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Hard calculations made easy

» Compute

o(t)y=> et t=00L

nez

You have to add 21 terms to get it to one decimal digit.
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Hard calculations made easy

» Compute

o(t)y=> et t=00L

nez

You have to add 21 terms to get it to one decimal digit.

> But: you can compute it to 130 decimal digits without any
calculation!

)
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Modular equation is the key

» Modular equation (Jacobi, 1828)
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Modular equation is the key

» Modular equation (Jacobi, 1828)

» In particular

S e 7+O(e t)  (t—0)

nez

6(0.01) = 10.000000000000000000 - - -
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Modular equation is the key

» Modular equation (Jacobi, 1828)

» In particular

S e 7+O(e t)  (t—0)

nez

6(0.01) = 10.000000000000000000 - - -

» So: Jacobi computed the first heat trace asymptotic
expansion and in fact the first trace formula.



Poisson summation formula

» Poisson summation formula:

Zén(x) — Z e27rinx

nez neZ
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Poisson summation formula

» Poisson summation formula:

Zdn(x) — Z e27rinx

nez neZ

» Application: for any lattice [ C R™:

—ar|ye|2e _ Vol(M) |24t
Y etrih (amt)? ZZ ’

,Y*er*
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Zeta Values

» To evaluate
1 1

(@Q=1+5+5

to 6 decimal places you need to add 1000,000 terms!
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Zeta Values

» To evaluate
1 1

(@Q=1+5+5

to 6 decimal places you need to add 1000,000 terms!

» Euler: {(2) = 1.644944

((2) = (log2® +2)

n2n



Zeta Values

» To evaluate
1 1

(@Q=1+5+5

to 6 decimal places you need to add 1000,000 terms!

» Euler: ((2) = 1.644944

((2) = (log2® +2)

n2n

> Dilogarithm function Lir(x) := 32, %

n=1 pn

Liz(x) + Lio(1 — x) + log x log(1 — x) = Lix(1)



Zeta values

» Euler computed zeta values ((2),{(3),- - - ((23) with at least
15 decimal digits! How? Dilogarithm identities are not useful
for finding

¢(3) = 1,2020569031595942853997 - - -
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Zeta values

» Euler computed zeta values ((2),{(3),- - - ((23) with at least
15 decimal digits! How? Dilogarithm identities are not useful

for finding

¢(3) = 1,2020569031595942853997 - - -

» Euler-Maclaurin Summation Formula:

6
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Friedmann-Lemaitre-Robertson-Walker metric

» (Euclidean) FLRW metric with the scale factor a(t):
ds® = dt? + a° (t) do?.

Where do? is the round metric on 3-sphere. It describes a
homogeneous, isotropic (expanding or contracting) universe
with spatially closed universe.
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Friedmann-Lemaitre-Robertson-Walker metric

» (Euclidean) FLRW metric with the scale factor a(t):
ds® = dt? + a° (t) do?.
Where do? is the round metric on 3-sphere. It describes a

homogeneous, isotropic (expanding or contracting) universe
with spatially closed universe.

» For a(t) = sin(t) one obtains the round metric on S*.

ds? = dt? + 22 (t) (dx2 +sin?(x) (d62 + sin®(0) dip?) )
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FLRW Metric

Big Bang
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Euler Maclaurin formula and Heat kernel for S*

Euler Maclaurin formula

b a
> = [ gan+ EELLED)

30 2 (g (b) - g57(a) - Ry
=L

Bernoulli numbers:

t > tm
ef—1:ZBmW

m=0
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Dirac spectrum

» Spectrum of Dirac for round S* :
eigenvalues multiplicity
D +k 2(k3 — k)
D? k2 3(k3 — k)

» To find heat kernel coefficients of D? we apply the Euler
Maclaurin formula for a=10, b = oo and

g(x) = g(X3 —x)f(x) = %(X3 _ X)e—tx2
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The integral term gives

b 4 [ 2 2
/ g(x)dx = / (3 —x)e ™dx=Z(t72—t71)
a 3Jo 3

The term M is zero since g(0) = g(o0) =
And

g®m(0)/(2m — 1)l = (-1)"

w| s
7 N
—~
3|~
|3
N~
=
—~~
3|~
|3
A
=
N———

Putting all these together we get

3 D2 1 “ Bokyo Bokya \ tF
*T tD :7_7 _ e m
2B ) =5 120 Z( ( 2V 2k a) o)




Euler Maclaurin formula and spectral action for 5%

For general f the Euler Maclaurin formula gives

Z’H(f(tDz)) = /OOO f(tx?) (o — x)dx + 111220) - 3222((?)

41f”(0)t2 B 31f(3)(0)t3 N 10331F4)(0) ,

..+ Rm
10080 15840 8648640 Fee
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Levi-Civita Connection and the Spin Connection

Fix a frame {0,} and coframe {#*}. Connection 1-forms
Vo© = wio?’.

Metric connection:
/Oﬁl = wg.

Cartan equations: torsion and curvature 2-forms
= df* —w§ N O°
For torsion free connections:

do® = wd A 6e.
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Connection one-form for Levi-civita connection

Orthonormal basis for the cotangent space

The computation by Chamseddin-Connes shows that the
connection one-form is given by

al(t a'(t a'(t)

0 _ a((t)) 92 _ a((t)) 03 _ 70 94
a’(( t)) §2 0 C°t((>)<) 93 C°E(>)<) o4
a(t a(t a(t

w =

({3 ot p3 cot(B) pa
a,((rt))e at((t))9 t(g) FOETK
a 4 cot(x) pa co 4
a(t) a(t) 0 asin(x)9 0
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The Spin Connection

The spin connection is the lift of the Levi-Civita connection defined
on T*M. Now we have the connection one-forms w, which is a
skew symmetric matrix, i.e. w € s0(4). Using the Lie algebra
isomorphism 1 : 50(4) — spin(4) given by

A i;mea, 0%)c(0°)c(0°)

Since w is written in the orthonormal basis 8 so (w6, %) = wg.
So the connection one forms for the spinor connection is given by

.1 1 1 1 1 1
W = 5‘*}%712 + EW%VH + iwh“ + §W§723 + +§W£724 + 5‘*}2734
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Gilkey's local formulae
For an operator of Laplace type P = V*V — E,
ao = (4m) "2 Tr(1).

ay = (47) ™2 Tr(E — %R).

(47r)7m/2
as = WTF( — ]-2Rijij;kk + 5Rijink/k/ — 2RijilejIk

+2RUkIRUkI — 60R,J,JE + 180E2 + 60E;kk + 3OQUQIJ)
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a6

(am)~m/2 Tr(%( — 18Ryt + 17Ryis Rutute — 2Rt Rujks
— 4Rk Rujutik + ORijkart Rt + 28Rijij Ricukus
—8Rijijk Rujutcit + 24Rjjik Rujut:kt + 12Rijkt Rijict;uu)
+ﬁ( — 35Ryjij Riki Roapq + 42Rjjij Riikp Raigp
—42Rijij Rigpq Riipg + 208 Rijik Riutu Riplp — 192Rjjik Rupip Rjukd
+48Rjjik Riulp Rkulp — 44Rijku Rijip Rkulp — 80Rjjku Ritkp Rjtup )
+$ (84 Qi + 2 Qi + 129 Qjinc — 1225 Qi
—6R1 2 s + 4R;ji 2y g — SR Q)
+% (6E.jjj + 60EE,;; + 30E, E; + 60E> + 30EQ;Q;
—10Rj;ii Ekk — 4Ryjik Ejk — 12Rjjk e — 30Rijr'jE2

—12Rjij 4k E + 5Rijj R E — 2RUKRGuE + 2Ripy Ry E) ) -

For the Dirac operator D? = V*V — %R, so
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Chamseddine-Connes Computations

They used Gilkey's local formulae to obtain

ay = La(t) (a(t)a"(t) + a(£)2 — 1)

as = 5(3aM(t)a(t)? + 3a(t)a"(t)? — 5a"(t) + 9a®)(t)a(t)a'(t)

ag = 5040 (93( N(t)a(t)* — 21a®(t)a(t)> — 3a0O)(t)2a(t)?
56a(t)2 "(1)E 4+ 42a(t)a’(t)?  +  36a0)(t)a(t)3a/(t)
6al*)(t)a(t)3a"(t) — 42a¥)(t)a(t)?a(t)? + 60a3)(t)a(t)a'(t)?
21a0)(t)a(t)a'(t) + 240a(t)a’(t)%a"(t)? — 604'(t)*a"(t)
214/ (£)2a"(t) — 2522 () a(t)?a (t)a" (¢))

I++|
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Chamseddine-Connes Computations

Using Euler-Maclaurin summation and Feynman-Kac formula they
computed up to ajp:

ag —

7W( A®(t)a(t)® + 320 ()a(t)* + 1320 (0)2a(t)® — 24a3(t)2a(r)® — 114a(t)32(1)* +
43a(t)2 (1) — 5a(t)a(t)’a’ (t) + 24 "’)( )a(t)5 () + 9aO®(t)a(r)*a’ (1) + 16a3)(£)al®) (t)a(t)® —
244 (t)a(t)3 /(£)® — 6a®)(t)a(t)3a’ (t) + 69 (t)a(t)*a’’ ()2 — 362 (t)a(t)3a"’ (t) + 602 (t)a(t)2a’ (t)* +
152 (t)a(t)2a’ (£)2+90a03) (£)2a(t)*a”’ (t) — 216a(3) (£)2a(t)3 2 (£)2 — 108a(3) (t)a(t)a’ (£)° — 27aC) (£)a(t)a’ (£)3 +
so1a( )24’ (t)%a (1) — 5883(t)a’(t)43”(t)2 — 87a(t)a’ (t)%a”’ (t)% + 108a'(t)a"/(t) + 274’ (t)*a"’(t) +
7820) (t)a(t)*a’ (£)a’’ (t)+132a 3)(1.*) )(t)a(t)*a’ (t) —312a) (£)a(t)3a (t)2a” (t) — 81923 (£)a(t)3a’ (t)a’’ (t)% +
768a3) (t)a(t)2a’ (£)3a" (t) + 10223 (t)a(t)2a’ (£)a"’ (1))
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a =

m(l’:a(m)(t)a(t)s — 222a0)(t)2a(t)”  — 3482 (0)a®(t)a(t)” — 147aC)(£)aD(t)a(t)”
182" (t)a® (t)a(t)” + 18a'(0)a@(t)a(t)’ — 4822 (£)a®(r)2a(t)® —  331a3)(£)2a®)(t)a(t)®
1110a" (£)a® (£)a®) (£)a(t)® - 15564’ (£)a®) (£)a®) (t)a(t)® - 4482 (t) a(G)(t)a(t)6
10742 (t)a®) (£)a® (t)a(t)® — 4764’ (r)a” (£)a)(t)a(t)® — 43a/(£)2a®)(r)a(t)® — lla )()a(t)®
89433/(t)a(3)(t)3a(t)5 + 218462 (£)2a®)(8)2a(t)®  + 40924 ()% (t)%a(t)® + 3963 4 (t)%a(t)°
105602 (£)3a¥ (t)a()®  + 394023 (t)a”(t)a(3)(t)a(4)(t)a(t)5 + 113522/ (t)a”’ (£)2a) (t)a(t)®
63362’ (£)2a03) (£)a®) (t)a(t)® + 594a(3)(£)al) (£)a(t)® + 20042’ (t)%a" (t)a®) (t)a(t)® + 264a" (£)a(®)(t)a(t)®
1654’ (t)3 <7)( t)a(t)® + 334'(t)al")(t)a(t)® 103382’ (t)%a(t)* — 959194’ (£)%a”’ (¢ )3(3)(t)2 a(t)*
37202 ()a®) (t)%a(t)* — 1176004 (t)a” (£)3a3) (t)a(t)*  — 686643’(t)2a”(t) D(t)a(t)*
2772a" (t)24 4)(t)a(t)4 — 230762’ ()32 (¢)a® (t)a(t)* — 26404’ (t)a®)(t)al* ()(t)4
127624’ (£)3a” (t)a®) (t)a(t)* — 13862’ (t)a”’ (£)a® (t)a(t)* — 651a’(£)*a(®)(t)a(r)* — 1322 (t)2 ©)(t)a(t)*
1113784 (£)2a" (t)*a(t)®  + 2354a”(t)%a(t)® + 313442'(t)*a®)(t)2a(t)> + 37204 (£)2a()(r)2 ()
2367062’ (t)3a” (£)2a®) (t)a(t)®  + 139264’ (1)a’(t)2aC)(r)a(t)®  + 433204 (t)*a’ (£)a® (t)a(t)?
52144’ (t)2a" (£)al®) (t)a(t)? + 22382 (£)%a®)(t)a(t)® + 462a"(t)%a®(t)a(t)® — 1621624’ (£)*a’(t)3a (t)2
118802 (t)2a”(t)3a(t)2  — 1038842’ (£)a" (£)a®)(t)a(t)? 133322/ (t)32" (£)a® (t)a(t)?
61382"(1)%a) (t)a(t)? — 1287/ (1)*a®)(t)a(t)? + 764404’ (£)0a’ (t)%a(t) + 104284’ (t)*a’’(t)%a(t)
117004’ (£)7a3) (¢)a(t) + 24754’ (£)5a3) (¢)a(t) — 117004’ (£)8a” (t) — 24752’ (£)0a"’ (1))

L+ 4 0+ 44+ 11

+ |
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Conjectures and question about coefficients (CC):

» Check the agreement between the above formulas for ag and
aio and the universal formulas.

» Show that the term ap, of the asymptotic expansion of the
spectral action for Robertson-Walker metric is of the form
P.(a,---,a®")/a?"—* where P, is a polynomial with rational
coefficients and compute P,.



Our approach: spectral analysis via pseudodifferential
calculus

D= ’Yavﬁa =7 (0o + w(0a))
0 0 110 5 1 0 3 1 0

ot +' adx 7asinx@jbyasinxsinH%
39" , cot(x) ; cot(f)
* 22 * a | 2asin(y)

So the symbol of the Dirac operator would be

_ 0 i1 i 2 .
op(x,§) =76 +oréet a0 &+ 25n(x) sin(6)
373/704_(30"()() 1, cot()

* 2a a | 22 sin(x)

V&
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Symbol of D?

Using the symbol multiplication rule one can compute the symbol
of the square of the Dirac operator. The symbol of D? has
following homogeneous parts.

1 2

_2, b2 1 2
P=gt a(t)? Q+ a(t)2 sin2(x) G+ a(t)2 sin2(0) sin2(x) S
3id’ (t) i 12
L= =6 — —— (V24 () +2c0t() &2

a(t) a(t)?

(713 esc(x)a’ (t) + cot(6) cscz(x) +43 cot(x) csc(X)) &3

a(t)?

— ﬁ (csc(@) csc()()al(t’)'y14 + cot(8) csc(0) CSCZ(X)’734 + csc(0) cot(x) csc(X)'\/ZA) &q,

po = (7123(t)a”(t) — 6a'(t)2 + 3csc2(9)csc2(x) - cot2(0)csc2(X)

1
+ 8a(t)2
+4i cot(0) cot(x) csc(x) — 4i cot(0) cot(x) csc(x) — 4 cotz(x) +5 cscz(x) + 4)

_ (cot(0) esc(x)a’(t)) 13 _ (cot(x)a’(t)) 12 _ (cot(0) cot(x) cse(x)) 23
2a(t)? a(t)? 2a(t)2
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Symbol of the parametrix
Parametrix: (P — A\)R(\) = 1.

o(RN)=rn+n+rn+--
Recursive formulas:
fn = —ro Z (—i)'a‘dg‘pk ~dlri/al,
la|+j+2—k=n

where rg = (p2 — A)71 = (J|€]|2 — A\) L. So the summation, for
n > 1, will only have the following possible summands.

k=0,|lal =0,j=n—-2 — rpPOrn—2
k=1,]a|=0,j=n-1 — ropP1ra—1
k=1,]a|=0,j=n—2 i’inl' arn 2+,,0ip1 o — 2+”’0ipl 2fnfz

o9& ot 231 Ox I3 L]
k=2lal=1j=n-1 l’oﬂpz 8rn71+iroipz‘ ifn71+iroﬁpz‘ irn—l

06,° ot 26,7 oy 06,% " 96
k=2la|=2,j=n-2 : 62p2 62n2+1 62P2 a2;12+1 62P2 82n2

52 o2 52 dx 2 52 862
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Heat Kernel of D? in terms of symbols of the parametrix.

Let

LY Uy e
"7 n)t /R4 2mi /ve rn(x, &, A\)dAd§

= 1 . o —t>\ .

_ WZrm,a(X) [ & [[eanae

= Z Ca 1)| rng, aa(t)a2+a3+a4+3 Sin(X)a3+a4+2 Sin(Q)o‘4+1

Where ¢, = b [T, T (257 S5,
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where

2r pm s
an = / / / endxdOido
0 0 0



new term ajo

ae =

172972803“)8 (33 D()a(t)® — 105720 (£)2a(t)? — 17472 (t)aD(t)a(t)® — 9702 (£)a®) (t)a(r)® —
317203 (£)a®) (t)a(t)® — 34a”(t)a<1°( t)a (t)9+2la (t)aM(t)a(t)? +50013(4)(t)3a(t)8+24193”(t) )(t)2a(t)8 +
19174a 3)(1.*) ) (£)a®) (¢ )a(t) + 408623 (t)22(6 (t)a(t)g + 20702 (£)a® (£)a® (t)a(t)®  —
55204 () N()a®(t)a(t)®  — 5112”7 ()a®()aD(t)a(t)®  — 41752’ (t)a®(t)aD(t)a(t)®  —
7452" (£)2a®) (1)a(t)® — 22892 (t)a®) (£)a®) ()a(t)® — 828" (t)a’’ (t)al) (t)a(t)® — 62a’(£)2a(1)(t)a(t)® —
134(10) (t)a(t)s + 45480a3)(£)%a(t)” + 152062a2"(t)2a®)(£)2a(t)7 + 2039712 (t)a® (£)al®) (£)2a(t)? +
213694’ (¢)2a®) (¢ )2a(t)7+18853(5)(t)23(t)7+41023Oa”(t)a(3)(t)za(4)(t)a(t)7+163832a'(t)a(3)(t)za(5)(t)a(t)7+
2505843”(t)2 () (t)a(5)(t)a(t)7 + 2440062’ (t)a’ (t)a® (£)a®) (t)a(t) + 424403”() ©)(t)a(t)” +
1633904 (t)a’ (£)a®) (£)a® (t)a(r)”  + 355504’ (£)2a® (1)@ (t)a(t)” + 30042 (£)a®)(t)a(t)”  +
343512/ (t)a’ (t)za(7 (Ha(t)’  + 197333’ ()22 (t)a) (t)a(t)" + 16252 ()M (1)a(t)” +
67842 (t)2a” (£)a®) (t)a(t)? + 5202”7 ()a®)(t)a(t)” + 308a’(t)3aD(t)a(t)] + 52a'(t ) O)(t)a(t ) -
20567202’ (t)a’ (t)a® (t)3a(t)®  — 1790580a’/(t)3a(3>(t)2a(t)6 — 9002722’ ()2a" (£)a¥)(t)2 at)
318802" (t)a® (£)2a(t)®  — 6434072 (t)%a (t)a() - 1251548a’(t)2a<3)(t)2 (t) ()°
43758203 (£)2a) (1)a(t)®  — 44520423'(t)a"(t) (t)a ()a(t)6 — 8362142/ (t)a’ (t) 5) (t)a(t)®
14001044’ ()2a” (£)a®) (£)a® (£)a(t)® — 4sezoa”(t)a () 5)(t)a(t)® — 1819664 (t)3a* (t) ) (t)a(t)®
180182’ (t)a™® (1)a® (t)a(t)®  — 3199964’ (t)2a’ (£)2a0)(r)a()®  —  11011a"(£)2a® (t)a(t) -
1150622’ (£)32a3) (£)a® (£)a(t)®  — 11154a ()a®)(£)a® (£)a(t)®  — 427642 (£)32" (£)a()(t)a (t)6 -
40042’ (t)a” (£)a D (t)a(t)® — 16492’ (£)*a(® (t)a(t)6 — 2862/ (t)2a® (t)a(t)® + 4607692 (t)%a(t)® +
16615182 (t)3a®) (t)3a(r)®  +  83486a"(t)a®(r)3a(t)®  +  133833284'(t)%a”(¢)%a)(r)2a(t)®  +
2220022 ()2a(3) (£)2a(t)° + 3428832’ (t)*a® (£)2a(t)° + 362182’ (t)2a(®) (£)2a(t)® +

70223614’ (t)a’’ (t)*a3) (t)a(t)® + 6367314a" (£)2a" (£)3a(® (t)a(£)® + 109330a"" (£)3a*) (£)a(t)°+
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+7065862a" (£)3a" (t)a®) (£)al®) (t)a(t)® + 3603862’ (t)a’ (t)a3) (£)al®) (t)a(t)® +
10183864’ ()32’ ()22 (t)a(t)®  + 985024/ (t)a’”’ (£)2a®) (t)a(t)® + 5248022 (t)*a®)(£)a® (t)a(r)® +
551462’ (¢)2a3) (£)a®) (t)a(t)®  + 2260144’ (£)*a" (£)a®) (t)a(t)® + 237124’ (1)2a” (£)a® (t)a(t)®  +
82834’ (t)°a") (t)a(t)® + 1482a'(£)3a")(t)a(t)® — 73469584 (t)%a’(t)%a(t)* — 727612 (t)%a(t)* —
117452523 (£)*a" (£)a®) (£)2a()* — 7257124 (t)2a” (£)a®) (£)2a(t)* — 277070284 (t)3a’ (t)%a® (t)a(t)* —
8195202’ (t)a’’ (t)3a(3) (t)a(t)4 — 82471052 (t)*a” (t)2aW (t)a(t)* — 5202602’ (t)2a" (£)2aM) (t)a(t)* —
18482282’ (£)%a(3) (¢ ) J(t)a(t)* — 2052062’ (£)3a3) (t)a® (t)a(t)* — 9734822 (1) (£)a®) (r)a(t)* —
1101362’ (£)32”" (£)a® (t)a(t)* — 367232’ (£)0a(0) (t)a(t)* — 67472’ (£)*a(®) ()a(t)* + 178167514’ (£)*a”/ (£)*a(t)3 +
7210582’ (t)2a’ (t)*a(t)? + 23526242" (£)%2(3) (£)2a(1)3 + 2741702’ (t)*a®) (£)2a(t)? +
245831012’ (t)%a’ (£)2a®) (t)a(t)® + 17711462 (t)3a2" (£)2a3) (t)a(t)® + 32562482’ ()0a" (t)a® (t)a(t)® +

3893764’ (t)*a’’ (£)a(®) (t)a(t)3+135300a’ (£)7 a®) (£)a(t)3+25350a (t)°al®) (t)a(t)® — 154303574 (t)0a"’ (t)3a(t)?
12527452 (t)*a” ()3a(t)2 —  77478482'(t)7a” ()a®)(t)a(t)2  — 9675902’ (t)%a’’ (£)a®) (t)a(t)?
3852002 (£)8a(M) (t)a(t)? — 731254 (£)%a((£)a(t)? + 56451244 (t)8a" (t)2a(t) + 7411954’ (£)8a’’ (t)2a(t) +
7497002’ (£)°a(3) (t)a(t) + 1433252’ (£)7a3) (t)a(t) — 7497004’ (£)102"" (t) — 1433253/(r)83"(z)))
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Check on round sphere S*

For a(t) = sin(t) we have

10331 sin3(¢)
here) = > S
ar2(sphere) = —geie640
Hence
" a(opher)de — 410331 _ 10331
o J125P T 38648640 6486480

Which agrees with the direct computation done in
Connes-Chamseddine.

30/32



Rationality of heat coefficients

Theorem: The terms ap, in the expansion of the spectral action for
the Robertson-Walker metric with scale factor a(t) is of the form

a(t)lzna Q2n (a(t)7 a(t),..., a(2n)(t)) ’

where @2, is a polynomial with rational coefficients.
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By direct computation in Hopf coordinates, we found the vector
fields which respectively form bases for left and right invariant
vector fields on SU(2):

L 9 0
= 091 * O’
X2L = sin(¢1 + @);7 + cot(n) cos(p1 + ¢2)821—
)
tan(n) cos(¢1 + ¢2)8752’
X = cos(on -+ ) 5.~ cotl)sin(6 + 0a) 5+

tan(n) sin(é1 + ¢>2)822,

and XX, XX XE. One checks that these vector fields are Killing
vector fields for the Robertson-Walker metrics on the four
dimensional space.



