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Continuity of definable functions in a constructive setting

Theorem (folklore?)

Every function (N — N) — N definable in Gédel’s system T is continuous.

with Godel's system T = simply typed A-calculus + N + recursor.

[Foundations of Constructive Mathematics. M.J. Beeson. Springer, 1985]
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Continuity of definable functions in a constructive setting

Theorem
Every function (N — N) — N definable in S is continuous.

with S a dependent type theory.

Generalizing [Continuity of G&del's system T functionals via effectful forcing. M. Escardé. MFPS'2013.]
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Local continuity

A function f : (N — N) — N is continuous at a : N — N if:

YW e Wn(f «),3V € Vnon(f),Ve' :N—= N, o cV=(fad)eW.

With:

e Discrete topology on N
e Product topology on N — N

This becomes:

Jw : list N,Va' :N—= N, (d'[w] =a[w]) = (f o) = (f a).



Dependent type theories

e CC, : a predicative variant of CIC, with dependent pairs
e |dentity types, a la MLTT

e Inductive types with parameters and indices
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CC,, with dependent pairs: typing rules

ABMN: =0 | x| MN|Xx:AM|MNx:AM|EZx: A B|Mmx | M| (M,N)

NA:=-|T,x:A
r=A:0; T (x:A)er =T i<y
o FIx: A lrEx: A r=o;: o0
r=A:0; r-mM:B r-A:0O; MNx:AkFB:O;
Nx:AFM:B M=Tx: A B Onax(ij)
r’EM:Mx: A B r’=N:A Mx:AFM:B r=nMx:AB:0;
=M N:B{x:= N} FrN-Xx:AM:MNx:AB
rM:A r=B:0; r-A=B
r-m:B
r=A:0O; MNx:AFB:0O; r’EM:xXx: A B
IM=%x: A B : Ona) Fr’EMm: A

rNEM:xXx:A B
M= Moo B{x := M.m1}
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Inductive types in CIC

Inductive N:=O:N|S:N— N

re

re re
TFN:0; TTFO:N FS:N—N

r'FP:N—=0O lFto: PO N-ts:Mn:N.Pn— P (Sn)
[FNipg Ptots:Mn:N.Pn

Ning P to ts O = to Ning P to ts (5 n) =1tsn (Nind P to ts n)



Local continuity

¢ : (N=N)—=N)—=0O

¢f = Ma:N=>N)LXL:listN).NB:N—>N).ax;—>Ffa=fFf}.
with

axyfB:=mapla=map/{ [



Wished theorem

Theorem

For any ks f: (N — N) — N, there exists a proof =7 p:% f.

with 7 and S two “appropriate” dependent type theories.
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Effectful computations

See:
Ff:(N—-N)—N

as a natural number computed using calls to a fixed oracle a:
a:N—-NFn:N
More generally, we will study:
a:MNi:LOika:A

for fixed arbitrary types:

e of questions to the oracle: 1T : o

e of answers from the oracle: - O : T — [y

Denote Q := T/ : I, O i the type of oracles.



Dialogue trees

Inductive ® (A:0):0 :=n:A—=DA | g:N({:0).(0i—DA) —DA.
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Dialogue trees

Inductive ® (A:0):0 :=n:A—=DA | g:N({:0).(0i—DA) —DA.

A term I d : © A represents a dialogue tree with:

e labels on inner nodes in I;
e labels on leaves in A;

e arcs from inner node i indexed by (O 7).

10



From dialogue trees to functions

A dialogue tree - d : ©® A shall compute a term in A using an oracle o : Q:

0 : MA:O} (a:Q)(d:D A).A
9 a (n x) X
da(Bik) = 0al(k(ai)).

akil,



From dialogue trees to functions

A dialogue tree - d : ©® A shall compute a term in A using an oracle o : Q:

0 : MA:O} (a:Q)(d:D A).A
9 a (n x) = %
da(Bik) = 0al(k(ai)).

Definition
A function f : Q — A is said to be eloquent if there is a dialogue tree d : © A
and a proof that Mo : Q. f « =0 a d.

akil,



From dialogue trees to functions

A dialogue tree - d : ©® A shall compute a term in A using an oracle o : Q:

0 : MA:O} (a:Q)(d:D A).A
9 a (n x) = %
da(Bik) = 0al(k(ai)).

Definition
A function f : Q — A is said to be eloquent if there is a dialogue tree d : © A
and a proof that Mo : Q. f « =0 a d.

Remark: Every eloquent function f is continuous.

Proof. Let dr be a dialogue tree associated with f, and « : Q. Now « selects a
path in dr from the root to a leaf. Consider £, : list I the corresponding list of
labels.

akil,



From functions to dialogue trees

Theorem

For any ks f: (N — N) — N, there exist a proof =1 p:% f.

Proof. Construct a model of S for which which every function
(N — N) — N is eloquent.
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Syntactic models

For S and T two dependent type theory, a syntactic model of S in T is:

e a translation [_] of terms of S into terms of T;
e a translation [_] of types of S into types of T;
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Syntactic models

For S and T two dependent type theory, a syntactic model of S in T is:

e a translation [_] of terms of S into terms of T;
e a translation [_] of types of S into types of T;

e a translation | ] of contexts of S into contexts of T;

Translations are typically defined by induction on the syntax of their argument.

'3}



Syntactic models

Expected properties:

e Computational soundness: M = N implies [M] = [N]
e Typing soundness: ' s M : A implies [[] F7 [M] : [A]
e Consistency preservation: [[MA : [J;.A] is not inhabited.

Remark: Consistency of the source S follows from consistency of the target 7.

14



Example: independence of funext from CC,

Take S as CC,, and T as CC,, + B.

o4, - O
2], - o

Az A M|, = (Az:[A4];. [M];, true)
(M N, = m [M], [N],

Mz :A.B], = (Lz:[A],.[B];)xB
], S

[The next 700 syntactical models of type theory. S. Boulier, P.-M. Pédrot,N. Tabareau. Procs. of CPP'17]
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Example: independence of funext from CC,

Now define:
funext :=M(A:0)(B:0i)(f g: A= B).(Mx: A(f x=gx) > f=a-pg

Theorem
There exists a closed proof ‘7 [funext — L]
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Example: independence of funext from CC,

Now define:
funext :=M(A:0)(B:0i)(f g: A= B).(Mx: A(f x=gx) > f=a-pg

Theorem
There exists a closed proof ‘7 [funext — L]

Proof. Define f := (Ax : B.x, true) and g := (Ax : B.x, false).
We have f,g : [B — B]r and (f =g—p g) — L.

But for any x : B, [f x =g g X]r is x =5 x.
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From functions to dialogue trees

Theorem

For any ks f: (N — N) — N, there exist a proof Fcc p: % f.

Proof. Construct a model of S in CIC, for which which every function
(N — N) — N is eloquent.
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From functions to dialogue trees

Theorem

For any ks f: (N — N) — N, there exist a proof Fcc p: % f.

Proof. Construct a model of S in CIC, for which which every function
(N — N) — N is eloquent.

The construction comes in three stages.

17



First model: branching translation

Remember that we fixed two parameters I : (g and O : T — [o.
Definition

For any type = A : [J, a pythia is term:

Ba:Mi:L(0Oi—A) > A
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First model: branching translation

Remember that we fixed two parameters I : (g and O : T — [o.
Definition

For any type = A : [J, a pythia is term:

Ba:Mi:L(0Oi—A) > A

This first model equips every type s A : [ in the source S with a pythia.

18



First model: branching translation

For every type ks A : [, define:

[A]b = ([[Aﬂb : D,BA) with BA a pythia
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First model: branching translation, for N

Define [N], as Nj with:
Inductive Ny : [ :=

Op : Ny | Sp i Np = Np ‘ ) :|_|(/: \)A(‘:“/*’*[h,)ﬂ‘\b.
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First model: branching translation, for N

Define [N], as Nj with:
Inductive Ny : [ :=

Op: Ny | Sp: Ny = N ‘ IN - |_|(/ : \)A ( I —> H/J) — Np.

The non-dependent eliminator is:

[Nese]s . 0P[O [Pls — (Ns — [Pls — [Pls) = No — [P
[Ncse]b P Po ps Op = po
[Nese]s P po ps (S n) = ps n ([Nesels P po ps n)
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First model: branching translation, for N

Define [N], as Nj with:
Inductive Ny : [ :=

Op : Ny | Sp i Np = Np ‘ IN |_|(/ : \)A ( i — H/J) — Np.

The non-dependent eliminator is:

[Ncse]b : MNP [[Dﬂb [[P]]b — (Nb — [[P]]b — [[P]]b) — Np — [[P
[Nese]o P po ps Op ‘= po

[Neselo P po ps (Sp n) ps n ([Nese]o P po ps n)

[Nese]s P po ps (Bu i k) = Bpi(Ao:0i).[Nese]s P po ps (k o))
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First model: branching translation from BTT to CIC

Agenda of the dependent eliminator:

e For P: Ny — [O]5;
e From po and ps;

e Produce a term of type (P (Bn i k)).m1

21



First model: branching translation from BTT to CIC

Agenda of the dependent eliminator:

e For P: Ny — [O]5;
e From po and ps;

e Produce a term of type (P (Bn i k)).m1

But this is impossible.

An Effectful Way to Elimi Addiction to D. d P.-M. Pédrot, N, Tabareau. Procs. of LICS 2017.
y
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First model: branching translation from BTT to CIC

Agenda of the dependent eliminator:

e For P: Ny — [O]5;
e From po and ps;

e Produce a term of type (P (Bn i k)).m1

But this is impossible.

Way out: restrict elimination in the source, and take S := BTT.

[An Effectful Way to Elimi Addiction to D d P.-M. Pédrot, N, Tabareau. Procs. of LICS 2017.]
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Restricted elimination in BTT

r-p:0 M-to:P M-tg:N—= P — P
I Nese Pto tg: N — P

rN-pP:N—0O N-to :Nser O P MNt-ts:M(n:N).Ngee n P— Nger (S n) P
It Nrec P to ts : M(n:N).Ngtr n P
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Restricted elimination in BTT

r-p:0 M-to:P M-tg:N—= P — P
I Nese Pto tg: N — P

rN-pP:N—0O N-to :Nser O P MNt-ts:M(n:N).Ngee n P— Nger (S n) P
It Nrec P to ts : M(n:N).Ngtr n P

where
Neer (n: N
Ncse

)(P:N—=D):0:=
(N=0) -0 MQ:N—=0).Q0)
AMm:N)(_ :(N-=>D0)—-0)(Q:N—=0).Q (Sm))nP.
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First model: branching translation from BTT to CIC

Theorem

The branching translation [ ], defines a syntactic model from BTT to CIC.
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Dialogue in the branching model
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Dialogue in the branching model

Inductive Ny : [ :

Op : Np | Sp:Np, - Np ‘ I (70 T

8N

8N « Ob

8N « (Sb nb)
M a (B i k)

Q—>Np, =+ N

S (0N a np)
N o (k (a1)).

24



Next step

Relate:
a:(N—-N)—-NkFn:N

with:
= np Nb

25



Second model: axiom translation from BTT to CIC

This second model forces the presence a reserved variable a : Q in the context.

[Oi]a = 0

[Ala = [Ab

[-1 = a:Q

[r, x:Al. : [Ma,xa: [A]a

26



Second model: axiom translation from BTT to CIC

This second model forces the presence a reserved variable a : Q in the context.

[@i]a = 0

[Al. = [Al

[']a = a:Q

[r, x:Al. : [Ma,xa: [A]a

Theorem

The branching translation [ ], defines a syntactic model from BTT to CIC.

Note: [_], should really be denoted [ ]2, for a given name a.
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Third model: algebraic parametricity translation

Given o : N — N 't : A, relate:

M. = [tla : [Ala
with:
M6 &= [t]s : [Als

using an internal logical relation:

[F1e F [t - [Ale [ta [ts

27



Third model: algebraic parametricity translation

Given o : N — N 't : A, relate:

M. = [tla : [Ala
with:
M6 &= [t]s : [Als

using an internal logical relation:
[F1e F [t - [Ale [ta [ts

In fact, the parametricity predicate [A]- has to be algebraic as well.

27



Third model: algebraic parametricity translation

For every type Fs A : [:
[Ale = ([A]-, Ba)

with:

o [Al: : [Ala — [A]ls — O
o 35 :N(x:[Ala) (i : D) (k:O i — [A]p). [A]e xa (k () —
[A]: xa (Ba i k)
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Third model: algebraic parametricity translation

Inductive N. (o Q) :N— N, » 0 :=
| Oc :N. a O Oy
| Sc: M(na:N)(np: Np)(ne : No a na np).Ne a (S na) (Sp nb)
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Third model: algebraic parametricity translation

Inductive N. (o Q) :N— N, » 0 :=

| O: :N: a O Op

| Sc: M(na:N)(np: Np)(ne : No a na np).Ne a (S na) (Sp nb)

| B :N(na :N) (i :I)(k: 07— Np)(ne :Ne any (k(ai))).Neawng (Bn i k)

29



Third model: algebraic parametricity translation

Ba:N(xa: [Ala) (F: D) (k: O i — [Alb)- [Ale xa (k (a 1)) = [Ale xa (Ba i k)
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Third model: algebraic parametricity translation

Ba:N(xa: [Ala) (F: D) (k: O i — [Alb)- [Ale xa (k (a 1)) = [Ale xa (Ba i k)

For example, consider the following branching boolean b, for O := :N— N:

/ / l \\u \
false false true -

m
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Third model: algebraic parametricity translation

Ba:N(xa: [Ala) (F: D) (k: O i — [Alb)- [Ale xa (k (a 1)) = [Ale xa (Ba i k)

For example, consider the following branching boolean b, for O := :N— N:

/ / l \\u \
false false true -

As soon as:

m

am=k

We can prove that:

[B]e true b
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Third model: algebraic parametricity translation

Theorem
The branching translation [ |. defines a syntactic model from BTT to CIC.

Note: [ ] is parameterized by the name a and by I and 0.
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Continuity

Theorem
Ifbgrr £ (N —= N) — N then bgc € Aa.([f]5 )
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Key properties

e Unicity:
Fac I_I(o¢:(@)<n:N>.na:8N a np

e Dialogue relation:
Fac  :M(a:Q)(ny: Np).Ne « (8N « np) np
e Generic element 75:

Fac  :M(a: N = N)(np:Np).d" a (75 m) = a (8" o np)
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Continuity

Theorem

Fac  :M(a:N—=N).[f]$ a= M a ([f]b 7b)

Proof: First construct:

a:N—=Ntgev::[N—=N]. av
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Continuity

Theorem

Fac  :M(a:N—=N).[f]$ a= M a ([f]b 7b)

Proof: First construct:
a:N—=Ntgev::[N—=N]. av
Then by soundness:

a:N—=N Fge [flaa:N
Fac [flb v : Np
a:N=N Fac [fle a9 v :Ne a ([fla @) ([fls )

And conclude using the previous properties.
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Conclusion

Transpose M. Escardd’s proof to a dependently typed setting

Formalized in Coq

Internalization?

e Scope of the methodology?

[Gardening with the Pythia. Procs of CSL 2022]
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