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Proposbkamed  Logic
syntax ProplLog

type
* 1 0-ary
term

true :
false :
and
or
not

* ¥ X X *
*
'
Vv
*

theory
P:* |> and( P, P)=P
P:* |> not(not( P )) =P

P,Q : * |> not( and(P,Q) ) = or( not(P) , not(Q) )



'T'IT STr Qf Aer L—Oy‘c,

syntax FOL

P: N.* |> not( all(x.P[x]) ) = ex(x. not(P[x]) )
P,Q : N.* |> all(x. and( P[x] , Q[x] ) ) = and( all(x.P[x]) , all(x.Q[x]) )
P:N.* Q:* |> or(all(x.P[x]) , Q) =all(x. or( P[x] , Q))

P:N.*, n: N |> all( x.P[x] ) = and( P[n] , all(x.P[x]) )



F:N.*¥, Q:* F 3I(x.F[x]) =0Q

n

V(x. F[x] = Q)

3(x. F[x]) = 0Q

=( I(x.F[x]) ) v Q

n

V(x. = F[x] ) v Q

n

V(x. = F[x] vQ) (%)

V(x. F[x] = Q)



V(X.

- FIx] ) v Q

w

V(x. = F[x] v

is derived from the axiom

P :

N.*

Q :

*  V( x.P[x] ) vQ

by metasubstituting
y. = Flyl }

intuitively as follows

{ P :

V( x. P[x] ){ P := y. = Fly] }

V( x. P[xI{ P := y. = F[y]l } )

v(
v(
v(

v(

X.

X.

X.

X.

(= FIyD{ x/y } )
=( FIyl{ x/y } ) )
~Fly{x/y} 1)
- F[x] )

Q

w

V( x. P[x] v Q)



Porkal Dr#aw{ﬁeb’l;m,

syntax PDiff

type
R : 0-ary

term
Zero :
add
neg
one
mult :

X 00 00
]
Vv
pe)
0]

pd : R.R R -> R | o |_



| Plet ko)
theory

f: (R,LR).R, g,h: RRR|>2Zz :R

| - pd( x.f[g[x],h[x]] , z )

add (
mult( pd( x.f[x,h[z]] , glz] ) , pd( x.g[x] , z ) )

mult( pd( y.flglzl,y]l , hiz] ) , pd( x.h(x] , z ) )
)

[ R-RIFR][RIFR]J[RIFR]»][R]

- do a{ b(Xe) <« c¢(Xo) )

(0 a{ Xo « ¢(X1) ) | b(Xe) ) ® (00 b(Xoe))
@

(0 a{ b(X1) « Xo ) | ¢(Xe) ) ® (3o c(Xo))

n



-- Unary chain rule
de a{ b{ Xe ) )
=( ax 9Chz with { a( xe ) « b( Xxe ) <« @ ) )

(0 a{ Xe ) | b{ Xe ) ) ® (de b{( Xe ) )
@
(0 a(b(x1 ) )| ©) @ (30 0)

=( cong[ thm 90 ] inside
(0 a{ Xe ) | b( Xe )) ® (0e D( Xo )) ® ((0 a{( B( X2 ) ) | ©O) & =°) )

(90 a{ Xe ) | b{ Xe ) ) ® (de b{ Xeo ))
®
(0 a{(b(x1 ) )| 0) o0

=( cong[ thm 0XeR with { (8 a{ (b{ x1 )) ) | @) » 1 inside
(0 a{ Xe ) | b( Xe )) ® (0e D{ Xeo )) ® ¢ )

(0 a{ Xe ) | b{ Xe ) ) ® (de b{ Xe ))
@
0

n

( thm OUe® with (8 a( Xxeo ) | b( Xe )) ® (de b{ Xeo )) ) )

S

(0 a{ Xe ) | B{ Xe )) ® de b( Xe )



Formal Metatheory of Second-Order Abstract Syntax

Marcelo Fiore and Dmitrij Szamozvancev. 2022. Formal Metatheory of Second-Order Abstract Syntax. Proc.
ACM Program. Lang. 6, POPL, Article 53 (January 2022), 29 pages. https://doi.org/10.1145/3498715

We present a mathematically-inspired language-formalisation framework implemented in Agda. The sys-
tem translates the description of a syntax signature with variable-binding operators into an intrinsically-
encoded, inductive data type equipped with syntactic operations such as weakening and substitution, along
with their correctness properties. The generated metatheory further incorporates metavariables and their
associated operation of metasubstitution, which enables second-order equational/rewriting reasoning. The
underlying mathematical foundation of the framework - initial algebra semantics - derives compositional
interpretations of languages into their models satisfying the semantic substitution lemma by construction.
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type
N 0-ary
_»_ 1 2-ary
term

app : a»B o -> B | _$_ waom&l‘;’%u‘]
lam : a.B -> a=»B | A_ %Mféhi
cntriecce -jbpat

data A : Familys where L énCo 9’

var : J = A [:A4AkbdéthLtAz‘b‘usz
Bembon ot el
Mo &b oL ]

$ :N(@»B) I -ANal-ABT
X AB(ax-T)->A(ax»pB) T
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type
N : 0-ary
_»_ i 2-ary
term

—

app: a»B a -> B | § wﬁ’"t‘/‘*‘%"‘?
lam: aB > a»B | A ‘%Mr’éhd
tntrinece :ta(ki

module A:Terms (X : Familys) where L &AC\YJ"V"?» /N

data A : Familys where m&t’a v bl«es
var :J = A

mvar : X al-Sub ANT->Aarl
$ A (@-»B) - Aol -ABT
A+ AB(xel)-A(a»p)rl
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Se cond-erder E%éh‘mi L0341

variable
aBy:T
ran: cCtx
MmN : MCtx

-- Second-order equational logic

module Egqlogic ( » F

data

ax

tr

Oms

{t s : (M T)
- Me [t =a s

=
v

-
—
r+
w
]

(p: [ ~A)
(Z & : MSub A
(V{x N}(m : N

Z=a VML {a} » (M T) o - (Me>T) al - Set ) where

e k= (M MCtx){a : T}([ : Ctx) » (M= T) al - (M T) a [ - Set:1 where

a '}

a '}

MmN)
FT €M - Ne (I +A) F (ixt T m) = (ix? & m))

- N e AFr (Omsubt t p T) = (Omsubt s p &)
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