o : 8" — Q(S™1), x — mrd(N,) 'mrd(x)

is 2(n — 1)-connected.

Hence, Q™(o) : Q*(§") — Q™ 1(§7*1)is (n - 2)-connected.
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0-connectedness
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0-connectedness

(Sn_) S”) () ($n+1_) $n+1)

Qn($n) ) 3 Qn+1($n+l)

Then 2(-) : (8" —, §") — (8™ —, §7*1)is (n - 2)-connected, hence
0-connected.

Because 8™ and $*1 are 1-connected, the forgetful maps
(" —, §") — (8" — "), (§™1! —, §n+ly 5 (§n+l _; gn+l)

are 0-connected.
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P

||$” N N$n+1 $n+1”0

Sn
b 55 IIZ( o
There is an isomorphism of monoids
||$” N Sn”O N H$n+l — $n+1ﬂ
0

forall n = 2, and the type of invertible elements of |$" — §"| is equivalent to
18" = S},



Induction

”Sn —, Sn”o |@) NSrHl —, gn+1

P

I8" = 8" 57 I8t =87,

0

There is an isomorphism of monoids
||$” N Sn”O N H$n+l — $n+1ﬂ0

forall n = 2, and the type of invertible elements of |$" — §"| is equivalent to
18" = S},

As ”SZ = SZDO = 2, by induction [$" = §"|, = 2 forall n > 2.
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On the shape of (8" = $") 4.,

(8" =, $M — ("= 5" — "

is a fiber sequence.
Hence a long exact sequence:

oo = 1(8") — 1 (8" =, §™) — (8" = §") — 1y (S™) — ...

Soforn = 3,

7y(87 = 87 = 7, ($" =, $")



On the shape of (8" = $") 4.,

(87 =, 87) — (8" = ") —> 5"

is a fiber sequence.
Hence a long exact sequence:

o = 1 (8") — m (8" =, §") — 1y (8" = 8") — m(§™) — ...

Soforn = 3,

(8" = 8") = my (8" =, ") = my ($" —, §")



On the shape of (8" = $") 4.,

(8" =, $M — ("= 5" — "

is a fiber sequence.
Hence a long exact sequence:

oo = 1(8") — 1 (8" =, §™) — (8" = §") — 1y (S™) — ...

Soforn = 3,

7 (S7 = ) = 7 (1 =, $™) = 1y (S" —>, $") = m,.,1(S™)



On the shape of (8" = $") 4.,

(8" =, $M — ("= 5" — "

is a fiber sequence.
Hence a long exact sequence:

oo = 1(8") — 1 (8" =, §™) — (8" = §") — 1y (S™) — ...

Soforn = 3,

(8" =8") = (8" =, §") = (8" —, 8™) = 7, 1 (8™) = Z,
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What we have proved:
> ($1=£‘F,1)z$1+$1
2_02) .9« (T2 _ ¢2
> (7 =87 =2x (82 =80y )
> ||$"=$”||Oz2fornz3
> (§"=8") # (8" +8")forn=3

What about:
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Sum up

What we have proved:
» (§$1=81) =81 +8!
2_02) .9« (T2 _ ¢2
> ($2=82) =2 (82=8) )
> [$"=8"|,=2forn=3
» ($"=8") +(§"+8")forn=3

What about:
> (§2=5%) # (82 +82)?
> (Sn = Sn) = ($n = Sn)(idsn) + (Sn = Sn)(—idSn) ?
(In other words, is idgn # —idgn).
Then (Sn = SH) =2 x (Sn = Sn)(idsn)



Thank you.
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