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Noncommutative Torus

Fix 0 € R\ Q. Ag = C*-algebra generated by unitaries U and V satisfying

VU = UV,
Dense subalgebra of ‘smooth functions”:
A° C Ag,
ac Ay iff
a= Z amnUmVv?"
where (amn) € S(Z?) is rapidly decreasing:

sup (14 m? + n®)¥|ama| < oo

m,n

for all k € N.

Farzad Fathi Zadeh and Masoud Khalkhali The Gauss-Bonnet Theorem for the Noncon CMS Meeting, June 2010



Ap has a unique normalized trace (faithful and positive):
T0:Ag — C
TO(Z amnUMV™) = agp.
Derivations 41,02 : Ag° — Ag°; uniquely defined by:
n(V)=U, n(v)=0

H(U)=0, &(V)=V.

We have
0102 = 0201, 6i(a") = —di(a)",

Invariance property:
7’0((5,’(3)) =0.
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The Hilbert space
Ho = L*(Ag, 10),

completion of Ay w.r.t. inner product
(a, by = 1o(b*a).

The derivations
61,02 : Ho — Ho

are formally selfadjoint unbounded operators (analogues of %d%, %d%).
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Complex structure

Fix
T=T11+iT, T2 >0,

and define
0 = 01 + 702, 0* = 01 + To».

Define the Hilbert space (analogue of (1, 0)-forms)
HEO) c Hy
as the completion of the subspace spanned by finite sums > aob,

a,be Ayr.
Connes and Tretkoff consider 7 = .
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View
=08 +71:Ho —>7’((1’0)

as an unbounded operator with the adjoint given by
0" = 61+ Too.
Define the Laplacian

A =00 = 6 + 2116162 + |7]%65.
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Conformal perturbation of the metric

To investigate the analogue of the Gauss-Bonnet theorem, vary the
conformal class of the metric by h = h* € A7°: Define a postive linear
functional ¢ : Ag — C by

©(a) = mo(ae™ "), acAg.

It is a twisted trace
¢(ba) = p(aoi(b))
which is the KMS condition at § = 1 for 1PG of automorphisms

oy Ap — Ag, t €ER,

o(x) = e'thxe=ith.

In fact
o = Aflt

with the modular operator

A(x) = e "xeh.
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The perturbed Laplacian

Let H, = completion of Ag w.r.t. (,),, where
<a’ b>‘,0 = cp(b*a), a, be Ay

Let
Op =0 =01+ 76 Hy — HO,

It has a formal adjoint J7, given by
* hy a*
0, = R(e")0

where R(e) is the right multiplication operator by e (R(e")(x) = e”x).
Define the new Laplacian:

N = 05,05« Hy — Hyp.

Lemma (Connes-Tretkoff; continues to hold)

N is anti-unitarily equivalent to the positive unbounded operator kAk
acting on Hy, where k = eh/2.
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Spectral zeta function

((s) = Z)\ITS = Trace (A7), Re(s) > 1.

Mellin transform ) -
)\75 — / eft)\tsfldt
M(s) Jo

gives us

((s) = F(ls) /OOO Trace™ (e 2" ) 5 L dt,

where
Trace™ (e72") = Trace (e *2") — Dim Ker(A").

¢ has a moromorphic extension to C\ 1 with a simple pole at s = 1.
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The Gauss-Bonnet theorem

Theorem (Gauss-Bonnet for classical Riemann surface)

Let ¥ = compact connected oriented Riemann surface with metric g.

Then
1 1

() +1= 55 [ R=5x(E)

where ( is the zeta funtion associated to the Laplacian Ay = d*d, and R
is the (scalar) curvature. In particular (0) is a topological invariant; e.g.
is invariant under conformal perturbations of the metric g — efg.

\

Theorem (Gauss-Bonnet for NC torus)

Let k € Ay® be an invertible positive element. Then the value ((0) of the
zeta function ( of the operator /\' ~ k/\k is independent of k.

A\
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Pseudodifferential calculus

Recall: Connes (1980), Baaj (1988).
Differential operators of order n:

PLAY - AF, P=> adsk
J

with a; € A3°, j = (j1, jo) lj| < n.
Operator valued symbols of order n € Z: smooth maps

p: R? — Ago
s.t. o o |
16305 (4 0% p(€))I] < c(1+ &)™V,
where 8; = 7, and p is homogeneous of order n at infinity:
imA™"p(A1, AE), A — o

exists and is smooth.
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Given a symbol p, define a pseudodifferential operator
P, : A" — Ag°
by
Pua) =) 2 [ [ e éple)an(aasde.
R2 JR2

where '
Oés(Un Vm) — els.(n,m) ynym.

For pseudodifferential operators P, Q, with symbols o(P) = p,c(Q) = p':

7(PQ) ~ 3 105 (OB 5 4/ (6),

Farzad Fathi Zadeh and Masoud Khalkhali The Gauss-Bonnet Theorem for the Noncon CMS Meeting, June 2010 12 /20



Elliptic Symbols: A symbol p(§) of order n is called elliptic if p(£) is
invertible for £ # 0, and, for [£| large enough,

(&)Y < c(1 + [~

Example:
A =67 + 27116182 + |7]%63

is an elliptic operator with an elliptic symbol

o(D) = & +2n&& + |76,
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Computing ¢(0)

Recall:

1 o /
¢(s) = r(s)/o (Trace(e_tA )5t — 1)dt,
1 = Dim Ker(4).

Cauchy integral formula:

e*tA/ _ 1/ eft)\(A/ o )\1)710')\
27 C

gives the asymptotic expansion as t — 0F:

oo
Trace(e t*) ~ t71 Z Bon(A)t".
0
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It follows that:

¢(0) = Bo(&),

= 2ni /RQ/ T0(b2(&, N))dAdE

where
(bO(éa >‘) + bl(é-a )‘) + b2(§7 )‘) + - )U(A/ - >‘) ~ 17
bj(&, A)is a symbol of order —2 — j.
Can assume A = —1;
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o(A"+1)=0(kAk+1)=(a2+ 1)+ a1+ ao

where
a = k2§% + 21 k2616 + \7’|2k2£§

a = (2/(51(/() + 27‘1/(52(/())614—
(271 kb1 (k) + 2|7)?kda(k))én
a0 = k02 (k) + 21 kd102(k) + |7|2kd5 (k).

Using the calculus for symbols:
by = (32 + 1)71

by = —(boalbo + 8,-(b0)<5,-(ag)b0)
by = —(boaobo + braibg + 8,‘([)0)5,'(31)[)0
+a,‘(b1)(5i(32)b0 + (1/2)8,‘8](1)0)(5,‘(5](32)bo).
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Integrating by(&, —1) over the plane

Pass to these cordinates:

T .
& =rcosf —r—sinf
T2

52:Lsin9

72

where 6 ranges from 0 to 27 and r ranges from 0 to oc.
After integrating f02” e df) we have terms such as

41133 k255 (k)o1(k),

2r3b% k361 (k) bod1 (k),
—2r°ba k261 (k)b3k251(k),

where
bo = (L+ r?k?)~!

Farzad Fathi Zadeh and Masoud Khalkhali The Gauss-Bonnet Theorem for the Noncon CMS Meeting, June 2010



Lemma (Connes-Tretkoff)

For p € A® and every non-negative integer m:

oo k2m+2 m 1
du =D,
/0 (k2u+ 1)m P (k2y + 1) Q
where
Dm = Lm(4),

A = the modular automorphism,

& xm 1
Lm(u) = /O (x + 1)™*1 (xu + 1) dx =

(_1)m(u_ 1)7(m+1) /ogu i 1)_/+1 ; )J)
j=1

(modified logarithm).

Farzad Fathi Zadeh and Masoud Khalkhali The Gauss-Bonnet Theorem for the Noncon CMS Meeting, June 2010



Lemma

Let k be an invertible positive element of Ag°. Then the value ((0) of the
zeta function ( of the operator ' ~ k/Ak is given by

271'|7'|2

27
= —Sp
T2

p(f(A)(32(K))d2(k))+

¢(0)+1 (F(A)(01(k))or(k)) +

L (F()(1(K))52(K)) + Lo (F(D) (52(K))61(K)).

T2 72

where p(x) = To(xk=2), 9 is the unique trace on Ag, A is the modular
automorphism, and

f(u) = éu—l/Z — % + L1(u) = 2(1 + ) Lo(u) + (1 4 uM?)2L3(u).

(L is the modified logarithm.)
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Theorem (Gauss-Bonnet for NC torus)

Let k € Ay® be an invertible positive element. Then the value ((0) of the
zeta function ( of the operator /\' ~ k/\k is independent of k.

p(F(2)(95(k))éj(k)) =0 forj=1,2,
p(F(A)(d1(K))02(k)) = —p(F(A)(02(k))d1(k))-

Therefore
27| 7| 2

27
=—

¢(0)+1 (F(A)(01(K))d1(k)) + p(f(A)(32(K))d2(k))+

() G1(R)3(0) + T F(A)(E(K)6(K))

=0

A,
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—boké%(k)bo — 2T1b0k55152(k5)b0 — |T|2b0k5%(k‘)b0 +
6E202k261 (k)2bo + E202K262 (k)bok + 5E202K362 (k)bo +
267bokd1 (k)body (k)bok + 6E2bokd (k)bokdy (k)bo +
671E203k261 (k)0 (k)bo + 671303 k282(Kk) o1 (k)bo +
2m1E2b3k> 8109 (k)bok + 1071E7b3K38182 (k) bo +
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AT2€1E9bo kb2 (K)o (k)bok + 8T2E1 Eabokda (k)bokdy (k)by +
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8|T|2£152b(2)k35152(1€)b0 + 4|’7’|2£1£2b0k51(k)bokég(k)bo +
4|T|2€1§2b0k(52(k)b0k51 (k‘)b() + 2|7’|2€§b(2)k251(k)2b0 +
|7 |2€202k2 62 (k)bok + |72€303K5 5% () bo +
2|7 [2£2bokdy (k)body (k)bok + 2|7|2E3bokdy (k)bokdy (k)bo +
1271 |7|2€1€2b3K265 (k) 2bo + 27 |T|25152bgk25§(k)b0k +
107—1|7—|2§1£2b(2)k35§(k)b0 + 47’1|T| glggbokég( )bo&g(/{)bok +
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8E bk 01 (k)?bo — 413k 0F (k)bok —
AEMD3 KD 62 (K)bo — 6E1b2K201 (k)bokdy (k)bok —
10£402k257 (k)bok261 (k)bo — 10€302k36, (k)body (k)bok —
14€202K36, (k)bokdy (k)b — 4€3boksy (k)b2K26, (k)bok —
A€8boky (k)b2K3 8y (k)b — 8T1E468KA51 (k)6 (k)bo —
87’15%1)8]6452(]6)51(]6)[)0 — 87’15%()8]64(5152(]6)[)016 —
87’15%[7(3)]{?55152(]{?)[70 - 67’15%%)3]{?251 (k)b0k52(k)bok —
10T1£%b2k251( )b0k252(k)b0 - 67‘15%%)%]{?252(/{)%)0]{?51(k)bok —
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247'15%&2()(2)](52(51 (k)bok51(k)b0k — 40T1£:13§2b(2)k251(k)b0k251 (k‘)bo -
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407’15%52@2)/{5351 (k‘)b()51(k)b0k‘ — 567’16%62()(2)/{3351(k)bok(sl(k)bo -
167’1€1§2b0k‘51 (k)b3k251(k)bo — 167’16%52[)0]{551 (k‘)bgkgél (k‘)b() -
82403 k405 (K)2bo —-4715§b3k452( Yook —

4’7’12 %b3k552( )b() — 4’7’ b2k252( )bokég(k)bok -

8’7’12£ilb(2)k252 (/f)bokQ(Sg( )b() - 87’1 51 b2/€352(k)b052(k)b0]€ —
1272402 k3 85 (k) bo ko (k)b — AT2E300 kb (k)b2k262 (k)bok —
47’1 f%bokég(k)b%kgég(k)bo — 247'1 §%€2b3k4(51(k)52(k‘)b0 —
24’7'1251521?3]{452( )51( )bo — 24’7' 5152b3k45152(/€)b0k -

24’7’1251 2b3/€55152( )bo - 20’7’1251521?2]{251( )bok&g(/ﬂ)bok -
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i
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12|7‘|2§%§%b(2)k2(51( )bok‘Q(Sl( ) 0 — 12|7‘| £1§%b2k351(k)b051(k)b0k -
16]7|2€2€202k3 8, (k)bo k1 (k)bo — 4|7 |2€2€2bo ki (k)b2k26, (k)bok —
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8T3E3Eab3KA02 (k)bok — 8T3E3E2b3K562 (k)by —
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mqg@wwmk (ﬂm—mqggww@wwgmm—
].6’7'1351 b3/€45152 )bok - ].6’7' fl §b3k05152( )bo -
mﬁgg%#&kbm@(bw 2473€26202k261 (k)b k26,

k

k

k

(
(K)o
(k
(k) ) k)bo —
1677 E7E505k2 02 (k)bokdy (k)bok — 2477 E2E5b5K2 02 (k)bok? 61
(k)
(k)
(k
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16T13§1§3b2k251(k)b0k52(51 (k‘)b() — 167’ §1§3b2k‘3(51( )bo51(k)b0k‘ -

247'1 §1§3b2k351(k)b0k‘51 (k‘)b() — 87‘1 flf bok(sl(k)kaQél (k‘)b()k -
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167’1|T|2f% 3b0k51(k)b2k252( )bok - ].6’7'1|’7'| 51 bok(sl( b2k352( b() —
].6’7'1|T|2f%£§b0k52(k)b2k251( )bok - ].6’7'1|’7'| flggbokég( b2k351( b() —
(
k

\_/\_/\-/\-/

k)
k)
167’1|T|2§1€gb8k4(51 k) 0 — 87‘1|7‘| €1§Sb3k452(k)bok -
87’1|T|2§1§Sb8k5(52( )b() - 167‘1|7‘| flfgbOkQ(Sl(k‘)bok(sl(k)bok —
247'1|T|2§1€gb(2)k2(51(k)b0k2(51( )b() — 24T1|T| §1£§b§k351(k)b051 (k‘)bok -
32’7’1|’7’|251£§b(2)/€351( )bok(sl( )b() - 87’1|T|2£153b0k51(k)b(2)/€251(k)bok -
8’7’1|’7’|2flf§b0]€51( )b2k351( )bo - 407’12|’7'|2f%f§b(3)]€452(k)2b0 -

2077 |7|2€2 €363k 03 (k)bok — 2077 |7|*€2€3b3K53 (k)bo —

2872 |T|2E2€3b2Kk2 62 (k) bokd2 (k)bok — A8T2|T|2E2€202 k20 (k)bok?d2(k )by —
4872 T2E3E3b3k362(k)bod2 (k)bok — 6872 |T|2E2€208 k352 (k)bokda (k)bo —
20’7’12|T|2£% gbokég(k)bgk252(k)bok - 20’7’12|T|2£% %bokég(k)bngCSg(k)bo -
24’7’12|T| £1£§b3k451( )(52( )bo — 247’12|’7'| 515%173]{452( )(51(/€)b0 —

24’7’12|T| £1£§b3k45152( )bok — 247’12|’7'| 51£§b3/€55152( )bo -
207’12|7'| flf bOkQ(Sl( )bok(SQ( )bok 327’ |7'| flf bOkQ(Sl( )b0k252(
207’12|T|2€1€§b(2)k252(k‘)b0k(51( )bok 327’12|7'| flfgbOkQ(SQ( )kaQ(Sl(
327’12|T|2€1€§bgk351(l€)b052( )bok 447'12|7'| flfgbOkB(Sl( bok‘ég( )b
32’7’12|T|2£1£§bgk352(1€)b051( )bok 44’7' |T| 515 b2k352( b()]f(sl( )b
].2’7'12|T| 515 b()k(sl(k)b2/€252( )bok - 127’12|T|2£1£§b0k51( b2]€352(k
127’12|7'| flfgbokég(k)kaZ(sl( )bok — 127’12|7'|2€1€§b0k(52( b2k3(51(k
872| 7 243 k461 (K )2b0—4r 72403 K262 (k)bok —
A72|7|2EAb3 K5 52 (k)by — AT2|7 |2 b0k251( Yook (k)bok —
872|7|2¢402k26, (k )b0k251( )bo —871|T| 26402135, (k)bo by (k)bok —
].2’7'12|7'| £§b2k351( )bok(sl( )b() — 47'1 |’7’| fébokél( )b2]€251(k)b0]€ —
4712|T|2§§b0k61(k)b3k351(k)bo - 8|T| 51£2b3k452( ) b() -

Al *EE3B3KA53 (k) bok — 4 *€F 3353 (k)b —
8|7|*EE3bg k02 (k)bokd2 (k)bok — 12|7'|4£1£2b0k252( )bok?2(k)by —

Yoo
Yoo —
Jbo —
Yoo

\_/\_/\_/\_/

12|T|4f% §b§k352(k)b052( )bok - 16|T|4£1 b2k352( )bokég( )bo -
4| T[*E7E3bo k2 (K)bg Ko (k)bok — 4|T|45%§§bok52( )b5 k302 (K)bo —
8|7|1€1€3b3k 101 (k)32 (k)bo — 8|7|*€1€3b5k" 92 (k)1 (k)b —
8|T|4€1§Sbgk45152( )bok 8|7‘|4€1€ b3k5(51(52(l€)b0 —
4|T|4€1£Sb(2)k2(51 (k)b(]k(SQ( )bok‘ 8|7‘|4§1§3b2k‘251(k)bok‘Q(SQ(k)bo -
4|T|4€1§Sbgk252(k‘)bok(51( )bok‘ 8|7‘|4§1§Sb2k252 k)bok (51 (k‘)bo -
8|7 [*€165b5k> 01 (K)boda (k) k
8|7‘|4£1£Sb(2)k352(/€)b051( )bok - 12|T|451£ b2]€352 k)b0k61 (/f)b() —
4|T|4€1£Sb0k(51( )b k‘2(52(k)b0k‘ 4|T|4§1£Sb0k51( )b kgég(k‘)bo -

(
bok - 12|T|451£ b2]€351( )bok&g(/ﬂ)bo —
(



4|7‘|4€1§ bOk(SQ( )b0k251(k)bok — 4|T|4§1§Sb0k‘52(/€)b3k351(k‘)b() -
2| 7| 4€4b2k26, (k)bokdy (k)bok — 2|7 *€4b2k261 (k)bo k261 (k)bo —
2|T|4£§b(2)k351 (k)b051 (/f)b()k — 2|T|4£§b(2)k351 (/f)b()k(sl(k)bo +
8E5b3 k101 (k)bokdr (k)bok + 8€5b3k* 61 (k)bok?01 (k)bo +
8EVEKD 1 (k)bod1 (k)bok + 853K 51 (k)bokd (k)bo +

AE562125, (k)b2K 8y (k)bok + AESbRK23, (I)b2k™6, (k)bo +
AE5B2136, (k)b2K261 (k)bok + AESb2E38, (k)b2k3 61 (k)bo —
32’7’1|’7’|4£1£§b(3)1€452

( 2b0 - 167’1|’7’| flf§b3]€452( )bok —
16 |6 E5b3k°03

(

(

k)

/f)b() — 247’1|’7’| flf§b2]€252( )bokég(k)bok —
40’7'1|’7'| flggb2/€252 k)b0k252( )b() - 40’7'1|’7'| 5153b2k352(k)b062(k)b0k —
567’1|T| §1€3b2k3(52 k)bokég( )b() - 167‘1|T|4§1§Sb0k‘52(k‘)bgk‘Q(SQ(k)bok‘ -
167’1|T| flfgbokég(k)bokgég(k‘)bo - 8T1|T|4€§bgk451 (k‘)(;z(k)b() -
87’1|7’|4§§b8k4(52(k)51 (k‘)bo - 87‘1|7‘|4€§b(3)k45152(k)b0k -
8’7’1|’7’|4f§b8]€55152(1€)b0 - 67’1|T|4£§b3k251 (/f)bokég(k)bok -
].0’7'1|’7'| f b2]€251( )b0k252( )b() - 6’7’1|T|4£§1b(2)k252(1€)b0k51(k)bok -
107’1|T| £§b2k2(52( )bok‘Q(Sl( )b() — 107’1|7’|4§§b(2)k351 (k‘)bo52(k)b0k -
147’1|T| §4b2k3(51( )bok‘ég( )b() — 107‘1|7‘|4€§b(2)k352(k‘)b051 (k‘)bok -
147’1|T| £4b2k3(52( )bok‘él( )b() — 47'1|7'|4€ b0k51 (k‘)bng(SQ(k‘)bok -
4’7’1|’7’| fébokél( )b2]€352( )bo - 4’7’1|’7’| fgbokég( )b2k251 (k)bok —
4’7’1|’7’|4f§b0/€52( )b2]€351( )bo + 871£?b3k451( )bok&g(/ﬂ)bok +

87’15?(78]{}451( )b0k252( )b() + 871£?bgk452(/€)b0/€51 (/f)b()k +
87’15?()8]6452(]6)[)0]6251( )bo + 87’1€?bgk5(51 (k)boég(k‘)bok +
87’15?1)8]6551(]6)[)0]652( )b() + 8T1§?bgk552(k)b0(51 (k)b()k +
81E003k5 83 (K )bokor (k)bo + 41 E002k2681 (k)b2K305 (k)bok +
A ESDRR261 (K)2KAG (R )bo + Am E50RR62 (k)23 81 (K)bok +
A ESDRR2 62 (K)B2A5, (K)o + A E50RK361 (K)b2 K28 (k) bok +
4T1€6b2k351(k)b2k352( )bo + 47’15?()(2)]63(52(](})()3](}251(k)bok‘ +

4T1€6b2k352(k)b2k351(k)bo + 487'1&?&2[)8]6‘451 (k‘)bok(sl(k)bok +
487'1€1 §2b3k4(51 (k‘)bok2(51 (k‘)bo + 487‘1&?52()3]65(51 (k)b051 (k‘)bok +
ABTIE3E,b3KD 8 (k)bokdy (k)b + 2471 E5E2b2K28, (k)R K36, (k)bok +
24T1£§52b(2)]€2(51 (k)b(z)k451 (/f)b() + 247‘15%52%)(2)]{?351 (k)b%kzél(k)bok +
247 E2€,b2Kk351 (k)b2k381 (k)b — 8|7(6€3b3 kA5, (k)2bo — 4|7 |C&4b3 k462 (k)bok —
4| 7(0 303K 82 (k)b — 6|7]8E8b2 K26, (k)bokda (k)bok —
10|T|6§§b8k‘2(52 k)b0k252(k)b0 - 10|T|6€§b8k3(52(k)boég(k)bok -
14|T|Gf§b%]€352 )bokég( )bo - 4|T|Gf§b0k52(k)b%kzég(k)bok —
4|7‘|6£§b0k52( b2]€352( )bo + 8T12£?b3k452(/f)bokég(k)bok +

8’7’12 b3k452( bOkQ(SQ( )bo + 8T12§16b8k552(k)b052(k)b0/€ +

87 £?b3k552( bk (k)bo + AT2E802k26, (k)23 (k)bok +

477 g?bomg( b2kA6, (k)b + AT2E0b2K3 8, (k)b2 K26, (k)bok +

4’7’12 b2k352( )b2k352( )bo + 40T12£?£2b8k451 (k)bok(sg(k)bok +
407’125?52[7(3)]{451( )b0k252( )b() + 40T12§ir)52b(3)]€452(k)b0k51(k})bok +

\_/\_/\_/\ /A/—\

A0T2EPEbIE 0o (K)bok261 (K)bo + 4072E2€2b3KD 81 (k)boda (k)bok +

407’12 ?€2b8k551(k)b0k(52( )bo + 40T12€‘15§ngk552(k)b051 (k‘)bok +

40T12§?€2b8k5(52(k)b0k(51( )bo + 20T12€‘15§2b(2)k251 (k‘)bgk352(k)bok +

20T12§i)€2b(2)k251(k)b2k452( )bo + 20T12§i)§2b(2)k252(k)b2k351 (k‘)bok +

2072E2E,b2k265 (k)b2KAS1 (k)bo + 20725 €22 k361 (k)b2 k26, (k)bok +

2072E7Eab2K361 (k)b3K3 52 (k)bo + 20T2ED €203 k302 (k)b3K251 (k)bok +
(k) (k) (k)

207’125?52[)(2)]63(52 b2k3(51 bo + 1047’12§il€§b8k4(51( )b0k51 bok +



104726162B3K48, (k)bok281 (k)bo + 10472626263k, (k)body (k)bok +
1047’12§f€§b8k551( Vbokd1 (k)bg + 5271 6152()2/{52(51( )b2k351( )bok +
52r2EAE20RR26, (K)b2KA0, (K)o + 52r2€A €202 k36, (K)b2K281 (K )bk +
B2T2ELERb2R30, (K)b2K3, (k)bo + 8| T[2E5€2b3 k401 (k) boko (k) bok +
8|T|2£‘1552b8k451 (/f)b()kQ(Sg(k)b() + 8|T|2£?£gbgk452(k)bokél( )b()k +
8|7‘|2€‘15§2b8k452(k)b0k251 (k‘)bo + 8|T|2§?€2b8k551 (k)b()(SQ( )bok +
8|7[*€762b3 k> 01 (K)bokdz (k)bo + 8| T[*E7Eabik>d2 (k) bod1 (k)bok +
8|T|2£?52b8k552(1€)b0k51( )bo + 4|T|2fir)52b(2)/€251( ) 2k352( )bok +
AT 2E26302k28, (k)bRk G2 (K)bo + 4[| €2 £302k255 (k)DRA3S: (K)bok +
4|T|2£§52b(2)k252(1€)b2k451 (/f)b() + 4|T|2fir)£2b(2)k351 (k)b%k252(k)b0]€ +
AT [2E5Eab2K36, (k) BRAS 8o (k)bo + 4|7 |2€2 6202355 (k)26 (K)bok +
A|r2EDE202H365 (k) BRAS1 (k)bo + 16|7[2EA€203K46, (k) boksy (k)bok +
16| 7|21 €33k 01 (k)bok> 61 (k)bo + 16|7[>&1E3b3 k61 (k)bod (k)bok +
16]7|262 €263k, (k) bo ki ()bo + 8|7 2E4 €262k, (k)b2K36, () bok +
8|24 €202k268, (k)bRk6, (k)bo + 8|7 2EA€262K38, (kb2 K26, (K)bok +
8|7‘|2€%£%b(2)k3(51 (k)b0k351 (k‘)bo + 327‘?€1§2b3k452(l€)b0k(52( )bok‘ +
327’13 ?€2b8k4(52(k)b0k252(k‘)b0 + 327’ §1§2b3k552(k)b0(52( )b0k+
32T13£i)€2b8k552(k)bokég(k‘)bo + 167‘?€1§2b0k2(52( )b k352(k)bok +
167’135?5217(2)/{252(k)b2k452(/€)b0 + 167’135152b2]€352(k)b2k252( )b()]i} +
167367 €2b2 K30, (K )02k 83 (K )by + 6ATIEXE2B3KA5, (K)bokda () bok +
GATPEAE2UERA6, (K)bok20 (K)o + 6ATSEIE2B3 20, (K )bokdy (K)bok +
64T13§%€§b8k452(k)b0k251(k)bo + 647’13§1§%b3k551(k)b052( Yook +
G SHEEIL 1 ()bohoa(k)h + G4 LSRG (k)b () +
GATPEAE2UERD 2 (K)bokdy (k)bo + 3273 EA€202K26, (K)b2K3 5o (k)bok +
3973203126, (k)b2k 0 )bo + 32rSEAE2022 0, (k) BRKSSy (K)bok +
32rEREGbER20, (kB30 (k)bo + 32 ELEEBRR10 (k)B220, (k)bok +
3073E0E2BRK3 8, (k)DRK3 s (k)bo + 3273 AE202H36, (k) B2K2S, ()bok +
3273 EE2B2 K3 8 (k)DRK36, (k)bo + s)(arfg1 303146, (k) boks, (k)bok +
967’?&%53[)3]@‘451(k)b0k251(k)bo + 967’1 £1§Sb3k551(k)b0(51( )bok‘ +
0673 E3EB13K26, (k)bokdy (k)bo + ASTREIEILRA26, (K)b2K6, ()bok +
ASTIERERI20, (I b2h0, ()b + ASTIESE3L23 0y ()BRK20n (K)bok +
48T13§:13€gb(2)k351(k)b2k351(k)bo + 167’1|7’| §?€2b3k452(k)b0k52(k‘)b0k +

167’1|T|2§?€2b8k‘452(k)bok‘Q(SQ(k)bo + 167’1|7’|2§ €2b3k552( )bo(SQ(

167’1|T|2§?€2bgk552(k)bok52(k‘)bo + 87‘1|T| €1§2b0k252( )bok3(52(k‘)b0k +
8’7’1|T|2f?fgbgk252(k})bgk45g( )b() + 87‘1|7‘| £1§2b2k35g( )b2k252(1€)b0k +
871 |T|2€3 EbR k352 (K)bEK32 (K )by + 5671 |7|2E1 303k 01 (k)bokda(k)bok +

Yook -+

56T1|T|25%£§b(3)k451( )b0k252( )bo + 56T1|7'| £1£2b3k4(52( )bok(sl( )b()k"f’
567’1|T|2§%€§b8k452(k)b0k251( )bo + 567’1|T|2€%€§bgk551 (k)bo&g(k‘)bok +
567’1|T|2§%€§bgk551(k)bok52( )bo + 567‘1|T|2§%§%bgk552(k)b051(k)b()k‘ +
567 | T2EAE203k5 5 (k)bokdy (k)bo + 2871 |7|2EX€262K26, (k)b2k35s (k)bok +
987 | T [2EAE202k25, (k)bRk*Sa(k)bo + 287 | [2EA€202k25 (k)D2A3 S, (K)bok +
987 | T 2EAE202k25 (k)bEk™* 81 (k)bo + 287 |7 [2EA€202k3 5, (k)bRk285 (K )bok +
987, |7 2E16202K35, (k)bRAS 5o (k)bo + 2871 |7|2EA€202136, (k)b2K26, (K )bok +
287’1|T|2§%€§b%k352(k)kagdl(k)bo + 647’1|T|2€?€§bgk451 (k‘)bok(sl( )bok +
647’1|T|2§%€§b(3)k451(k)bokzdl(k)bo + 647’1|T|2€?€§b8k551 (k‘)boél( )bok +
64 |7 2E3E303K56, (k)bokdy ()b + 3271 |7|2€3€302k268, (k)b2K36, (k)bok +
327 |7 2E3E302K20, (k)DRKA61 (K)bo + 3271 |7 2€ €302k 6, (K)b2K281 (K)bok +
307, |7 2E36302K3 81 (k)DRASS, (k)bo + 3273 Ae203kA65 () bokda (k)bok +



327’{15%531)8/{5452(16)()0/{5252( )b() + 327’{16% %bgk‘5(52(k)b052(/€)b0k‘ +
327 LS b3k 62 (k)bokda (k)bo + 16T1EFE302K22 (k)b3k3 2 (K )bok +
1672 E4€202k26, (k) b2k 62 (k) bo + 167{1515517%352( V02255 (k)bok +
1674 €202 K36, (k) b2 K362 (K)bo + 32r2€3€300k481 (k)bokda(k)bok +
327 AE3EBB3KAS, (K)bok20a (k)bo + 327 € ERb3 462 (K)boke: (K)bok +
327’{16113531)8]64(52(16)[)0]6251(k)bo + 327’{1516%1)3]6551(]6)()052( Yook +
327 €3€3b3 kP01 (K)bokdz (k)bo + 327f§1§§b3k552(k)b 1(k)bok +
327 AE3EBN3RP6, (K)bokdy (k)bo + 167 €3 362K, (k)b2K62 (k) bok +
V67 €3 E3b220, ()BRI45 (R)bo + 16TAE3E302K20, (kY0230 (k) bok +
16 1308k (k)LEK5) (k)b + 16 138K 01 ()EER2Sa (k)b +
1623 E302136, (k)b2k362 (k)b + 167336362k 85 (k)DRK25, (k)bok +
1673230236, (k)b 0y (K )bo + 327;%1 30346, (k) boks, (k)bok +
3277 §1€§b3k4(51(k)b0k251(k)b0 + 327’1 gl §§b3k‘551(k)b051 (k)bok +
32742603156, (K)bokdy (k)bo + 16763 €462k, (k)b2K6, ()bok +
TGrIERE A6, ()RR 0y (k)bo + 167336403156, ()26, (i)bok +

16r2E2E002135, (k)b2K36, (k)b + 8072 |7 [2EA €263 kA5 (k)bokoa (k)bok +
807’12|T|2€%€§bgk452(l€)bok252(k)bo + 807‘12|7'|2£il %b8k552(k)b052(k)b0k +
8072 12 30k 62 (k)b (R)bo. + 40721 [PE1E3220 (K258 K bk +
1072\ 7 2E A€ 60 ) DRIA6 ()bo + 4072|7 2EI €055 (k) D212 (kYo +
L0727 2EH €N 5a ) BRI ()b + 112727 2ED €364, () boka (bl +
1127’12|T|2£%f:23b8/€451 (k)b0k252(/€)bo + 1127‘12|T|2£%£gbgk45g(/€)bok51(k)bok +
11272 712€3€3b3k2 62 (k)bok?01 (k)b + 11272 |7|2E3 €303 k561 (k) boda (K )bok +
11272 | 7|23 €3b3 kP61 (k)bokda (k)bo + 11272 |7 |*E3€5b3 k562 (k)bodr (k)bok +
112T12|7'|2£? §b§k552(k)b0k51(k)bo + 56T12|T|2£?fgb(2)/€251( )b2k352( )bok +
56T12|7'| £1£§b2k251( )b2k452(k)b0 + 567‘12|T|2f%fgb(2)/€252( )b2/€351( )bok +
56T12|7'| £1£§b2k252 )b2k451 (k)bo + 567‘12|T|2f%fgb(2)/€351( )b2/€252( )bok +
5672 |T|2E3€302k361 (k)b3 k352 (k)bo + 5672 |7|2E3 €308 k3 52 (k)bAk? 51 (k)bok +
567’12|T|2€%f§b(2)k352 Vo2 k351 (k)bo + 8072 |7 |2E2€503 k01 (k)bokd1 (k)bok +
807’12|T|2€%€§b3k4(51 )b0k2(51 (k)bo + 80T12|T|2§%§§b(3)k551( )bo(sl( )bok‘ +
80T12|7'|2£% §b8k551 )bokdy (k)bo + 40T12|7'|2£% 3b%k251( b2k351( )bok +
40T12|7'|2£%£§1b%k251 )b%k451(k)bo + 407‘12|T|2f%f§b(2)/€351( )b2/€251 (k)bok +
40727 2E2 €882k 81 (k)DRk3 1 (k)bo + 8|7 | €A€2b3k A5 (k)bokoa (k) bok +

8| 46213462 () bo k285 ()bo + 8|7 [A2€2b3k5 85 (k)boda (k)bok +

8| 71646203k 65 (k)bo ks (k)bo + 4|7 | A€ €3b2K25 (k)DRK3 s (k)bok +
4|7‘|4£155b2/€252( )b2k452( )bo + 4|T|4£1£§b2k35g(/€)b%k252(k})bok +

4T €203 K3 6 (k)R K> 52(k)bo + 16| 7|23 33K 81 (k) bokd2 (k)bok +
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