Spectral Zeta Functions and Scalar Curvature for
Noncommutative Tori

Masoud Khalkhali (UWO)
joint work with Farzad Fathizadeh
OSU, May 2012



v

v

A. Connes and P. Tretkoff, The Gauss-Bonnet Theorem for the
noncommutative two torus , 1992, and Sept. 2009.

A. Connes and H. Moscovici, Modular curvature for
noncommutative two-tori, Oct. 2011.

F. Fathizadeh and M. Khalkhali, The Gauss-Bonnet Theorem for
noncommutative two tori with a general conformal structure, May
2010.

F. Fathizadeh and M. Khalkhali, Scalar Curvature for the
Noncommutative Two Torus, Oct. 2011.



From heat trace and zeta functions to spectral invariants

(M, g) = closed Riemannian manifold. Laplacian on functions
A =d*d: C®(M)— C(M)

It is positive with pure point spectrum. Let k(t,x,y) = kernel of e~*4:

1

—d(x, 2 /4t
Wé Cor)™/ , (t‘)O)

k(t, x,y) ~
Restrict to the diagonal: as t — 0,

k(t,x,x) ~ (x, A) 4 ar(x, A)t + ax(x, A)t> 4 ---)

1
(4mt)m/2 (a0



» Functions a;(x, A): expressed by universal polynomials in curvature
tensor R and its covariant derivatives:

30(X7A) =1
a(x, ) = %S(X) scalar curvature
1 .
2(x0) = 35 IREIP = 2[Ric(x)|* +5S(x)I*)

(6, A) = e



Short time asymptotics of the heat trace

Trace(e™2) = Ze*”"':/ k(t, x, x)dvol,
M

2

(4mt) > Y ot (t — 0)
Jj=0

So
aj:/ aj(x, A)dvoly,
M

are manifestly spectral invariants.
ag = / dvol, = Vol(M), = Weyl's law
M

1
a = 6/ S(x)dvoly, total scalar curvature
M



Spectral zeta functions

Cals) = Z A% Re(s) >

N[ 3

Mellin transform + asymptotic expansion =

Ca(s) = % /OOO(Trace(etA) — DimKer A) 571 dt

has meromorphic extension to C with simple poles within the set

m

— i=0.1.---
2 J7 ./ b}

Also: 0 is always a regular point.



Let (r(s) := Tr (FA~5), f € C(M).
—m/2

Res (¢ (s)]s=m—1 = /2 )

/ fS(x)dvoly, m>3
Cr(8)]s=0 = — / S(x)dvol, — Tr(fP) m=2
47T M

log det(A) = —¢'(0), regularized determinant



Spectral Triples: (A, H, D)

» A= involutive unital algebra, H = Hilbert space,
7w A— L(H), D:H—H

D has compact resolvent and all commutators [D, 7(a)] are
bounded.

» Assume: an asymptotic expansion of the form
Trace (e~t2%) ~ Z a,t* (t—0)
holds.

» Let A = D?. Spectral zeta function

¢o(s) =Tr(|D|~%) = Tr(A~%/2), Re(s) > 0.



» Using the Mellin transform and the asymptotic expansion, easy to
show that: (p has a meromorphic extension to all of C and non-zero

terms a,, o < 0, give a pole of (p at —2« with

Ress—_24(p(s) = r(zjo(;)-

Also, ¢p(s) is holomorphic at s = 0 and

¢p(0) + dim ker D = a9



Curved noncommutative tori Ay, 0 € R

Ay = universal C*-algebra generated by unitaries U and V

VU = 2™V

Ay ={ Z amnUMV": (am,n) Schwartz class}.

m,n€Z



» Differential operators on Ay
01,02 1 AZ° — A,
Infinitesimal generators of the action
as(UmVN) = esmmymyn s ¢ R2,

10 190 45 2torus.

Analogues of -, P Dy

» Canonical trace t: Ay — C on smooth elements:

t( Z am,nUmV") = 40,0-

m,n€Z



Complex structures on Ay

> T =T+ iTo, ™ =%(1) >0,

0 := 01 + 76>, OF := 01 + T6».

» Hilbert space of (1,0)-forms:

H10) .= completion of finite sums S adb, a, b € A%, w.r.t.

(adb, a'0b') = t((a'Ob')*adb).

» Flat Dolbeault Laplacian: 9*0 = §2 + 211815, + |7]%63.



Conformal perturbation of a metric

> Fix h = h* € A°. Replace the volume form t by ¢ : Ay — C,
©(a) :=t(ae™M), ac Ay

> It is a KMS state with modular group

O’t(X) _ eithxefith,
and modular automorphism (Tomita-Takesaki theory)
oi(x) = A(x) = e "xeh.

p(ab) = p(bA(a)), Va,be Ay

» Warning: A and A are very different operators!



Connes- Tretkoff spectral triple

> Hilbert space H,, := completion of Ag w.r.t. (,),,
(a,b), :=(b*a), a,be Ay
(GNS construction).
> View
0p=0=061+70:H, = H10),
H=H,dH,

0 o*
_ © .
D(5 0)7‘[—)7‘[



Full perturbed Laplacian:

020, 0

0 8¢8;>:H_>H'

Lemma: 930, : H, — Hy, and 9,05 : HO — 110 are anti-unitarily
equivalent to
kD* Ok - Ho — Ho,

k0 : HEO — H0)

where k = eh/2.

The Tomita anti-unitary map J is used.



Scalar curvature for Ay

» The scalar curvature of the curved nc torus (’]I%,T, k) is the unique
element R € Ag° satisfying

Trace (aA™%),_, + Trace (aP) = t(aR), Va e Ay,

where P is the projection onto the kernel of A.

> The chiral scalar curvature R” is the unique element RY € Ag°
which satisfies the equation

Trace (val ™), + t(ae")/t(e™") — t(a) = t(aR"), Va e Ap°.

» We find a formula for R using Connes’ pseudodifferential calculus.



Connes’ pseudodifferential calculus

v

Symbols: p: R? — A%,
VUDO's: P, : A® — AJ®

v

Pu(a) = @) 2 [ [ e p(as(a)dsdt.

v

For example:

p(e,&) =Y ati&h, a € AT = Py=) a;6i5

Multiplication of symbol.

o(PQ Z

01,0,>0

v

O (B ().



Local expression for the scalar curvature

» Cauchy integral formula:

1
et =_— [ eNA-N)TTd\
2mi Jc

> B,\%(A—/\)_li

a(By) ~ bo(&,\) + b (&, A\) + ba(E,N) + - --

each b;j(¢, \) is a symbol of order —2 — j, and
o(Br(A — X)) ~ 1.

(Note: X is considered of order 2.)



Proposition: The scalar curvature of the spectral triple attached to
(Ag, T, k) is equal to

s /R 2 /C e by(€, ) dA de,

where b, is defined as above.



The computations for k0*0k

» The symbol of k0*0k is equal to

a2(§) + a1(§) + ao(§)

where
(&) = G+ |TPEK + 216 6K2,

a1(&) = 261k61(k) + 2|7|2E2kda (k) + 211€1kda (k) + 211E2kd1 (K),
a0(&) = k62 (k) + |7|*kd3(k) + 211 kb162(k).
» The equation
(bo+b1+b2+"')((32+1)+31+80)N1,

has a solution with each b; a symbol of order —2 — j.



bo = (a + 1) = (&K + |TPEK + 2n& &k + 1) 7

by = —(bgaiby + 01(bo)d1(a2)bo + 92(bo)d2(a2)bo),

by = —(boaobo + braibg + 01(bo)d1(a1)bo + 02(bo)d2(a1)bo +
1(b1)61(a2) bo + D2(b1)d2(a2) bo + (1/2)011(bo )63 (a2) bo +
(1/2)022(bo)d3(a2) bo + O12(bo)d12(a2)bo)

= BEIBIK303(k)by + 263 bokdy(k)body(k)bok
+about 800 terms.



To integrate b, over the &-plane, pass to the coordinates

T1 . ro .
& =rcosf —r—sinf, & = —sind.
T2 T2

After the integration with respect to 6, up to a factor of TLZ which is the
Jacobian of the change of variables, one gets

4|7 PmrP b5 k262 (k) bg k02 (k) bok + ATy mr® b3k 6, (k) b k361 (k) bok

+...  (more than 80 terms)



Terms with two b factors

These are the following terms

—Arr*b3k*03 (k) bok — 4|7 |2mr* b3 k*03 (k) bok + .....(23 terms)

where

by = (r’k*+1)7%



Rearrangement lemma (Connes)

The computation of fooo e rdr of these terms is achieved by:

For all p; € A3® and m; > 0 one has
(o)
/ (Ku+1)"™py(K2u41)"™ - pp(KPu+ 1) "™y ™2 dy
0

= k2 e me (B Dy D) (p1p2 - pe),

where

Frng,mu,ee ymp (U, U2y -+« ug) :/ u+1)" H(UH up+1)7 mj 20 M2
0

and A(;) signifies that A acts on the i-th factor.



Up to an overall factor of m, f0°° o rdr of the terms with two positive
powers of by is equal to
A(A) (k163 (K)) + R(A)(k~201(k)?)
+  TPA(A)KTIO5(K)) + [T PR(A)(k252(k)?)
+ mA(A)(kT0182(k)) + (L) (k281 (k)2 (K))
)

+ mf(A)(k16201(k)) + Tih(A)(k262(k)61(K)),
where
filu) = —2Ly(u)u? —2Ly(u) + Ly (v)ur? 4 3L1(u) — Lo(u)
U2 —2u+ (14 u)logu)
B (—1+ ul/2)3(1 + ul/2)2 7
and
—1+u? —2ulogu

) = —4L2(u) + 4L1(0) = 2= s



Terms with three b]

These terms are the following:

4|7 PP b5 k262 (k) bg k02 (k) bok + ATy mr® b3k 6, (k) b k351 (k) bok

+--+ (62 terms)

For computing f0°° e rdr of these terms we again use the Rearrangement
Lemma.



After the integrations, up to an overall factor of 7, we find the following
expression

A(A)(kT161(K)) + H(A)(k~201(k)?)
(

+ F(Ap), D) (G1(k)k ) (K au(k )))

+ [TPAR(A)K05(K)) + [T1*R(A)(k~28:(k)?)
+ TPF(A@), A)((G2(k)k~H) (k™ 15( )

+ Tlfl( )(k~16182(k)) + Tafa(A) (k261 (k)a(k))
+ TF(Aq), D) ((1(k)k ) (k™ 152( )

- ﬁﬁ(A)(k 16201 (k)) + T (D) (k~262(k)d1(K))
+ TF(Aq), D) ((S20k) k1) (k1 61(K))),



where we have

ut/2(2 = 2u+ (1 + u)log u)
(Lt PP+ a2y

fi(s) = -

—1+4u?—2ulogu

Blo) = 2T

2D 5(u, v)uflvl/2 + 2D 5(u, v)u71 + 2D, 5(u, v)u73/2v1/2
+2D,0(u, v)u™>"? + 4Ds 1 (u, v)u"2vY? + 4Ds 3 (u, v)u >
+4Ds31(u, v)uf‘r’/2 vi7? 4 4Ds 1 (u, v)uf‘r’/2 — 2D 5(u, v)ufl/2 vi7?
—2Ds o(u, v)u™ 2 — 4D5 4 (u, v)u" W2 — 6Dy 1 (u, v)u?
—6D>,1(u, v)u73/2 vz 8D».1(u, v)u73/2 + 2Dy ,1(u, v)ufl/2 vi7?
(u,v)

—|—4D1’1 u,v Ll_l/2



Qu(—(((—1+ uv)(1 + Vu(—1 — Vv — (=2 + Vu + u)v + u*?)))/
(1 +Vu)(=1+VV)) + (Vuv/v(=1 = Vu+ u+ u(—2 — Vu+2u)
VV+ u(=1+ Vu+ u)v + u*2v¥ %) log u) /((—1 + V)’ (1 + V)
+(Vv(1 -

Vuvv(=1 = Vv 4+ v+ uv(=1+ Vv +v) + Vu(=2+ /v +2v)))logv)/
(=14 Vv (1 4+ V))))/(—1+ wv)’.



Computations for 9*k%0 on (1,0)-forms

The symbol of 9*k?0 is equal to (&) + c1(&) where
(&) = &K + 2n&&k® + |TPE K2,

c1(€) = (01(K?) + T82(k?))ér + (101(K?) + |7[262(K)) o

After similar computations, the second component of the scalar curvature
is:



+ o+ + o+

gu(D) (k151 (k) + g2(A)(k~201(K)?)
G(Aq), D) ((OL(k) k™) (k" 61(k)))

IT2g1(A) (k7103 (k)) + |7[*g2( D) (k262(K)?)
712G (A, D) ((02(k)k™H) (k™ 52(k)))
T181(A) (k™ 5152( ) + T1g2( D) (k~261(k)d2(k))
T1G(Dq), A)(31(K)k™1) (k™ d2(K)))
T181(A)(k 15251( ) + T1ga(B)(k~262(k)d1 (k)
T1G(Bq), A)(B2(K)k™H) (K~ 01(K)))
iTzL(A(I)A P(OL(K)K) (K 02(K)))

iTa (A1), D) ((B2(k)k ™) (k™ 101(k)))



—1+u?>—2ulogu
—1+ u/2)3(1 + ul/2)2’

gi(u) = (

_ —1+4u?>—2ulogu
g2(u) = (-1+w)? 7

G(u,v) =

2D55(u, v)uflvl/2 + 2D5 »(u, v)uf1 + 2D55(u, v)u73/2v1/2
+2Ds 5(u, v)u "% 4+ 4D3 1 (u, v)u 2vY? 4+ 4D3 1 (u, v)u 2
+4D3.1(u, v)ufS/2 V2 4 4D3 1(u, v)u75/2 — 4D5 1 (u, v)uflvl/2
—4D5 1 (u, v)u_1 — 4D 1 (u, v)u_3/2v1/2 — 4D 1 (u, v)u_3/2
—D12(u, v)vl/2 — D12(u, v)u71/2v1/2 — D12(u, v)ufl/2
—D12(u,v) — D (u, v)ufe’/2 vi7? _ D> (u, v)uflvl/2

—D>1(u, v)u_3/2 —D>1(u, v)u_1 —Ds1(u, v)u_1



—Da1(u, v)u V2 = Dy (u, v)u™? = Doy (u, v)u~ Y22
+D11(u, v)u 22 4 Dy (u, vV + Dy (u, v)u P
+D1a(u, v)

—(Vu(u(=1+ v)*(=1 + uv(—4+ u(4 + v))) log(1/u) + (—1 + u)
(A4 u(-24+v)(-1+vV)(-14+uw)(T+uv)+ (-1+u)v

(—1+ u(—4+ v(4 + uv))) log v)))/((—=1 + Vu)* (1 + Vu)(-1 + Vv)?
1+ VV)(=1+uv)),



= (Va(u(=1+ v)*log(1/u) + (=1 + u)((=1 + v)(~1 + uv) + (v — uv)
log v)))/((=1 + vV (1 + Va)(—1 + VV)(L + VV)(~1 + wv)).



Scalar curvature in terms of log(k)

Lemma: For j,j = 1,2, we have

_ AL/2 1/2 _
K25,093(0K) = 4 (Bilog k) S (0 (log )

A2 —1
k=16;8;(k) = 2——r" g A (6:6;(log k))+

g(A), Aw))(;(log k)d;i(log k)) + g(A), A2))(di(log k)d;(log k)),

where
(vav — 1) log u — (/i — 1) log(uv)

log v log ulog(uv)

)

glu,v):=4

and A(;) signifies the action of A on the i-th factor of the product.



Final formula for the scalar curvature (Connes-Moscovici,
Fathizadeh-K.)

Theorem: The scalar curvature of (Ag, 7, k), up to an overall factor of

=T is equal to

T

Ri(log A)(Ao(log k))+

Rax(log A1), log A(z)) (51(Iog k)?+|7[*62(log k)*+71 {1 (log k), 5(log k)}) +

W (log A ry,log Ay) (72 [61(log k). da(log k)] )



where

1 _ sinh(x/2)
Ri(x) = —2—5—>x
10 sinh?(x/4)

R>(s,t) = (1 + cosh((s + t)/2))x

—t(s + t)coshs + s(s+ t)cosht — (s — t)(s + t + sinh s + sinh t — sinh(s + t))

st(s + t) sinh(s/2) sinh(t/2) sinh?((s + t)/2)

(—s — t 4 tcoshs + scosh t + sinh s + sinh t — sinh(s + t))

W(s, t) = - stsinh(s/2) sinh(t/2) sinh((s + t)/2)




The limiting case

In the commutative case, the above modular curvature reduces to a
constant multiple of the formula of Gauss:

s

1
= 82(log k) + - §2(log k) + 25,6, (log k).
T2 T2 T2



First application: the Gauss-Bonnet theorem for Ay

Spectral formulation of the Gauss-Bonnet theorem:

() +1= 55 [ Rvol(e) = gx(¥)

Theorem (Connes-Tretkoff; Fathizadeh-K.): Let 6 € R, 7 € C\ R,
k € Ag° be a positive invertible element. Then

Trace(A™°),, +2=t(R) =0,

where A is the Laplacian and R is the scalar curvature of the spectral
triple attached to (Ag, 7, k).



Second application: conformal anomaly
(Connes-Moscovici)

Polyakov's conformal anomaly formula:
log det(A) = —(A(0)

log det(A) — log det(Ag) = log wo(e™") + @o(R).



Scalar curvature for higher NC tori

> Let f: V® V — R alternating form, A C V a cocompact lattice.
Ag = Ag(V, \) by generators and relations:

U, U/j = ™ib(e,f) Ua+8, for alla, 5 € A.

» The dual torus V/A* acts on Ay by

As(Ua) = €720,



» The differential of the action A, at identity defines a Lie algebra map
6 :V — Der(A7°, AY)

where Ag° = space of smooth vectors of A;. It is a dense
x-subalgebra of Ay.

» Let t: Ag — C denote the canonical tracial state. lts restriction on
smooth elements is given by

t(z aqUy) = ao.

agZn



Noncommutative complex tori

» Let A C V be a lattice in a complex v.s.; e;,--- , e, a basis of V| and
A1, , A2p a basis of A. Express Ay, -+, Ap, in terms of ey, -+ , e,
and obtain an n by 2n matrix M = (A, B) with A, B € M,(C) with

n

)\J'ZZM,'J'E;, j=1,---,2n

i=1

> Let dz, -, dz, denote the basis of V* = Hom¢ (V,C), dual to
€1, , € and let dxy,-- -, dxy, denote the basis of
Vi = Homg (V,R), dual to Aq,- -+, Azp.



So that
2n

dzi =Y _ Mdx;, dz;

j=1

We get the differential operators

5 =0y, : AP = AT,
0 =00 : AP — AX,

These derivations satisfy the relations

5 = Z Mo,
i=1

2n
= Mydx;
j=1

i=1.---

)

9

2n



Dolbeault complex

Let
QP,q = Ago [ /\p V(?.,O) [ /\q V()B,l)
by QP9 5 QPLa L QPa Rt
8;(adz, AN dZJ) = Z 8,'(3)0'2,’ ANdz; Ndz,
5,'(80’2/ AN dZJ) = Z 5,'(3)0’2,’ ANdz N\ dz,
We have:

92 =0, =0, 0d+do=0.



Noncommutative abelian varieties

» Fix Q € 9, C M,(C), Siegel upper half space:

Q'=Q and ImMQ>0

» A complex torus V//A is projective (hence Kaehler) iff there exists a
basis (e1, -+, e,) of V, and a basis (A1, -, A2,) of A such that

(A, A2n) = (A,Q)

where A = diag (ky, -+ , k,), ki € Z, is a diagonal matrix, and
Qe N,



Dolbeault Laplacian v.s. de Rham Laplacian

If M is Kaehler then
Ade Rham — 2ADolbeaull’

So on Kaehler Manifolds Dolbeault Laplacian and de Rham Laplacian
have same spectrum and same spectral zeta functions.

» Any Riemann surface is Kaehler.
» 4-tori with perturbed metric are not Kaehler.

> So we have to work directly with de Rham Laplacian.



Laplacian for Q = /—15

In this case the de Rham differential can be written as
d=0+0: A — A},

where, . .
= 5(61 —id3), O = 5(52 — idy),

_ 1 1
0 = 5(51 +id3), O = 5(52 +ids).

Flat Laplacian

d*d = 850, + 030, + (1) 01 + (8,)*Bs



Perturbing the metric

Perturb the volume form on Ay by e=2", h € Ay. We have to consider
the factor e=" for 1-forms.
(x.¥)o = ty"xe "), Hy = A"

(o) =ty xe™), Hy= A"

Lemma: The perturbed Laplacian d*d : Hy — Hp is anti-unitarily
equivalent to A'=

e"d1e "0 e + e"dre "D + e"dre " Dhel + ehDre " Dyel.



Symbol of the perturbed Laplacian

With k = e//2, the symbol of A’ is

(&) + a1 (&) + a() : R* — Aj,

where .
(€)= 2K Zg a(6)= 5 > 5K)E,
i=1

4

%Z 62 k2 25 (k2))
i=1



Approximate the resolvent (A’ — A\)~! by a pseudodifferential operator
By whose symbol has an expansion of the form

bo(&,A) + b1 (&, \) + ba(&,X) + - -

where b;(&, A) is a symbol of order —2 — j.



Computing by(€, \)

1
by = — > Eal(bj)cSZ(ak)bo.
2+4j+ b1+ Lo+ L3+0s— k=2,
0<j<2,0<k<2
b2(£, )‘) =
—%bok(;l [01[K]] bo — %bokcsz [02[K]] bo — %bok& [03[K]] bo—
%bok&; [64[K]] bo — %boél[k](sl[k]bo - %boél [01[]] bok—
~ bodalkI5a Kby — 2 buda [52[K]] bok — - bods[kI3s Kb

1 1
Ebok(sl [k];dl[k]bg + (more than 2200 similar terms) - - - .



Homogeneity argument for contour integrals

2m/R4/ Aba(€,A)dA dé

Integration by parts for inner integral =

/ ba(€ (=) = [ Dy (ba(e M)A
Define B(X) := [« Da(b2(&, X))dAdE. B(X) is homogenous of order -1 .
B(tA) = t71B(N).

So we have

1 _ -1
R [ NdA = ~8(-1) = o [ Di(ba(e~1)ek



Scalar curvature of NC 4-Tori (Fathizadeh-Ghorbanpour-k)

4

5 _hK (252 "H(V ), V( ))(Z5i(h)2)

i=1
where A(x) = k—2xk? = e~"xeh, V(x) = log A(x) = [—h, x] for x € Ay,
2m2e s (5 — 1)

K(s) = -2,



and

p— — S s i 1 S
H(s,t) = BT (_e Pets +1)(5 — eP(—3e Pt + 5+ 1))

st 5+3
¢ t t t t t ‘
et sinh(%)sinh(i) - 2sinh(%)sinh(1)((§ + E)coth(% +3)+ % +5-1)

/



a0

-0

400

Two variable function




A check: the classical limit

We have
lim K(s) = 272, lim H(s,t) = —272,

s—0 s, t—

Therefore, in the commutative case, the above scalar curvature reduces to
4 1
2 _—h 2 2
P CILEFLIOP)
i=

which, up to a constant multiple, is precisely the scalar curvature of the
ordinary 4-torus when the standard metric is perturbed by a factor of e=".
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