Gauss-Bonnet Theorem for the
Noncommutative Torus



Noncommutative Torus

Fix 6 € R.

Let Ay = C*-algebra generated by unitaries U
and V satisfying

VU = 2™V

Dense subalgebra of ‘smooth functions’.
Ap® C Ay
a € Ap° iff
a = Z amn UV

where (amn) € S(Z?2) is rapidly decreasing:



sup (1 + m2 + nQ)k lamn| < oo
m,mn

for all k € N.

If & = rational, Ay ~ C(T?) (Morita equiva-
lence).

For 6 = irrational, Ay is much more compli-
cated; in particular it is a simple algebra; has a
unique normalized trace (faithful and positive)

7O - A@ — C
T0(a*a) > 0 positivity

10(a*a) =0 iff a=0 faithfulness



Derivations
51, 52 : Ac9>o —> Ago

uniquely defined by:

61(U) =1, 61(V) =0
6>(U) =0, (V)=V
We have
5165 = 6251

Invariance property:

70(4;(a)) =0, 6i(a*) = —6;(a)”



GNS construction: the Hilbert space

Ho = L?(Ag,70),

completion of Ay w.r.t. inner product

(a, b) ;= 19(b"a).

Fact: 01,d> have unique s.a. (unbounded) ex-
tensions

51,52 : HO —> Ho

f-ld 1d

Analogues of =, Tdy



The flat Laplacian

A =67+ 065 AP — AF

has a unique extension to a positive (unbounded)
operator

AZHO—>HO



Complex structures

Fix

T = T1 + 17D, > > 0.

Connes-Tretkoff consider = 7, and define
0 = d1 + 109, O = 61 — 1.
0* is the formal adjoint of 9 w.r.t. (, ) and

A = 0% = 67 + 65.

Define the Hilbert space

H(l’o) C Ho

as the completion of the subspace spanned by
aob's. Then

8 Ho — H1LO



In general, let 0 = 01 + 79o. Considered as an
unbounded operator,

51 + 165 Ho — H(LO),

has an adjoint, given by

0" = 61 + 765

Define

A = 0%0 = 67 4 2116160 + |7|%63.



Conformal perturbation of the metric

Fix h = h* & Ago. The new volume form:

o(a) = To(ae_h) a € Ap.

@ IS a positive linear functional on Ay.

It is a twisted trace

p(ba) = p(ao;(b))

with the modular automorphism group
O'tIAQ—>A9, t e R,
at(a:) — eithxe—ith

and

oi(z) = e Pzel

Let H, = completion of Ay w.r.t. (,),, Where

<CL, b>90 — gO(b*CL), a, be AQ'



Let

890 =0 = 51 —+ 7‘52 : Hgo — H(l’o).

It has a formal adjoint 8;;. Computation shows
that

9% = R(e")o*

where R(e") is the right multiplication operator
by e (R(eM)(z) = eMz).

Perturbed Laplacian
A = 8:;890 : Hy — Hep,

where 0 = 01 4205, or, in general, 0 = 01+ 799o.

Lemma (Connes-Tretkoff; continues to hold in
the general case): The operator A’ is anti-
unitarily equivalent to the positive unbounded
operator KAk acting on Hp, where k is the
operator of left multiplication by eh/2.



Spectral zeta function
C(s) = ZA;S = Tr(A™?), Re(s) > 1.

Mellin transform
(s) Jo

gives us
1
(s)

¢(s) =

where

O
/o Tracet (e 2514t

Tracet (e 12") = Trace (e~ 2") — Dim Ker(A)
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As we shall see soon, ((s) has a holomorphic
extension to C\ {1} with a simple pole at s = 1.

Spectral form of the classical Gauss-Bonnet
Theorem: Let > compact connected ori-
ented Riemannian surface. Then

1 1
C(O) + 1= E/ZR — EX(Z)a

where R is the (scalar) curvature. In particular
¢(0) is a topological invariant; e.g. is invariant
under conformal perturbations of the metric

g—elg.
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Gauss-Bonnet for NC Torus (Connes-Trekoff):
For any positive invertible element £ € A%,
and A’ ~ kAk, (A/(0) is independent of k.
(A =67+ 63.)

Our goal: to extend this result to arbitrary
complex structures on Ay with

A = 67 4 2716165 + |7]%65.

Next: sketch Connes-Tretkoff’s proof.
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Pseudodifferential operators on Ago
Recall: Connes (1980).

Differential operators of order n:
P : Ago — Ago

P = Zaj(;{l(%Q
J

Noncommutative symbols of order n € Z: smooth
maps

p:R? — A%
s.t.

1621622 (991022 p(€))|] < e(1 4 [¢])™ 11,

where 0; = %, and p is homogeneous of order

n at infinity:
M A" " p(AEq, AEn) A — 00

exists and is smooth for & # 0.
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Algebra of symbols:

S = Upez5n

Given a symbol p, define a pseudodifferential
operator

by
Po(a) = 2m) 2 [ [ e €p(¢)as(a)dsde,
where

as(UV™) = ez’s.(n,m) Uy m

Def:
p~p if p—p ensy
Smoothing symbols: p ~ 0.
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et W= algebra of pseudodifferential operators
Py, p€ S. Symbol map

c: WV —S P o(P),

is well defined modulo smoothing operators
and smoothing symbols. One has

1

MALAGRTAEG)

o(PQ) =)

Elliptic Symbols: A symbol p(£¢) of order n is
called elliptic if p(&) is invertible for £ = 0, and,
for || large enough,

o) < e+ )™

Example:
A = 0%0 = 67 4 2116160 + |7]%63
is elliptic with an invertible symbol
o(A) = €2 + 21 &160 + |7|2E3.
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Heat kernel expansion and zeta values

Spectral zeta function:
1 _
((s) => i Trace(A'™9),
1

where A’ = kAk.

Mellin transform:

(s) Jo ’

gives
1

) =

oo
/o TraceT (e 12 )54t

In the commutative case, e~ 1A s 3 smoothing
pseudodifferential operator and so its trace can
be computed from its kernel, or its symbol:
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Tr(e_tA,) = /]Rn k(xz,z)dr = /n/np(ac,f)da:dﬁ

where p = o (e~ tA).

In the NC torus case, the analogous formula is

—tA'y —tA!
Tr(e ) = [ mo(o(e A (©))de.

Since N'(s) has a simple pole at s = 0 with Res
= 1, we obtain

¢(0) =

Res,_g /O o , ro(o(e~t2"))de — 1)e5 Lat.

(1 =dim KerA/)
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Cauchy integral formula:

1
e 1A — —/C e~N(A — A1)~ Ldx

271

gives the asymptotic expansion: as t — 0t

[ 2 ro(o(eA))de ~ 1Y Bo (AN
0

It follows that ((s) has analytic continuation
to C\ {1}.
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For Re(s) >> O:

— n—14s—
() =05 Zanm)t tetay

+a holomorphic function.

It follows that:

¢(0) = Ba(A").

Similar to the commutative case:

Ba(A) = [ [ e ro(ba(é, \))and

where
(bO(’S) >‘) +b1(€7 )‘) +b2(£7 )‘) + T )O-(A/_A) ™~ 17

b;(§, ) is a symbol of order —2 — ;.

Can assume \ = —1, therefore

((0) = [ To(ba())de.
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o(A"+ 1) =c(kAk+1) = (ar+ 1) + a1 + ag

where
ap = k2€3 + 2m1k2¢160 + |7|2k2€3
a1 = (2k61(k) + 211 kdo(k))é1+
(271 k81 (k) + 2|7%kb2 (k))&

ag = ko1 (k) + 271k6182(k) + |7[2k63 (k).

Using the calculus for symbols:
bo = (ag +1)7*
b1 = —(bga1bg + 9;(bg)d;(a2)bg)
ba = —(boagbg + bia1bg + 9;(bg)d;(a1)bg
+0;(b1)d;(a2)bg + (1/2)9;0;(bg)d;0;(a2)bg).

T0(b>(&)) is equal to g of
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—b2k62 (k) +
—27‘1)b0k(51(52(k)

4(15)2()( 2) 11 €360+ (—40) TS +(=8)|TE265 +(—16) 7761 E3 4 (—16) 7 |7 |* 6163 +(—=8) 7| 7[*E3)
ok°d

(—8)&1+(—32)T1E o+ (—40)TLE1E5 +(—8) |77 5+ (—16) 77 61£5+(—16) 1 |72 6134 (—8) 71| 7]*&3)
3k451(k)

(-1

(

((=1)|7[*)bgkd5 (k) +

((6)6F + (12)m&a&a + (4) 7785 + (2)|71°63)b3k>6F (k) +

((6)&7 : +(12)116162 + (4 )T1 52 + (2)I7[7E3)b3E01 (k) +

((2) 2+( )€€ + (2)|7[7€3)bg k01 (k)bod1 (k) +

((6)&7 (12)715152 + (4)776 + (2)|7°€3) b5 ko1 (k)bokdy (k) +
((12)7151 (1 ) P88 + (8)|71P61&2 + (12)71|7[2E5) bk 0102 (k) +
((6)m&F + (8)71 5152 + (4)|7€182 + (6)71|7]2E3)bok> 61 (k)02 (k) +
((6)1&7 + (8 )T1 §1&a + (4726182 + (6)71| 7263 bk 02 (K)o (k) +
((2)11&F + (477182 + (2)T1|7[2€5)b5k>01(K)bod2(K) +

((2)11&F + (W) 77182 + (2)T1|7[2E5)b5k>2(K)body () +

((6)71&F + (B)Tié1& + (4)|7[* &1 + (6)71|T|2€§)bgk51( )bokdz (k) +
((6)7151 (8)715152 + (D)[721&2 + (6)11|7|2E3)bg kb (k)bokdy (k) +
(H)T2 + |71 + (12)m |7 261 &2 + (6)[7]*€5)b3k>05 (k) +
(T2 + Q)IT1PEF + (12)m |72 612 + (6)|7]€5)bok>d2(k)* +
(T2 + |71 + (12) |72 &2 + (6)|T|4§§)b<2)k52(k)bok(Sz(kJ) +
5(2)|T| 51 ( )T |T[* 6162 +( N TI*E5)b5 k>0 (K)bodz (k) +

b

(

b

(

( 40)71E3Eo+(—48) T ETES+(—12)|T|PE2 &5 +(—16) 171 E3+(—24) 1 [T [* 6163 +(=8) 71 |7 [*&3
|T|4§4)b3k451( )bodi (k) +
+(=80)T1 €3 €2+ (—96)TPETES+(—24)| 7|27 €5 +(—32) TP 163 +(—48)m |72 613+ (—16) 77 |7]2&3
|T|4§2)b3k351( )bo/f51( )+
+(—40)TE} &+ (—48) T ERE5 +(—12) |7 PE2E5+(—16) TP &1 E5+(—24) | T[* €163+ (—8) 77 |7 [°€&3
|T|4€2)53k251( )b0k251( )
21&? i )b(2k21§)(ﬁ§1€2+( 0)7PE2E5 + (—4)|7PE2E65 + (—=8) 176183 + (—=8) T |7|26163 + (—4) 71| 7[2€5)
0 1 1
gké )(k)bQ(k_l*;G()l:;f%& +(—20)77E6365 + (—4) 726163 + (=8) P61 &3 + (—=8)m [T 26163 + (—4) 7 |7[°€3)
001 1
16) 71 + (—48)77 €36 + (—16)| 72608 + (=32)77€785 + (—64)Tu[7[?6365 + (—48) 17 |7[>6165 +
16)|7*€163 + ( 16) 71 |7|*€3) bk 0102 (k) +
8) il + (—24)72E38 4 (=8)|7P606 + (—16)7P6765 + (=32)m|7P67€5 + (—24)77 (7?6185 +
8)|711€13 + (=8)mu|7|*€3) b5k 01 (k)2 (k) +
)Tlé“i1 + (—24)7760&6 + (=8)|7°E36 + (—16)776365 + (=32)m|7|°€765 + (—24)77|7[* 6165 +

(

b

(

b

(

(_

(

E

(=8)[7[*6163 + (=8)m|7[*&5)bgk* 02 (K)oy (k) +
E DTEE + (=36)n |G + (=32)77 7268 +
(

(

(

(_

(

(

(

(

-10
+ (-2
((—20)¢f
+(—4
((—10)&f
+ (-2

(

\_,\_/\_/\_/\_/\./

10)7151 (—32)77676 + (=8)I7]%67&2 + (=2
8)ITl61€3 + (- 10)71|T|4§§)b3k451(k)bo52(/f) +

(=27 + (=36)|7[PE2€3 + (—32)77| 7268 +
+

10)7151 (=32)717E08 + (=8)|7[*&3&, +
8)|711163 + (=10)71|7[*€3) b3k 02 (K )body (k)
20)71E7 4 (—64)T7E36 + (—16)|7|7E08 + (—48)1PE7E65 + (—T2)71[ 7?6365 + (—64) 77 |7[>6165 +
16)|7*€165 + ( 20)71|T| 52)b3k351( )bok‘52(/€)+

20)7iE] + (—64)17E0 + (—16)|77606 + (—48)17E765 + (=T2)m| 726765 + (—64) 77| [*6165 +
16)|7*€:€35 + ( 20)T1|T| 52)b3k352( )bo/f51(/f)+

10)T151 (—32)77E& + (=8)|7?E3¢&2 + (—24)176765 + (—36)T|71263€5 + (—32)71 (726163 +
—8)|7[*€1€3 + (— 10)71|T|4€§)bgk‘251(k)bok252(k)+

-
-
(-8
-
-
-
-
-



(= 10)7151 (=32)77&7& + (=8)|7?E3¢&2 + (—24)1767€65 + (—36)T|7?67€5 + (—=32)77 (776163 +
—8)|7[*€1£5 4 (=10)71|7|*€3) b3 k> 02 (k) bok>d1 (K) +

(- )Tlﬁi“r ()il + (—12)72E38 + (—12)77658 + (—4)| 7232 +( 4)|r[? 5152 + (—8)776365 +
—8)T 5152 (— 16)71|T|2§f§§+(—16)71|T|2§f5§+(—12)ﬁz|T|251§§+( 21|26 65+ (— )|T|4§1§2
- )|T| 618 + ( 4m|r*es + (- )71|T| LE3)b5k>01 (k)bg k2 (k) +

(= )7151 (—12)77E08 + (—4) |76 + (=8)TPE1E3 + (—16)71 (776365 + (—12)77 |7 6165 +
—4)|7|*6:165 + ( 4)1i|T[*E5) b5k (k)bgk®da (k) +

(- )T1§1 (—12)726362 + (—4)|T1P66 + (=8)TPE7E5 + (—16)u[ 7126765 + (—12)7[ 7126163 +
—4)|7*6:1 63 + ( 4)T1|T| €305k (K )b2k351( )+

(=8)TEE! + (=16)TPEPEs + (—16)71| 72762 + (—40) 77 |7[26265 + (=8)|7|*€7€65 + (—32)m|7]*61€3 +
—8)|7| 52)b4k552( )

(- )T1 £+ (—16)7 5?52 + (—=16)71| 7?7 €a + (—40)T7 |7 €765 + (=8)|7[*E7€5 + (=32)m|7|* €165 +
—8)|T| 52)b4k462( )

(=8)72&l + (=2)|7]&L + (—16)7P€36 + (—24)m|7*E3& + (—48)7|7[*€765 + (—12)|7|*¢7&3 +
—40)71|T|4§152 + (—10)|7(963)bg k" b2 (k) boda (k) +

(=16)77 51 (—4)|T1PEL + (=32)1PE380 + (—48)Ti[TPE76 + (—96)77 |7 [2€7€5 + (—24)|7/*¢7€5 +
—80)71|T| 6163 4 (—20)|7|063)b5 k> 2 (k)bokdz (k) +

(=8)7Eel + (=2)|7)2€t + (—16)7{€3& + (—24)1 |26 + (—48)7H|7|?&385 + (—12)|7*¢i65 +
—40)71|7[* 6165 + ( 10)|T|6§§)b8k252(/f)bok252(k) +

(—)72el 4+ (=8)77€06 + (=8)mu[TPE3&2 + (—20)7|7[2€7€5 + (—4)|7|*6265 + (—16)m|7|*61€3 +
—4)|7| 52)52/€252( Vbgk>d2 (k) +

(—4)7PE] + (=8)77E08 + (=8)Tu|TPEi6 + (—20)77| 726365 + (—4)|7[*E7€5 + (—16)T[7[*613 +
—4)|T| 083 b5 kda (k)bGk> 02 (k) +

(8)6F + (48)715152 + (104)72€1€5 + (16)|7[2€165 + (96)7PE363 + (64)m1 726365 + (32)71€765 +
80)T2|T| §165 + (8)I711€3€3 + (32)7P|7[2€185 + (16)71[7]* 165 + (8) 71| 7|*€9)bgkO1 (K)body (k) +
(16)&9 (96)715152 + (208)72E1€5 + (32)|7]2€165 + (192)77€3€3 + (128)m | 72€65€3 + (64)71€7€5 +
160)7 |T| 6+ (16)|T|4€1§2 (64)77| 72615 + (32) 71| T[* €165 + (16) 77 | 7|*€3) bk b1 (k) bokdy (K) +-
(8)€9 + (48)715152 + (104)776165 + (16)[7[2£165 + (96)1PE3€3 + (64)1 (776365 + (32)7!67¢5 +
80)T2|T| §& + B)|7|'6165 + (32)77 7126185 + (16)m|7]* 6165 + (8) 77 |7|*€8) b k1 (k)bok?d1 (k) +
(4)€9 + (24)715152 + (52)77E1E3 + (8)|T[2E163 + (48)7PE3€3 + (32)m |7 [E363 + (16)71€365 +
40)7 |T| §16 + (4 )|T|4§152 (16) 72| 7126165 + (8) T |T[*615 + (4) 7|7 [*E9) bk b1 (k)bG k201 (k) +
(8)€7 (48)715152 + (104)776165 + (16)|7[2£165 + (96)TPE3€3 + (64)1|7|7€3€5 + (32)7!67¢5 +
80)7; |T| §165 + (8)I71*63&5 + (32)7P 726165 + (16) 71| 7] 6165 + (8) 77| 7|*E8) b k> 01 (k)b 01 (k) +
(4)€9 (24)715152 + (52) 17165 + (8)|T[2E1€5 + (48) 776763 + (32)m |7[*E3€3 + (16)71€365 +
40)72|T2E7Es + (H)|T1*E7ES + (16)77|7[2€1€3 + (8)m|7|*€1€5 + (4)712|T|4§S)b3k251(/f)b2k451( )+
8)7151 (40)72E382 + (8)|T[E3€2 + (64)TPE1E5 + (56) 71 |T|2€1€5 + (32) 116765 + (112)77 |7 [*€3€3 +
rl*ees + (64)Tf|T|2§%5§ + (56)71|T|* €3 €5 + (40) 72| T]*€1€5 + (8)|7|061€5 + (8)71|7|09)

661 (k)boda (k) +

)T1EY + (40)T7E0E2 + (8)|T[PE0€2 + (64)TPE1ES + (56)71|T|7E1E5 + (32)T1€765 + (112)77 |7 €763 +
6)|7]*€3E3 + (64)7P|T|2E7€65 4 (56)m|7]63€5 + (40)TE[T[*E1E5 + (8)[7|061€5 + (8)mi|7|0€F)

k652( )bod1 (k) +

16)7167 +(80)77 7€+ (16)| 7267 €2+ (128) 77165 + (112) 11| |21 €5 4 (64) ' €363 + (224) 7 |77 €3 +
2)|T|*e3es + (128)Tf|7|2§%€§ + (112) 7| 7[*€3€5 + (80)77|7[*€165 + (16)|7|°61£5 + (16)m1|7(°€9)
k551(k‘)b0k52(k) +
16
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k®
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6)71E0+(80) 77 Ea+(16) |72 o+ (128) 77165+ (112) 11| 7|21 €5 4 (64) T €363+ (224) 77 |77 €5 +
)|T|4§152 (128) 7|7 [2€2¢5 + (112)m|7]*€3€5 + (80)77|T[*€1€5 + (16)[7(°€1£5 + (16)71|7(°€F)

02 (k)bokd1 (k) +
8)T1ES + (40)T7E7 € + (8)[T12E7 62 4 (64) 7715 + (56)m |T[E1€5 + (32)m1' €763 + (112) 7|7 2E365 +
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g}lzgllglg‘]f)?bﬁé’k%(f(i:irf’|T|2€%§§ + (56)71|7|*€3E + (40) 7T |T*E &5 + (8)I71°61€3 + (8)m|7|°&3)

0k 01 ork“02(k) +

((8)T1&7 + (40)T7E2&a + (8)|T[E262 + (64)TPE1E3 + (56)m |T[2€1€3 + (32) 1 €7€3 + (112)7¢| 7|33 +
é}lgglglg‘é)?bfékjd(%ﬁ|T|2£%£§ + (56)71|T[*€265 + (40) 7|7 |18 + (8)[7[°61E5 + (8)|7[°€3)

ok~ 02 oR™01 +

()& + (20)72€78 + (D720 6 + (32)77€1E65 + (28) T |T?E183 + (16)7{67€3 + (56)7¢|7|*E7&5 +
gg;ﬁl@‘*(&i)&ﬁ;&?%}j|T|2€%£§ + (28) 7 |7|*ERE + 20) 7|76 €3 + (DIT°6 &3 + ()| 7]°83)

0 1 0 2 +

(D)7} + (20)77€7E2 + (4)|T263€2 + (32)TP€1E5 + (28)7|T[€1€5 + (16)7167€5 + (56) 7| r*€7€3 +
g;ﬂ II(SI“fz)é“b%Q;rQ?%])Sf’ITI2£%£§ + (28)m|T[*E785 + (20) 77|65 + (4)[7[°61€5 + (4)|71°€3)

0 2 0 1 +

((8)T1&7 + (40)T7E0&n + (8)|TI2E262 + (64)TE1€3 + (56)m|TI2€1€3 + (32) 716763 + (112) 77| 7[*67€3 +
g%gg?lg‘gb&;k%(%grf|T|2€%§§ + (56)m|T|*€FEs + (40)7E [ |61 €3 + (8)|7(°€1 €3 + (8)m|7|°€F)

0 1 0 2 +

((8)T1&7 + (40)T7 €& + (8)|T[2E262 + (64)TPE1E3 + (56)m |T[2€1€3 + (32) €763 + (112)7¢ | T[*€7€3 +
g%g)glglg‘]f)?bﬁgk—;&(%%rf’|T|2€%§§ + (56)71|7|*€RE + (40) 7T |T*E &5 + (8)I71°61€3 + (8)m|7|°&3)

0 2 0 1 +

()& + (20077678 + (D)|7[2676 + (32)77 €165 + (28) 71 |T?E1E3 + (16)7{ 6763 + (56)7¢|7[*E7&5 +
SL |2T(5|4f£)é“b§2;r4g3%])5§ITI2£%£§ + (28)m|T[*E785 + (20) 777|615 + (4)[ 70615 + (4)m|7I°€3)

0 1 0 2 +

()&} + (20)77€7E2 + (4)|T2676 + (32)T7€1€3 + (28)7|T2€1€3 + (16)7{67€5 + (56) 71| €763 +
£§3€|;(5|4(€;§)€§2_;§4553%;)§|T|2£%§§ + (28) 7 |7|*ERE + 20) 7|76 ES + (DIT[°6 &3 + ()| 7]°83)

0 2 0 1 +
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In the case of m = 7, Connes and Tretkoff by
passing to polar coordinates and integrating
the angular variable, obtain term such as

8rr2bgk>07 (k)
allbgon the left,

terms such as
—4mr*bEkéo (k)b3k3 6o (k)

with b3 in the middle,

and terms such as
167rPb3k>61 (k)bokdy (k)

with bgin the middle.
Using
dr(bg) = —2rk?b3

and integration by parts terms with b3 in the
middle can be converted to terms with bg in
the middle and for integrating the terms of
the latter type the following lemma is used.
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Lemma (Connes-Tretkoff). For p € Ag® and
every non-negative integer m:

00 k2m—|—2um 1
0 (K2u—+ 1)1 (k20 + 1)
where

du = Dm(p)

A = the modular automorphism,
m 1

L) = [ o T e 1) =

(—1)m(u—1)_(m+1)(|09 U— i (_1)j-|-1(u —] 1)j>

1=1

(modified logarithm).



Theorem (Connes-Tretkoff). The value ¢(0)
of the zeta function of the operator A’ ~ kAL
IS independent of k.

Lemma

¢(0) + 1 = 277o(f(A)(5;(k))5;(k)k™?)

where

fl) = cuM2 - £1(u) — 201 + w2 Lo (w)

+(1 + ut/2)2L3(u).



If we write f(u) = h(log(u)), it follows that:

((0) + 1 = 2mr(K (109 A) (6;(10g k))d; (Iog k)
where

K(z) =4(-1+ ex/2)2x_2h(:c).
and log A(xz) = —[h, z].

Proof of the theorem: From the fact that K
is an odd function it follows that

To(K (logA)(4;(logk))d;(logk)) = 0.

What we have done so far:
Case 7 = 1ot is done now,
General case is in progress!



For the case of complex parameter 7 = 7o with 75 > 0, after computing the integral of by (&)
over the plane, we find the following lemma which is the analogue of Lemma 3.2 in the paper by
Connes and Tretkoff.

Lemma 1. ((0) of the zeta function of the operator A’ ~ kAk is given by

C(0) + 1 = ZZ(F(2) (61 ()01 (K)) + 27720 £(A) (32 (k) 3o (k)

T2

where p(x) = 19(zk~2), A is the modular operator,

f(u) = 1z % + L1(u) — 201+ uH) Lo (u) + (1 + ul/?)2Ls(u),

6
and

Lo (u) = (=1)"(u— 1)_(m+1) (logu — zm: J+171)j)_

J=1 1

Then in their paper, Connes and Tretkoff have proved that both terms o(f(A)(6;(k))d;(k))
vanish for j = 1,2 (Lemma 3.3 and proof of Theorem 3.1 in page 8). Therefore from the above
lemma it follows that ¢(0) + 1 = 0, in particular it is independent of k.



