
Gauss-Bonnet Theorem for the

Noncommutative Torus



Noncommutative Torus

Fix θ ∈ R.

Let Aθ = C∗-algebra generated by unitaries U

and V satisfying

V U = e2πiθUV

Dense subalgebra of ‘smooth functions’:

A∞
θ ⊂ Aθ

a ∈ A∞
θ iff

a =
∑

amnUmV n

where (amn) ∈ S(Z2) is rapidly decreasing:
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sup
m,n

(1 + m2 + n2)k |amn| < ∞

for all k ∈ N.

If θ = rational, Aθ ∼ C(T2) (Morita equiva-

lence).

For θ = irrational, Aθ is much more compli-

cated; in particular it is a simple algebra; has a

unique normalized trace (faithful and positive)

τ0 : Aθ → C

τ0(
∑

amnUmV n) = a00

τ0(a
∗a) ≥ 0 positivity

τ0(a
∗a) = 0 iff a = 0 faithfulness
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Derivations

δ1, δ2 : A∞
θ → A∞

θ

uniquely defined by:

δ1(U) = U, δ1(V ) = 0

δ2(U) = 0, δ2(V ) = V

We have

δ1δ2 = δ2δ1.

Invariance property:

τ0(δi(a)) = 0, δi(a
∗) = −δi(a)

∗
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GNS construction: the Hilbert space

H0 = L2(Aθ, τ0),

completion of Aθ w.r.t. inner product

〈a , b〉 := τ0(b
∗a).

Fact: δ1, δ2 have unique s.a. (unbounded) ex-

tensions

δ1, δ2 : H0 → H0

Analogues of 1
i

d
dx, 1

i
d
dy.
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The flat Laplacian

∆ = δ21 + δ22 : A∞
θ → A∞

θ

has a unique extension to a positive (unbounded)

operator

∆ : H0 → H0
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Complex structures

Fix

τ = τ1 + iτ2, τ2 > 0.

Connes-Tretkoff consider τ = i, and define

∂ = δ1 + iδ2, ∂∗ = δ1 − iδ2.

∂∗ is the formal adjoint of ∂ w.r.t. 〈 , 〉 and

∆ = ∂∗∂ = δ21 + δ22.

Define the Hilbert space

H(1,0) ⊂ H0

as the completion of the subspace spanned by

a∂b’s. Then

∂ : H0 → H(1,0)
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In general, let ∂ = δ1 + τδ2. Considered as an

unbounded operator,

δ1 + τδ2 : H0 → H(1,0),

has an adjoint, given by

∂∗ = δ1 + τ̄ δ2

Define

∆ := ∂∗∂ = δ21 + 2τ1δ1δ2 + |τ |2δ22.
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Conformal perturbation of the metric

Fix h = h∗ ∈ A∞
θ . The new volume form:

ϕ(a) = τ0(ae−h) a ∈ Aθ.

ϕ is a positive linear functional on Aθ.

It is a twisted trace

ϕ(ba) = ϕ(aσi(b))

with the modular automorphism group

σt : Aθ → Aθ, t ∈ R,

σt(x) = eithxe−ith

and

σi(x) = e−hxeh

Let Hϕ = completion of Aθ w.r.t. 〈, 〉ϕ, where

〈a, b〉ϕ = ϕ(b∗a), a, b ∈ Aθ.
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Let

∂ϕ = ∂ = δ1 + τδ2 : Hϕ → H(1,0).

It has a formal adjoint ∂∗ϕ. Computation shows

that

∂∗ϕ = R(eh)∂∗

where R(eh) is the right multiplication operator

by eh (R(eh)(x) = ehx).

Perturbed Laplacian

∆′ = ∂∗ϕ∂ϕ : Hϕ → Hϕ,

where ∂ = δ1+ iδ2, or, in general, ∂ = δ1+τδ2.

Lemma (Connes-Tretkoff; continues to hold in

the general case): The operator ∆′ is anti-

unitarily equivalent to the positive unbounded

operator k∆k acting on H0, where k is the

operator of left multiplication by eh/2.
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Spectral zeta function

ζ(s) =
∑

λ−s
i = Tr (∆−s), Re(s) > 1.

Mellin transform

λ−s =
1

Γ(s)

∫ ∞

0
e−tλts−1dt

gives us

ζ(s) =
1

Γ(s)

∫ ∞

0
Trace+(e−t∆′

)ts−1dt,

where

Trace+(e−t∆′
) = Trace (e−t∆′

)−Dim Ker(∆′)
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As we shall see soon, ζ(s) has a holomorphic

extension to C\{1} with a simple pole at s = 1.

Spectral form of the classical Gauss-Bonnet

Theorem: Let Σ = compact connected ori-

ented Riemannian surface. Then

ζ(0) + 1 =
1

12π

∫
Σ

R =
1

6
χ(Σ),

where R is the (scalar) curvature. In particular

ζ(0) is a topological invariant; e.g. is invariant

under conformal perturbations of the metric

g 7→ efg.
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Gauss-Bonnet for NC Torus (Connes-Trekoff):

For any positive invertible element k ∈ A∞
θ ,

and ∆′ ∼ k∆k, ζ∆′(0) is independent of k.

(∆ = δ21 + δ22.)

Our goal: to extend this result to arbitrary

complex structures on Aθ with

∆ = δ21 + 2τ1δ1δ2 + |τ |2δ22.

Next: sketch Connes-Tretkoff’s proof.
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Pseudodifferential operators on A∞
θ

Recall: Connes (1980).

Differential operators of order n:

P : A∞
θ → A∞

θ

P =
∑
j

ajδ
j1
1 δ

j2
2

with aj ∈ A∞
θ , j = (j1, j2), |j| ≤ n.

Noncommutative symbols of order n ∈ Z: smooth
maps

ρ : R2 → A∞
θ

s.t.

||δi1
1 δ

i2
2 (∂j1

1 ∂
j2
2 ρ(ξ))|| ≤ c(1 + |ξ|)n−|j|,

where ∂i = ∂
∂ξi

, and ρ is homogeneous of order
n at infinity:

limλ−nρ(λξ1, λξ2) λ →∞
exists and is smooth for ξ 6= 0.
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Algebra of symbols:

S = ∪n∈ZSn

Given a symbol ρ, define a pseudodifferential

operator

Pρ : A∞
θ → A∞

θ

by

Pρ(a) = (2π)−2
∫
R2

∫
R2

e−is.ξρ(ξ)αs(a)dsdξ,

where

αs(U
nV m) = eis.(n,m)UnV m

Def:

ρ ∼ ρ′ if ρ− ρ′ ∈ ∩Sn

Smoothing symbols: ρ ∼ 0.
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Let Ψ= algebra of pseudodifferential operators
Pρ, ρ ∈ S. Symbol map

σ : Ψ → S, P 7→ σ(P ),

is well defined modulo smoothing operators
and smoothing symbols. One has

σ(PQ) =
∑ 1

`1!`2!
∂

`1
1 ∂

`2
2 (ρ(ξ))δ`1

1 δ
`2
2 (ρ′(ξ))

Elliptic Symbols: A symbol ρ(ξ) of order n is
called elliptic if ρ(ξ) is invertible for ξ 6= 0, and,
for |ξ| large enough,

||ρ(ξ)−1|| ≤ c(1 + |ξ|)−n

Example:

∆ = ∂∗∂ = δ21 + 2τ1δ1δ2 + |τ |2δ22

is elliptic with an invertible symbol

σ(∆) = ξ21 + 2τ1ξ1ξ2 + |τ |2ξ22.
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Heat kernel expansion and zeta values

Spectral zeta function:

ζ(s) =
∑ 1

λs
i

= Trace(∆′−s),

where ∆′ = k∆k.

Mellin transform:

λ−s =
1

Γ(s)

∫ ∞

0
e−tλts−1dt,

gives

ζ(s) =
1

Γ(s)

∫ ∞

0
Trace+(e−t∆′

)ts−1dt.

In the commutative case, e−t∆′
is a smoothing

pseudodifferential operator and so its trace can

be computed from its kernel, or its symbol:
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Tr(e−t∆′
) =

∫
Rn

k(x, x)dx =
∫
Rn

∫
Rn

p(x, ξ)dxdξ

where p = σ(e−t∆′
).

In the NC torus case, the analogous formula is

Tr(e−t∆′
) =

∫
R2

τ0(σ(e−t∆′
)(ξ))dξ.

Since Γ(s) has a simple pole at s = 0 with Res

= 1, we obtain

ζ(0) =

Ress=0

∫ ∞

0
(
∫
R2

τ0(σ(e−t∆′
))dξ − 1)ts−1dt.

(1 = dim Ker∆′)
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Cauchy integral formula:

e−t∆′
=

1

2πi

∫
C

e−tλ(∆′ − λ1)−1dλ

gives the asymptotic expansion: as t → 0+

∫
R2

τ0(σ(e−t∆′
))dξ ∼ t−1

∞∑
0

B2n(∆
′)tn.

It follows that ζ(s) has analytic continuation

to C \ {1}.
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For Re(s) >> 0:

ζ(s) =
1

Γ(s)

∫ 1

0

∞∑
0

B2n(∆
′)tn−1+s−1dt

+a holomorphic function.

It follows that:

ζ(0) = B2(∆
′).

Similar to the commutative case:

B2(∆
′) =

1

2πi

∫ ∫
C

e−λτ0(b2(ξ, λ))dλdξ

where

(b0(ξ, λ)+b1(ξ, λ)+b2(ξ, λ)+ · · · )σ(∆′−λ) ∼ 1,

bj(ξ, λ) is a symbol of order − 2− j.

Can assume λ = −1, therefore

ζ(0) =
∫

τ0(b2(ξ))dξ.
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σ(∆′ + 1) = σ(k∆k + 1) = (a2 + 1) + a1 + a0

where

a2 = k2ξ21 + 2τ1k2ξ1ξ2 + |τ |2k2ξ22

a1 = (2kδ1(k) + 2τ1kδ2(k))ξ1+

(2τ1kδ1(k) + 2|τ |2kδ2(k))ξ2

a0 = kδ21(k) + 2τ1kδ1δ2(k) + |τ |2kδ22(k).

Using the calculus for symbols:

b0 = (a2 + 1)−1

b1 = −(b0a1b0 + ∂i(b0)δi(a2)b0)

b2 = −(b0a0b0 + b1a1b0 + ∂i(b0)δi(a1)b0

+∂i(b1)δi(a2)b0 + (1/2)∂i∂j(b0)δiδj(a2)b0).

τ0(b2(ξ)) is equal to τ0 of
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−b2

0
kδ2

1
(k) +

(−2τ1)b
2
0kδ1δ2(k) +

((−1)|τ |2)b2

0
kδ2

2
(k) +

((6)ξ2

1
+ (12)τ1ξ1ξ2 + (4)τ2

1
ξ2

2
+ (2)|τ |2ξ2

2
)b3

0
k3δ2

1
(k) +

((6)ξ2

1 + (12)τ1ξ1ξ2 + (4)τ2

1 ξ2

2 + (2)|τ |2ξ2

2)b3

0k
2δ1(k)2 +

((2)ξ2

1
+ (4)τ1ξ1ξ2 + (2)|τ |2ξ2

2
)b2

0
k2δ1(k)b0δ1(k) +

((6)ξ2
1 + (12)τ1ξ1ξ2 + (4)τ2

1 ξ2
2 + (2)|τ |2ξ2

2)b2
0kδ1(k)b0kδ1(k) +

((12)τ1ξ
2

1
+ (16)τ2

1
ξ1ξ2 + (8)|τ |2ξ1ξ2 + (12)τ1|τ |

2ξ2

2
)b3

0
k3δ1δ2(k) +

((6)τ1ξ
2

1
+ (8)τ2

1
ξ1ξ2 + (4)|τ |2ξ1ξ2 + (6)τ1|τ |

2ξ2

2
)b3

0
k2δ1(k)δ2(k) +

((6)τ1ξ
2
1 + (8)τ2

1 ξ1ξ2 + (4)|τ |2ξ1ξ2 + (6)τ1|τ |
2ξ2

2)b3
0k

2δ2(k)δ1(k) +
((2)τ1ξ

2

1
+ (4)τ2

1
ξ1ξ2 + (2)τ1|τ |

2ξ2

2
)b2

0
k2δ1(k)b0δ2(k) +

((2)τ1ξ
2

1
+ (4)τ2

1
ξ1ξ2 + (2)τ1|τ |

2ξ2

2
)b2

0
k2δ2(k)b0δ1(k) +

((6)τ1ξ
2

1 + (8)τ2

1 ξ1ξ2 + (4)|τ |2ξ1ξ2 + (6)τ1|τ |
2ξ2

2)b2

0kδ1(k)b0kδ2(k) +
((6)τ1ξ

2

1
+ (8)τ2

1
ξ1ξ2 + (4)|τ |2ξ1ξ2 + (6)τ1|τ |

2ξ2

2
)b2

0
kδ2(k)b0kδ1(k) +

((4)τ2
1 ξ2

1 + (2)|τ |2ξ2
1 + (12)τ1|τ |

2ξ1ξ2 + (6)|τ |4ξ2
2)b3

0k
3δ2

2(k) +
((4)τ2

1
ξ2

1
+ (2)|τ |2ξ2

1
+ (12)τ1|τ |

2ξ1ξ2 + (6)|τ |4ξ2

2
)b3

0
k2δ2(k)2 +

((4)τ2

1
ξ2

1
+ (2)|τ |2ξ2

1
+ (12)τ1|τ |

2ξ1ξ2 + (6)|τ |4ξ2

2
)b2

0
kδ2(k)b0kδ2(k) +

((2)|τ |2ξ2
1 + (4)τ1|τ |

2ξ1ξ2 + (2)|τ |4ξ2
2)b2

0k
2δ2(k)b0δ2(k) +

((−8)ξ4

1
+(−32)τ1ξ

3

1
ξ2+(−40)τ2

1
ξ2

1
ξ2

2
+(−8)|τ |2ξ2

1
ξ2

2
+(−16)τ3

1
ξ1ξ

3

2
+(−16)τ1|τ |

2ξ1ξ
3

2
+(−8)τ2

1
|τ |2ξ4

2
)

b4

0
k5δ2

1
(k) +

((−8)ξ4

1+(−32)τ1ξ
3

1ξ2+(−40)τ2

1 ξ2

1ξ2

2+(−8)|τ |2ξ2

1ξ2

2+(−16)τ3

1 ξ1ξ
3

2+(−16)τ1|τ |
2ξ1ξ

3

2+(−8)τ2

1 |τ |
2ξ4

2)
b4

0
k4δ1(k)2 +

((−10)ξ4
1+(−40)τ1ξ

3
1ξ2+(−48)τ2

1 ξ2
1ξ2

2+(−12)|τ |2ξ2
1ξ2

2+(−16)τ3
1 ξ1ξ

3
2+(−24)τ1|τ |

2ξ1ξ
3
2+(−8)τ2

1 |τ |
2ξ4

2

+ (−2)|τ |4ξ4

2
)b3

0
k4δ1(k)b0δ1(k) +

((−20)ξ4

1
+(−80)τ1ξ

3

1
ξ2+(−96)τ2

1
ξ2

1
ξ2

2
+(−24)|τ |2ξ2

1
ξ2

2
+(−32)τ3

1
ξ1ξ

3

2
+(−48)τ1|τ |

2ξ1ξ
3

2
+(−16)τ2

1
|τ |2ξ4

2

+ (−4)|τ |4ξ4
2)b3

0k
3δ1(k)b0kδ1(k) +

((−10)ξ4

1
+(−40)τ1ξ

3

1
ξ2+(−48)τ2

1
ξ2

1
ξ2

2
+(−12)|τ |2ξ2

1
ξ2

2
+(−16)τ3

1
ξ1ξ

3

2
+(−24)τ1|τ |

2ξ1ξ
3

2
+(−8)τ2

1
|τ |2ξ4

2

+ (−2)|τ |4ξ4

2
)b3

0
k2δ1(k)b0k

2δ1(k) +
((−4)ξ4

1 +(−16)τ1ξ
3

1ξ2 +(−20)τ2

1 ξ2

1ξ2

2 +(−4)|τ |2ξ2

1ξ2

2 +(−8)τ3

1 ξ1ξ
3

2 +(−8)τ1|τ |
2ξ1ξ

3

2 +(−4)τ2

1 |τ |
2ξ4

2)
b2

0
k2δ1(k)b2

0
k2δ1(k) +

((−4)ξ4
1 +(−16)τ1ξ

3
1ξ2 +(−20)τ2

1 ξ2
1ξ2

2 +(−4)|τ |2ξ2
1ξ2

2 +(−8)τ3
1 ξ1ξ

3
2 +(−8)τ1|τ |

2ξ1ξ
3
2 +(−4)τ2

1 |τ |
2ξ4

2)
b2

0
kδ1(k)b2

0
k3δ1(k) +

((−16)τ1ξ
4

1
+ (−48)τ2

1
ξ3

1
ξ2 + (−16)|τ |2ξ3

1
ξ2 + (−32)τ3

1
ξ2

1
ξ2

2
+ (−64)τ1|τ |

2ξ2

1
ξ2

2
+ (−48)τ2

1
|τ |2ξ1ξ

3

2
+

(−16)|τ |4ξ1ξ
3
2 + (−16)τ1|τ |

4ξ4
2)b4

0k
5δ1δ2(k) +

((−8)τ1ξ
4

1
+ (−24)τ2

1
ξ3

1
ξ2 + (−8)|τ |2ξ3

1
ξ2 + (−16)τ3

1
ξ2

1
ξ2

2
+ (−32)τ1|τ |

2ξ2

1
ξ2

2
+ (−24)τ2

1
|τ |2ξ1ξ

3

2
+

(−8)|τ |4ξ1ξ
3

2
+ (−8)τ1|τ |

4ξ4

2
)b4

0
k4δ1(k)δ2(k) +

((−8)τ1ξ
4

1 + (−24)τ2

1 ξ3

1ξ2 + (−8)|τ |2ξ3

1ξ2 + (−16)τ3

1 ξ2

1ξ2

2 + (−32)τ1|τ |
2ξ2

1ξ2

2 + (−24)τ2

1 |τ |
2ξ1ξ

3

2 +
(−8)|τ |4ξ1ξ

3

2
+ (−8)τ1|τ |

4ξ4

2
)b4

0
k4δ2(k)δ1(k) +

((−10)τ1ξ
4
1 + (−32)τ2

1 ξ3
1ξ2 + (−8)|τ |2ξ3

1ξ2 + (−24)τ3
1 ξ2

1ξ2
2 + (−36)τ1|τ |

2ξ2
1ξ2

2 + (−32)τ2
1 |τ |

2ξ1ξ
3
2 +

(−8)|τ |4ξ1ξ
3

2
+ (−10)τ1|τ |

4ξ4

2
)b3

0
k4δ1(k)b0δ2(k) +

((−10)τ1ξ
4

1
+ (−32)τ2

1
ξ3

1
ξ2 + (−8)|τ |2ξ3

1
ξ2 + (−24)τ3

1
ξ2

1
ξ2

2
+ (−36)τ1|τ |

2ξ2

1
ξ2

2
+ (−32)τ2

1
|τ |2ξ1ξ

3

2
+

(−8)|τ |4ξ1ξ
3
2 + (−10)τ1|τ |

4ξ4
2)b3

0k
4δ2(k)b0δ1(k) +

((−20)τ1ξ
4

1
+ (−64)τ2

1
ξ3

1
ξ2 + (−16)|τ |2ξ3

1
ξ2 + (−48)τ3

1
ξ2

1
ξ2

2
+ (−72)τ1|τ |

2ξ2

1
ξ2

2
+ (−64)τ2

1
|τ |2ξ1ξ

3

2
+

(−16)|τ |4ξ1ξ
3

2
+ (−20)τ1|τ |

4ξ4

2
)b3

0
k3δ1(k)b0kδ2(k) +

((−20)τ1ξ
4

1 + (−64)τ2

1 ξ3

1ξ2 + (−16)|τ |2ξ3

1ξ2 + (−48)τ3

1 ξ2

1ξ2

2 + (−72)τ1|τ |
2ξ2

1ξ2

2 + (−64)τ2

1 |τ |
2ξ1ξ

3

2 +
(−16)|τ |4ξ1ξ

3

2
+ (−20)τ1|τ |

4ξ4

2
)b3

0
k3δ2(k)b0kδ1(k) +

((−10)τ1ξ
4
1 + (−32)τ2

1 ξ3
1ξ2 + (−8)|τ |2ξ3

1ξ2 + (−24)τ3
1 ξ2

1ξ2
2 + (−36)τ1|τ |

2ξ2
1ξ2

2 + (−32)τ2
1 |τ |

2ξ1ξ
3
2 +

(−8)|τ |4ξ1ξ
3

2
+ (−10)τ1|τ |

4ξ4

2
)b3

0
k2δ1(k)b0k

2δ2(k) +
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((−10)τ1ξ
4

1
+ (−32)τ2

1
ξ3

1
ξ2 + (−8)|τ |2ξ3

1
ξ2 + (−24)τ3

1
ξ2

1
ξ2

2
+ (−36)τ1|τ |

2ξ2

1
ξ2

2
+ (−32)τ2

1
|τ |2ξ1ξ

3

2
+

(−8)|τ |4ξ1ξ
3
2 + (−10)τ1|τ |

4ξ4
2)b3

0k
2δ2(k)b0k

2δ1(k) +
((−4)τ1ξ

4

1
+ (−4)τ1ξ

4

1
+ (−12)τ2

1
ξ3

1
ξ2 + (−12)τ2

1
ξ3

1
ξ2 + (−4)|τ |2ξ3

1
ξ2 + (−4)|τ |2ξ3

1
ξ2 + (−8)τ3

1
ξ2

1
ξ2

2
+

(−8)τ3

1
ξ2

1
ξ2

2
+(−16)τ1|τ |

2ξ2

1
ξ2

2
+(−16)τ1|τ |

2ξ2

1
ξ2

2
+(−12)τ2

1
|τ |2ξ1ξ

3

2
+(−12)τ2

1
|τ |2ξ1ξ

3

2
+(−4)|τ |4ξ1ξ

3

2
+

(−4)|τ |4ξ1ξ
3

2 + (−4)τ1|τ |
4ξ4

2 + (−4)τ1|τ |
4ξ4

2)b2

0k
2δ1(k)b2

0k
2δ2(k) +

((−4)τ1ξ
4

1
+ (−12)τ2

1
ξ3

1
ξ2 + (−4)|τ |2ξ3

1
ξ2 + (−8)τ3

1
ξ2

1
ξ2

2
+ (−16)τ1|τ |

2ξ2

1
ξ2

2
+ (−12)τ2

1
|τ |2ξ1ξ

3

2
+

(−4)|τ |4ξ1ξ
3
2 + (−4)τ1|τ |

4ξ4
2)b2

0kδ1(k)b2
0k

3δ2(k) +
((−4)τ1ξ

4

1
+ (−12)τ2

1
ξ3

1
ξ2 + (−4)|τ |2ξ3

1
ξ2 + (−8)τ3

1
ξ2

1
ξ2

2
+ (−16)τ1|τ |

2ξ2

1
ξ2

2
+ (−12)τ2

1
|τ |2ξ1ξ

3

2
+

(−4)|τ |4ξ1ξ
3

2
+ (−4)τ1|τ |

4ξ4

2
)b2

0
kδ2(k)b2

0
k3δ1(k) +

((−8)τ2
1 ξ4

1 + (−16)τ3
1 ξ3

1ξ2 + (−16)τ1|τ |
2ξ3

1ξ2 + (−40)τ2
1 |τ |

2ξ2
1ξ2

2 + (−8)|τ |4ξ2
1ξ2

2 + (−32)τ1|τ |
4ξ1ξ

3
2 +

(−8)|τ |6ξ4

2
)b4

0
k5δ2

2
(k) +

((−8)τ2

1
ξ4

1
+ (−16)τ3

1
ξ3

1
ξ2 + (−16)τ1|τ |

2ξ3
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In the case of τ = i, Connes and Tretkoff by
passing to polar coordinates and integrating
the angular variable, obtain term such as

8πr2b30k3δ21(k)

all b0 on the left,

terms such as

−4πr4b20kδ2(k)b
2
0k3δ2(k)

with b20 in the middle,

and terms such as

16πr6b40k5δ1(k)b0kδ1(k)

with b0 in the middle.

Using

∂r(b0) = −2rk2b20

and integration by parts terms with b20 in the
middle can be converted to terms with b0 in
the middle and for integrating the terms of
the latter type the following lemma is used.
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Lemma (Connes-Tretkoff). For ρ ∈ A∞θ and

every non-negative integer m:∫ ∞

0

k2m+2um

(k2u + 1)m+1
ρ

1

(k2u + 1)
du = Dm(ρ)

where

Dm = Lm(∆),

∆ = the modular automorphism,

Lm(u) =
∫ ∞

0

xm

(x + 1)m+1

1

(xu + 1)
dx =

(−1)m(u−1)−(m+1)
(
logu−

m∑
j=1

(−1)j+1(u− 1)j

j

)

(modified logarithm).
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Theorem (Connes-Tretkoff). The value ζ(0)

of the zeta function of the operator ∆′ ∼ k∆k

is independent of k.

Lemma

ζ(0) + 1 = 2πτ0(f(∆)(δj(k))δj(k)k
−2)

where

f(u) =
1

6
u−1/2 −

1

3
+ L1(u)− 2(1 + u1/2)L2(u)

+(1 + u1/2)2L3(u).

3



If we write f(u) = h(log(u)), it follows that:

ζ(0) + 1 = 2πτ0(K(log∆)(δj(log k))δj(log k))

where

K(x) = 4(−1 + ex/2)2x−2h(x).

and log∆(x) = −[h, x].

Proof of the theorem: From the fact that K

is an odd function it follows that

τ0(K(log∆)(δj(log k))δj(log k)) = 0.

What we have done so far:

Case τ = τ2i is done now,

General case is in progress!
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For the case of complex parameter τ = τ2i with τ2 > 0, after computing the integral of b2(ξ)
over the plane, we find the following lemma which is the analogue of Lemma 3.2 in the paper by
Connes and Tretkoff.

Lemma 1. ζ(0) of the zeta function of the operator ∆′ ∼ k∆k is given by

ζ(0) + 1 =
2π

τ2
ϕ(f(∆)(δ1(k))δ1(k)) + 2πτ2ϕ(f(∆)(δ2(k))δ2(k))

where ϕ(x) = τ0(xk−2), ∆ is the modular operator,

f(u) =
1

6
u−1/2

−
1

3
+ L1(u) − 2(1 + u1/2)L2(u) + (1 + u1/2)2L3(u),

and

Lm(u) = (−1)m(u − 1)−(m+1)
(

logu −

m
∑

j=1

(−1)j+1 (u − 1)j

j

)

.

Then in their paper, Connes and Tretkoff have proved that both terms ϕ(f(∆)(δj(k))δj(k))
vanish for j = 1, 2 (Lemma 3.3 and proof of Theorem 3.1 in page 8). Therefore from the above
lemma it follows that ζ(0) + 1 = 0, in particular it is independent of k.
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