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Recall from last lecture
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Example: heat trace for flat tori

» [ C R™ a cocompact lattice; M = R™/T

spec(A) = {4n*[|y*|% 7" € T}

» Then: i

K(t _ —a4m®||x—y+1[?/4t
(t,x,y) (47rt)m/2 %e



» Poisson summation formula —-

S eI Vol(M Z —an?|||?/at
(4rt) (4mt)m/2
yrers ver

» And from this we obtain the asymptotic expansion of the heat trace
near t =0
Vol(M)

T —tA ~
re (4mt)m/2

(t—0)



Quantum sphere (-function

» The spectral {-function of the quantum sphere is
(Eckstein-lochum-Sitarz)

Gls) =41 - Py Lol d

> All poles of (4(s) are complex of the second order:

27
log q

—2k + i m

where k € N and m € Z.



Heat trace and wave trace

» The heat trace Z(t) is a smooth function. The wave trace
W(t) = Z etV xe

is divergent for all t, but is a well defined distribution. In fact it
contains more information than the heat trace. Its singular support
contains the length spectrum of closed geodesics.

Closed geodesics are critical points of the energy functional and
contribute most in path integral expression for wave trace.



Algebra of differential operators

» Given (M, E, V), let
D(M, E) C Ende(T(M, E)

be the subalgebra generated by (M, End(E)) and Vx for all vector
fields X.



Algebra of differential operators
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Given (M, E, V), let
D(M, E) C Ende(T(M, E)

be the subalgebra generated by (M, End(E)) and Vx for all vector
fields X.

D(M, E) is indendent of the choice of connection V
D(M, E) is a filtered algebra-degree filteration.
The associated graded algebra is

This construction is purely algebraic and can be done for
commutative algebras

In local coordinates:

P=> fd, 0 =0}-0k



Laplace type operators

» Fix a Riemannian metric g on M and a vector bundle V on M. An
operator P: (M, V) — (M, V) is a Laplace type operator if in
local coordinates it looks like

P = —g"fa,-aj + lower orders

» Lemma: P is Laplace type iff for all smooth sections f,

[['D’ f]v f] = _2|df|27



Examples of Laplace type operators

» Laplacian on forms
A = (d 4 d*)?: QP(M) — QP (M),
» Dirac Laplacians A = D*D, where
D:T(S)—T(S)

is a generalized Dirac operator.



Lemma: Let P be a Laplace type operator. Then there exists a unique
connection V on the vector bundle V and an endomorphism
E € End(V) such that

P=V*V - E.

Here V*V is the connection Laplacian which is locally given by
—g’JV,-Vj.



Heat kernel asymtotics

» e~ P is a smoothing operator with a smooth kernel k(t, x, y) with

k(t,x,y) € Vi@ Vy

eftpf(x):/Mk(t,x,y)f(y)dy.

» There is an asymptotic expansion near t = 0

k(t,x,x) ~ (ao(x, P) + a1(x, P)t + ax(x, P)t2+~~),

(4mt)m/2

> a;(x, P), Seeley-De Witt-Gilkey coefficients.



a(x,P) = tr(Id),

1
a(x,P) = tr(E — éRId),
1
as(x, P) = %tr(( — 12R + 5R? — 2Ry Rix + 2Ry Riju) 1d

“60RE + 180E2 + 60E 44 + 309,-,-9,-,-).



( = 18R yar + 1TR xRk — 2Ry Rt — 4Rja Rk

N

ag(x, P) = tr{
+ IRijku;1 Rijkust + 28RR.;; — 8 R Rk, + 24 Rk Rjt.pa
+ 12RijklRijkI;uu)Id

1
+ 5 (= 35R® + 42RRy,Riy — 42RRuipq Rupq + 208RjcRy Ri

— 192Rj Ryt Rjukr + 48 Rjk Rjuip Riuip — 44 Rijiu Rijip Riuip
— 80Rjjky Riikp leup) Id

1
* 360 (89’7;"9’“ + 285 ik + 12905 — 128052 i
— ORI + 4R Qg — 5RQk/QkI>

1

— 4Ry Ej — 12REx — 30RE® — 12R i« E + 5R’E
- 2RijjkE + 2RijkIRijklE) }



Note: all tensors are written in normal coordinates passing through the
base point x, and £ is the curvature two form of the connection.



Scalar curvature

The spectral invariants a; in the heat asymptotic expansion

Trace(e ™ *2) ~ (4mt) 7" Z ajt/ (t—0)
j=0

are related to residues of spectral zeta function by

mdl_q
Ress:aCA(S) = (477)_7 l_z(a) , o= % —j>0

Focusing on subleading pole s = 7 — 1 and u_sing ar = %fM S(x)dvoly,
we obtain a formula for scalar curvature density as follows:



Let (r(s) := Tr (FA~5), f € C(M).
—m/2

Res(r(s)s=2—1 = /2 )

/ fS(x)dvoly, m>3
Cr(8)]s=0 = — / S(x)dvol, — Tr(fP) m=2
47T M

log det(A) = —¢'(0), Ray-Singer regularized determinant



Curved noncommutative tori Ay

Ag = C(T3) = universal C*-algebra generated by unitaries U and V

VU = 2™V

= C2(T3) = { Z amnU™V" : (am,n) Schwartz class}.

m,n€Z



> Differential operators d1, > : A3 — AZ°
61(U): Ua 61(‘/):0

(U)=0, 60(V)=V

> Integration g : A9 — C on smooth elements:

900( Z am,nUm\/n) = 40,0-

m,n€Z

» Complex structures: Fix 7 = 7 + i1, 7 > 0. Dolbeault

operators
0 := 61 + 72, OF := 01 + T0».



Conformal perturbation of the metric (Connes-Tretkoff)

> Fix h = h* € AZ°. Replace the volume form ¢g by ¢ : Ag — C,

o(a) == goo(ae_h).

> It is a twisted trace (KMS state):

p(ab) = p(bA(a)),

where
A(x) = e "xel.



Perturbed Dolbeault operator

» Hilbert space H, = L?(Ag,¢), GNS construction.

> Let 6@ =01+ 705 : ’Htp N H(l,o),
0 1O =,

and A = 97,0, perturbed non-flat Laplacian.



Scalar curvature for Ay

> Gilkey-De Witt-Seeley formulae in spectral geometry motivates the
following definition:

The scalar curvature of the curved nc torus (Ag, 7, h) is the unique
element R € Ag° satisfying

Trace (aA™°)|,_, + Trace (aP) = o (aR), Va e Ay,

where P is the projection onto the kernel of A.



Scalar curvature for Ay

> Gilkey-De Witt-Seeley formulae in spectral geometry motivates the
following definition:

The scalar curvature of the curved nc torus (Ag, 7, h) is the unique
element R € Ag° satisfying

Trace (aA™°)|,_, + Trace (aP) = o (aR), Va e Ay,
where P is the projection onto the kernel of A.
» In practice this is done by finding an asymptotic expansion for the

kernel of the operator e *2, using Connes’ pseudodifferential
calculus for nc tori.



Final formula for the scalar curvature (Connes-Moscovici;
Fathizadeh-K

Theorem: The scalar curvature of (Ag, 7, k), up to an overall factor of

=T is equal to

T

Ri(log A)(Ao(log k))+

Rax(log A1), log A(z)) (51(Iog k)?+|7[*62(log k)*+71 {1 (log k), 5(log k)}) +

W (log A ry,log Ay) (72 [61(log k). da(log k)] )



where

1 _ sinh(x/2)
Ri(x) = —2—5—>x
10 sinh?(x/4)

R>(s,t) = (1 + cosh((s + t)/2))x

—t(s + t)coshs + s(s+ t)cosht — (s — t)(s + t + sinh s + sinh t — sinh(s + t))

st(s + t) sinh(s/2) sinh(t/2) sinh?((s + t)/2)

(—s — t 4 tcoshs + scosh t + sinh s + sinh t — sinh(s + t))

W(s, t) = - stsinh(s/2) sinh(t/2) sinh((s + t)/2)




What remains to be done

» Define new curved NC spaces and extend these spectral
computations to them. Compare algebraic and analytic approaches.
They match in the commutative case (Gilkey's theorem), but this is
far from obvious in the NC case.

» Other curvature related work: Rosenberg, Marcolli-Buhyan,
Dabrowski-Sitarz, Fathi, Ghorbanpour, Moatadelro, and
Arnlind-Wilson.

> Recently Fathizadeh has simplified the four dimensional calculations
and its Einstein-Hilbert action. He will report on his work in this
conference.



Rationality of Spectral Action for Robertson-Walker Metrics

Masoud Khalkhali
(Joint work with F. Fathizadeh and A. Ghorbanpour)



The spectral action principle of Connes and Chamseddine

Some relevant references:

» A. Connes, Noncommutative Geometry, 1994.

» A. Connes, Gravity coupled with matter and the foundation of
noncommutative geometry, Comm. Math. Phys. 182 (1996)
155-176.

» A. H. Chamseddine, A. Connes, The spectral action principle,
Comm. Math. Phys. 186 (1997), no. 3, 731-750.

» A. H. Chamseddine, A. Connes, Spectral action for
Robertson-Walker metrics, J. High Energy Phys. 2012, no. 10, 101.



Classical action

» Classical Lagrangian action

S:/ L(p, 0up)d"x
M



Classical action

» Classical Lagrangian action

5:/ L(p, 0up)d"x
M

» Classical equations of motion

0S5 =0,



Classical action

» Classical Lagrangian action

5:/ L(p, 0up)d"x
M

» Classical equations of motion
0S5 =0,

» Quantum expectation values

(0) = / Dl¢] O(p) e



Spectral action of Connes-Chamseddine

> Replace the classical action S = [), L(¢, 8,¢)d"x by the spectral
action
S = Trace(f(D/N)),
where D is a Dirac operator, f is a positive even function, and the
cutoff A is the mass scale.

» S only depends on the spectrum of D and moments of the cutoff,
f = fooo f(v)vkladv.



» Results from spectral geometry (Gilkey's formulae for heat trace
asymptotics) can be used to show that one indeed recovers the
classical action from the spectral action (more on this later).



» Results from spectral geometry (Gilkey's formulae for heat trace
asymptotics) can be used to show that one indeed recovers the
classical action from the spectral action (more on this later).

» Spectral action is manifestly quantum mechanical and one does not
need a geometric background to write it down.



» Results from spectral geometry (Gilkey's formulae for heat trace
asymptotics) can be used to show that one indeed recovers the
classical action from the spectral action (more on this later).

» Spectral action is manifestly quantum mechanical and one does not
need a geometric background to write it down.

» Spectral action makes perfect sense for spectral triples.



Hard calculations made easy

» Compute

o(t)=> e ™t t=00L

nez

You have to add 21 terms to get it to one decimal digit.



Hard calculations made easy

» Compute

o(t)=> e ™t t=00L

nez

You have to add 21 terms to get it to one decimal digit.

» But: you can compute it to 130 decimal digits without any
calculation!



Modular equation is the key

» Modular equation (Jacobi, 1828)



Modular equation is the key

» Modular equation (Jacobi, 1828)

» In particular

S e —+O(e 5 (t—0)

nez

6(0.01) = 10.000000000000000000 - - -



Modular equation is the key

» Modular equation (Jacobi, 1828)

» In particular

S e —+O(e 5 (t—0)

nez

6(0.01) = 10.000000000000000000 - - -

» So: Jacobi computed the first heat trace asymptotic expansion and
in fact the first trace formula.



Poisson summation formula

» Poisson summation formula:

Z 5n(X) _ Z g2minx

nez n€Z



Poisson summation formula

» Poisson summation formula:

Z 5n(X) _ Z e27rin)<

neZ n€Z

» Application: for any lattice  C R":

—an?|ly e _ VoI(M —IIl12/4t
Y emin ) d/gZ ’

’Y*Er*



Zeta Values

» To evaluate
1 1

<(2)=1+27+37

to 6 decimal places you need to add 1000,000 terms!



Zeta Values

» To evaluate
1 1

<(2)=1—|—2*2‘|'3*2

to 6 decimal places you need to add 1000,000 terms!

» Euler: ((2) = 1.644944



Zeta Values

» To evaluate
1 1

<(2)=1—|—2*2‘|'3*2

to 6 decimal places you need to add 1000,000 terms!

» Euler: ((2) = 1.644944

=1
¢(2) = (log2)? +23_ —
—~ n2



Zeta Values

» To evaluate 1 1
C(Q) =1+ 27 + 37

to 6 decimal places you need to add 1000,000 terms!

» Euler: ((2) = 1.644944

=1
¢(2) = (log2)? +23_ —
—~ n2

n

» Dilogarithm function Lip(x) := > 72 %

n=1 n?

Liz(x) 4+ Lir(1 — x) + log x log(1 — x) = Lir(1)



Zeta values

» Euler computed zeta values ((2),¢(3),- - ((23) with at least 15
decimal digits! How? Dilogarithm identities are not useful for finding

¢(3) = 1,2020569031595942853997 - - -



Zeta values

» Euler computed zeta values ((2),¢(3),- - ((23) with at least 15
decimal digits! How? Dilogarithm identities are not useful for finding

¢(3) = 1,2020569031595942853997 - - -
» Euler-Maclaurin Summation Formula:

g(a) + g(b)
Zg(k / x)dx—&—f

+Z (g¥V(b) — gV () — R



Friedmann-Lemaitre-Robertson-Walker metric

> (Euclidean) FLRW metric with the scale factor a(t):
ds® = dt* + a° (t) do”.

Where do? is the round metric on 3-sphere. It describes a
homogeneous, isotropic (expanding or contracting) universe with
spatially closed universe.



Friedmann-Lemaitre-Robertson-Walker metric

> (Euclidean) FLRW metric with the scale factor a(t):
ds® = dt* + a° (t) do”.

Where do? is the round metric on 3-sphere. It describes a
homogeneous, isotropic (expanding or contracting) universe with
spatially closed universe.

» For a(t) = sin(t) one obtains the round metric on S*.

ds? = di? + 2 (t) (d;f +sin2(x) (d6? + sin®(6) d<p2))



FLRW Metric

Big Bang




References

1. Chamseddine and Connes: Spectral Action for Robertson-Walker
metrics (2012)

2. Fathizadeh, Ghorbanpour, and Khalkhali: Rationality of Spectral
Action for Robertson-Walker Metrics (2014)



Euler Maclaurin formula and Heat kernel for S*

Euler Maclaurin formula

Bernoulli numbers:




Dirac spectrum

» Spectrum of Dirac for round S*:
eigenvalues  multiplicity
D +k HORD
D? K L(k3 — k)

» To find heat kernel coefficients of D? we apply the Euler Maclaurin
formula for a=0, b = co and

g0 = 50 X)) = 0 — e’



The integral term gives

b 4 [ 2 2
/ g(x)dx = f/ (3 —x)e ™ dx=Z(t72—t7h)
a 3 0 3

The term M is zero since g(0) = g(c0) = 0.
And

g™ 1(0)/(2m — 1)! = (—1)'"% <(n:m_2)! * (nim_l)!>

Putting all these together we get

3

—p2y 11 11 - B B2 Boria
aTe )= 5g +120+Z( ( +2/<+4) o)



Euler Maclaurin formula and spectral action for S*

For general f the Euler Maclaurin formula gives

11£(0)  31f'(0)

120 2520

%Tr(f(tD2)) - /OOO F(£x)( — x)dx + ¢

41F"(0) »  31F%)(0) 5  10331F*)(0) ,
10080 15840 8648640

+...+ Rn



Levi-Civita Connection and the Spin Connection

Fix a frame {0, } and coframe {6}. Connection 1-forms
Vo = w6’

Metric connection:
B

o

wgz—w

Cartan equations: torsion and curvature 2-forms
T =df* —wj A 6°
For torsion free connections:

do® = WPl A 6e.



Connection one-form for Levi-civita connection

Orthonormal basis for the cotangent space

0! = dt,

62 = a(t) dy,

63 = a(t) sin x d6,

0* = a(t) siny sinf dp.

The computation by Chamseddin-Connes shows that the connection
one-form is given by

0 _ z ((tf)) 92 _ aa (((5))93 a(((t)) 64
cot cot
= |78 (0) A a((f‘) g
- cot(x) p3 __cot(® 4
()9 FON 0 FGETV
cot(x) g4 cot(f) g4 0




The Spin Connection

The spin connection is the lift of the Levi-Civita connection defined on
T*M. Now we have the connection one-forms w, which is a skew
symmetric matrix, i.e. w € s0(4). Using the Lie algebra isomorphism
w: s0(4) — spin(4) given by

A izﬁmoa,eﬁ)c(ea)c(aﬁ)

Since w is written in the orthonormal basis # so (W<, %) = wg. So the
connection one forms for the spinor connection is given by

.1 1 1 1 1 1
© = Swpy? + Swiy? 4 Swpy™ + Swiy® 4 Sy 4 Swiy™



Gilkey's local formulae

For an operator of Laplace type P = V*V — E,
a0 = (47)"™2 Tr(1).

2= (4r) "2 TH(E ~ 2R).

4 —m/2
ag = %Tr( — 12Rijij;kk + 5Rijinkal — 2RijikRIjlk

+2Rjja Ry — 60R;j5E + 180E? + 60E i + 30;Q;).



6

For the Dirac operator D2 =

(4m)—m/2 Tr(l( — 18R} kst + 7Ry kR, — 2Ry Ry
o i kkll jijk Rutul;k ik 1 Rujuk; 1
—4Rijit;1 Rujulk + ORijku; 1 Rijieu; 1 + 28Rijij Ricukus; 1

—8Rijijk Rujult + 28Rjjik Rujut;kt + 12Riji Rijit; uu)

1
+n( — 35R;jij Rugki Rpapa + 42Rjjij Ritkp Ralgp

—42R i Riiog Rkipg + 298Rjjik Riutu Rkplp — 192R;jik Rupip Riuki

+48R;jik Riylp Riulp — 44Rijku Rijip Rikulp — 8ORjjku Ritkp Rijlup)
+% (sn,j;kn,)-;k + 29 Qg + 129 — 129599y
—6R;jky Qs + ARk ey — SR s)

+% (6E,jjjj + 60EE,; + 30E,;E,; + 60E3 + 30EQ;Q;

2
—10Ryjj .k — 4Rijik Ejkc — 12Rjjij.k Es — 30Rjj;;E

—12Ryjj. e E + SR Rygpg E — 2RijikRyji E + 2R,-jk,R,-jk,E)).

V¥V — 1R s



Chamseddine-Connes Computations

They used Gilkey's local formulae to obtain

ap =

dp =

dg =

dp =

a(t)®
2

ta(t) (a(t)a’(t) +a'(t)> — 1)

10 (321 ()a(t)’ +3a(1)a" (1) — 52" (1) + 92 (t)a(t)a' () — 42/ (1)*a" (1))

soaae ( (t)* = 3a®)(t)%a(t)* — 56a(t)’a" (t)° +
#2a(r)a"(t)>  +  36a°)(r)a(t)’a(t ) +  6a(t)a(t)’a"(t) -
42a¥(t)a(t)?a'(t)> + 60a®(t)a(t )a (t)® 4+ 21a9(t)a(t)a'(t) +
2403( ) (t)2a"(t)> —  60a(t)*a’(t) -  21d(t)%d(t) -
2523 (t)a(t)?a'(t)a"(t))

9a9(t)a(t)* — 2129 (t)a



Chamseddine-Connes Computations

Using Euler-Maclaurin summation and Feynman-Kac formula they
computed up to aig:

ag =
1

~ Toosoa(o® \?
5a(7) (t)a(t)%a” (¢) +2a(®) (t)a(t)%a”” (t) + 9a(®) (t)a(t)? & (£)2 +16a(3) (£)a(®) (t)a(1)® — 242(5) (1)a(£)3” (£)3 — 6a05) (¢)a(t)34’ (t) +
6928 (t)a(n)*a’ (1 — 362 (1)a(t)3a’ (1) + 602N (n)a(n)2a’ () + 152N (n)a(1)2a’ ()2 + 9023 (r)2a(r)*a (1) —
216a(3) (1)2a(t)3a" ()2 — 108203 (1)a(t)a’ (1)° — 27203 (1)a(t)a’ (1)3 + s01a(t)2a’ (1)2a! ()3 — 588a(t)a’ (t)*a’’ (1)2

8al
t

@) (n)a(n)® + 32O (t)a(t)* + 1338 (1)2a(t)5 — 24a3)(1)2a(t)3 — 114a(t)32" ()% + 43a(t)2a" ()3 —

87a(t)a ()22 ()2 + 108’ (1)0a’'(r) + 27/ (0)*a’(t) + 78a5)(n)a()*a’ (1)a! (1) + 132a(3)()a¥) (1)a(t)*a’ (1)
31224 (1)a(t)3a’ (£)2a" (1) — 819a(3) (t)a(t)3a (t)a’" (£)2 + 768a(3) (t)a(t)2a’ (£)3a2"" (1) + 102a(3) (t)a(t)2a! (t)a’’ (1))



10 =

766528}]3(:)6 (32019 (5)a(t)8 — 222a(8) (1)2a(t)7 — 34828 (£)a®) (1)a(e)T — 14723 ()a) (B)a(t)” — 18" (£)a® (&)a(t)
182 (a9 (1)a()?  — 4822/ (s (1)2a(t)® — 33103 ()2 (1)a()®  —  11108"7 (£)a(3) (£)a(5) (£)a(1)0
15562 (1)a(#) (£)a(8) ()a(t)®  — 4482’ (1)2a(0) (1)a()® — 10744’ (1)a(3) (1)a®) (1)a(t)0 — 4764’ (t)a’’ (t)a(!) (t)a(t)8

432 ()28 (1)a(£)® — 1128 (1)a(t)® + 89432 (£)a3) (1)3a(t)® + 21846a" (1)2a(3) (£)2a(t)5 + 40924 (£)2a(H) (£)2a(t)®
306a(4) (1)2a(t)®  + 105602" (1)3a(M) (1)a(t)®  + 304024/ (1)a’’ (t)a3) (1)a(D) (1)a()®  + 1135247 (£)a’ (£)2a(®) (t)a(t)®
63362’ (1)2a(3) (1)aB®) ()a(t)5  + 594203 (1)a(8) (1)a(t)8  + 20048 (£)2a’’ (1)a(0) (1)a(t)®  +  264a’’ (£)a(0)(£)a(1)]
16527 (1)3a(7) (£)a(1)8 + 3327 (1)a(7) (£)a(t)® — 103382’ (£)Pa(t)* — 959194’ (£)2a" (1)a(3) (£)2a(t)* — 3720a"7 (£)a(3) (1)2a(t)*
1176004’ (t)a’’ (£)3a(3) (t)a(t)* — 686642 (£)2a" (£)2a(#) (t)a(t)? — 27722"" (1)2a(4) (t)a(t)* — 239764’ (1)3a(3) (£)a() (1)a(t)*
26408 (£)a3) (1)a) (t)a(t)*  — 127624 (1)3a" (1)a) (a(t)? — 13864’ (t)a’’ ()a®) (a(t)* — 6514’ (£)*a(0) (1)a(1)*
1327 (£)2a(6) (1)a(t)* + 111378 (£)2a"’ (t)%a(t)3 + 23542’/ (t)*a(t)3 + 31344a" (1)%a(3) (1)2a()3 + 37294/ (£)2a(3) (1)2a(1)3
2367064’ (£)32"7 (£)2a(3) (t)a(t)3 + 13926a" (£)a’” (£)2a3) (£)a(t)3 + 43320 (t)*a” (t)a(¥) (t)a(t)3 + 52144’ (£)22"" (t)a(*) (t)a(t)3
2382 (1)5a0) ()a(r)3  + 4622/ (1)3a8)(n)a(t)3 — 16216247 ()42 (1)3a(r)2  — 118802’ (t)2a’’ (t)3a(t)?
1038842 (1)5a" (1)a3) (a(t)2  — 133323" (1)3a" (1)a®) (a(t)2  — 61382 (1)0a(H) (1)a(t)2 — 12874 (£)*a(®) (t)a(t)?
764400 (1)0a’’ (t)2a(t) + 104284’ (1)*a’/ (t)2a(t) + 117004’ (t)7a3)(D)a(t) + 24754’ ()53 (t)a(t) — 11700’ (£)8a"’ (1)
24754 (£)02" (1))

+

[

I+ 1+ + 1



Conjectures and question about coefficients (CC):

» Check the agreement between the above formulas for ag and a;o and
the universal formulas.

» Show that the term a,, of the asymptotic expansion of the spectral
action for Robertson-Walker metric is of the form
P.(a,---,a?M)/a*"—* where P, is a polynomial with rational
coefficients and compute P,.



Our approach: spectral analysis via pseudodifferential
calculus

D =~%Vy, =7 (0o + w(0a))
00 11 0 s 1 é 3 1 0

_73t+’y adyx /yasinxﬁﬂ ’yasinxsinH%
38" , cot(x) ; cot(f) ,
* 22 i a | 2asin(x)7

So the symbol of the Dirac operator would be

op(x,£) =i’ +é71§2 + asir:(x)72§3 + W73§4
+3i/70 n cot(x) cot(f) ,

2a a 2a sin(X)v




Symbol of D?

Using the symbol multiplication rule one can compute the symbol of the
square of the Dirac operator. The symbol of D? has following
homogeneous parts.

2 1 2

.y S —" ¢
P2 LT 2 2T 2200 2 (02 sin2(8)sn2(x) 4
pL = 3ia/(t) - i ( 12a/(t) + 2cot(x )) 13
! e a2 :

2

7 3 cot(x) esc(x)) €3

)
<'y13 esc(x)a’ (t) + cot(@)csc (x) +~

92 csc() esc( a + cot(6) csc(6) csc (x)’y34 + csc(0) cot(x) csc(x)'y“) &4,

2(x) — cot?(0) esc?(x)

po = (7123(t)a”(t) — Ga,(t‘)2 + 3csc2(9) csc

* 8a(t)2

+4i cot(0) cot(x) esc(x) — 4i cot(6) cot(x) esc(x) — 4cot2(x) + 5csc2(x) + 4)

(cot(0) esc(x)a’ (9) 15 (ot (D) 15 (cot(6) cot(x) esc(x) o3
_ A3 12
2a(t)2 a(t)2 2a(t)2



Symbol of the parametrix
Parametrix: (P — A)R()\) = /.
G(RO)) =ro+ i+t
Recursive formulas:
= —r Z (—i)IO"dgpk ~der/al,
la|+j+2—k=n

where ro = (p2 — A) 7! = ([|€]> = A) L. So the summation, for n > 1, will
only have the following possible summands.

k=0,|la] =0,j=n—2 — 10PQrp—2
k=1,|la] =0,j=n—1 — rOP1fp—1

. ] a 8 o ] a
k=1]a]=0,j=n—=2 g Opl';'n72+”085191';X’n72+”06£2p1'5’n72

. ] a 8 8 ] a
k=2]al=1j=n-1 "oagopz';'nflﬂfoaglpz'a'nflﬂfoaﬁprgfnfl
k=2, |lal =2,j=n—-2 lroa—zpz-izr"72+1,0672p2.iz,n72+lroizpz,iz,"72

2 85% ot2 2 55% ax? 2 05% 2602



Heat Kernel of D? in terms of symbols of the parametrix.

Let

1 1 _i
€n = W/]R4277i/ye rn(x, &, A)dAd§

o 1 . a —tA J
= i 27T)4 > rnjalx) /]R 4§ L e~ rldd¢

_ Z Ca rl'l,j aa(t)oe2+a3+a4+3 sin(x)a3+a4+2 Sin(@)aﬁ_l

Where ¢, = (gﬂ)zt Hk (ak+1) (771)2“%.



where

27 T T
2 = / / / endyd0de
o Jo Jo



new term ajo

210 =
172972&;0.;(:)B

317203 (£)a(9) (£)a(t)®

)
10174a(3) (r)a(4
5112”7 (t)al (3)(
828a’ (t)a’/ (t)

)(£)a(®) (t)a(t)8 + 408623
0aMD()a(t)® — 41753 (a9 (t)a(t)8 — 7453" (6)2a®) (1)a(t)8 — 22804’ (£)a(3) (£)a(®) ()a(2)8
2O (t)a(t)® — 624" (1)2a(10) (1)a(t)® — 13a(10)(t)a(t)® + 45480a(3)(t)%a(t)” + 1520624"" (£)2a(4) (t)2a(t)”

(33(12)“)3(010 — 10570 (02a(1)°  —  1747a® (s (0)a(t)®  — 0702 (1)a(®) (£)a(t)°

a(t)g + 212/ (a1 (1)a(t)® + 50012 (1)3a(t)® + 2419a" (£)a(®) (£)2a(1)8
()2a0)(1)a(t)® + 29702"" (1)a(#) (1)a(0) (£)a(t)8 — 55204 (t)a(5) (£)a(0) (£)a(£)®

— 342" (1)a(10) (1)
)

2030712’ (£)a®) (1)) (1)2a(t)7  + 213692 (£)2a(5) (£)2a(t)7  + 1885a(5)(1)2a(1)7 + 4102302"7 (£)a(3) (£)22(H) (£)a(t)7

(3
1638324 (1)a(3) (1) (5)(r) )7+  250584a" (£)2a(3) (¢
424403“0) a6 )( t)a(t)? + 1633004’ (£)a’’ (£)a(3) (£)a(6) (£)a
343512’ (t)a’’ (t)2a()) (t)a(t)? + 197332 (£)22(3) (1)a(7) (t)a(t)”

520" (£)a(®) (1)a(t

)7

)G (a()?  + 2440063 (t)a”’ (£)a¥) (£)a(5) (t)a(t)7
)7 + 355504’ (£)2a(4) (1)a(6) (t)a(t)” + 3004a(4)(£)al6) (t)a(t)?
)7+ 162503)(0)a( (1)a()7 + 67848’ (£)2a" (£)a(®) (t)a(t)7
+ 3082/ (132 (1)a(t)’  + 524/ (1)aD(n)a(t)T - 20567204 (t)a’ ()a3) (£)3a(r)®

(
(

179058027 (£)3a(3) (1)2a(t)6  — 000272a" (1)2a"’ (t)a®) (£)2a(1)8 — 318892 (¢)a(P) (£)2a(t)® — 6434074 ()*a(H) (t)a(1)®
12515482 (t) a<3)( 022 (a(t)® - 4375823 ()22 (a(t)® — 44520424’ ()a’’ (£)2a(3) (£)a(%) (£)a(1)®
t)a

836214a"

115062a"

16492” (£)*a(®) (t)a(t)0
133833282/ (t)2a"/ (¢

7922361’ (t)a’’ (t)

o
)al
(t)
)

(02" ()38 (1)a(1)®  — 14001042’ (£)2a" (1)a®) (£)a®) (a(t)6  —  48620a"7 (£)a(®) (£)a(®) (t)a(t)®
181066’ (£)32(4) (£)a(®) (t)a()® — 180184’ (£)a(*) (£)a() (£)a(t)® — 3199964" (t)2a"’ (£)2a(6) (t)a(£)® — 1101127 (£)2a(6) (t)a(t)® —
(03 e

+

L+ + 4+ + + |

6)(¢)a(t)0 — 11154a" (£)a(3) (£)a(®) (t)a(t)® — 42764a" (£)3a"" (£)a(7) (1)a(£)® — 40042’ (t)a’’ (£)a(T) (t)a(£)® —

)(t)a(t)5 + 6367314a" (£)2a" (£)32(4) (£)a(t)® + 10933027 (£)3a(H) ()a(t)5 +

— 2862 (t)22(8) (1)a(£)® + 4607692 (1)%a(1)® + 16615184’ (£)3a(3) (t)3a(t)® + 834864 (£)a(3) (£)3a(t)® +
(0243 (5)2a(t)5 + 22200227 (£)2a3) (£)2a(t)5 + 3428834’ (£)*a(H) (1)2a(1)5 + 362184’ (t)2a(P) (1)2a(t)5 +
4.(3



1706586247 (£)32"7 (£)a3) (1)a®) (1)a(t)5  + 3603865’ (£)a”’ (1)a3) (1)a®) (1)a(t)5  + 19183862 (1)3a"' (£)2a(8) (1)a()®  +
985924 (t)a’” (£)2a(®) (£)a(t)5 + 5248024 (£)*a(3) (£)a(5) (t)a(t)® + 551462’ (£)2a(3) (£)a(5) (t)a(1)® + 2260144 (£)*a’” (£)a(®) (£)a(t)® +
)

237124 ()2 (1O (1)a(6)®  + 82832 (6)%a(D(0)a()5  + 14824 (6)3a(D)(0)a()5 — 73469584 (1)2a" (£)%a(t)* —
7276127 (£)8a(t)* — 1174525247 (1)%a’’ (1)a(3) (£)2a(t)* — 72571227 (£)22"" (£)a(3) (1)2a(t)* — 277070284 (£)3a"" (£)3a(3) (t)a(t)* —
8195204’ (£)a’ (£)3a(3) (t)a(t)* - 82471052 (1) 2"’ ()22 (t)a(1)* - 5202604 (t)2a’ (t) 3(4)(t)a(t) -
184822827 (1)%a(3) (1)a(®) (£)a(1)* - 2052962 (£)3a(3) (£)a(#) (t)a(t)* - 9734824 (1) (1)al® )< )a(t) -
11013627 (£)32"/ (1)a®) (a()*  — 3672347 (£)%a(0) (n)a(t)* — 67473’(:)45(6)(t)a(t)4 + 178167514’ (¢)4a’ (¢ )4a(t)3 +
7210584’ (£)22"7 (t)*a(t)3 + 23526242’ (£)02(3)(1)2a(1)3 + 2741702 (1)%a(3) (1)2a(t)3 + 245831912 (1)5a"7 (£)2a(3) (t)a(t)3 +
17711464 (1)3a’’ (£)2a(3) (£)a(t)3 + 3256248a" (£)02"7 (£)a(¥) (t)a(t)3 + 3893762’ ()% a’! (£)a(#) (t)a(t)3 + 1353004’ ()7 a (5)(t)a(t)3

253500 (£)5a5) (1)a(t)3 — 154303574’ (1)0a7 (1)3a(t)2 — 12527454 (t)4a!! (t)3a(t)2 — 77478484’ (1) "’ (1)a®) (1)a(t)2 —
0675004 (t)5a’/ (t)a(3) (t)a(t)2  — 3852004’ (1)8a(¥) (n)a(t)2 — 731254 (1)0a¥) (n)a(t)2 + 56451242 (1)8a' (1)2a(t) +

7’

74119557 (£)027 (t)2a(t) + 7497002’ (£)°a(3) (t)a(t) + 1433258 (£)7 a(3) (t)a(t) — 7497004 (£)10a"/ (1) — 14332547 (+)8a

()



Check on round sphere S§*

For a(t) = sin(t) we have

10331sin’(t)
here) = ——>- 2N 1)
a12(sphere) = —g 2640
Hence
/”a (spher)ae — 4 1081 _ 10331
, 12\sP T 33648640  6486480°

Which agrees with the direct computation done in Connes-Chamseddine.



Rationality of heat coefficients

Theorem: The terms a,, in the expansion of the spectral action for the
Robertson-Walker metric with scale factor a(t) is of the form

% Q2n (a(t),a’(t), R a(zn)(t)) ’

a(t

where @, is a polynomial with rational coefficients.



By direct computation in Hopf coordinates, we found the vector fields
which respectively form bases for left and right invariant vector fields on

SU(2):
L, 90

Xp = 961 + Ers

Xt = sin(¢y + ¢2)% + cot(n) cos(¢p1 + (;52) 5o
tan(i) cos(r + 0z)

%:mm+m§—mwmm+m£ﬁ

tan(n)sin(¢1 + ¢2)6¢

and X, X£, XR. One checks that these vector fields are Killing vector
fields for the Robertson-Walker metrics on the four dimensional space.
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Warm up: zeta regularized determinants

» Given a sequence
O< A< Hh< - >0 spec(A)

How one defines [[ A; = detA?

» Define the spectral zeta function:
1
Ca(s) = Z Xk Re(s) >0

Assume: (a(s) has meromorphic extension to C and is regular at 0.



Warm up: zeta regularized determinants

» Given a sequence
O< A< Hh< - >0 spec(A)

How one defines [[ A; = detA?

» Define the spectral zeta function:
1
Ca(s) = Z Xk Re(s) >0
1
Assume: (a(s) has meromorphic extension to C and is regular at 0.

> Zeta regularized determinant:

11> = e=$a(0) — detA



Holomorphic determinants

» Example: For Riemann zeta function, ¢’(0) = — log v/27. Hence

1-2.3.--=+2m.



Holomorphic determinants

» Example: For Riemann zeta function, ¢’(0) = — log v/27. Hence
1.2-3---=2n.

» Usually A = D*D. The determinant map D ~» v/detD*D is not
holomorphic. How to define a holomorphic regularized determinant?
This is hard.



Holomorphic determinants

» Example: For Riemann zeta function, ¢’(0) = — log v/27. Hence

1-2-3..- =27,

» Usually A = D*D. The determinant map D ~» v/detD*D is not
holomorphic. How to define a holomorphic regularized determinant?

This is hard.

» Quillen's approach: based on determinant line bundle and its
curvature, aka holomorphic anomaly.
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curvature, aka holomorphic anomaly.



Holomorphic determinants

> Logdet is not a holomorphic function. How to define a holomorphic
determinant det: A — C.

» Quillen's approach: based on determinant line bundle and its
curvature, aka holomorphic anomaly.

» Recall: Space of Fredholm operators:
F = Fred(Ho, H1) = {T : Ho — Hi; T is Fredholm}

Ko(X) = [X,F], classifying space for K-theory



The determinant line bundle

> Let A = A denote the top exterior power functor.



The determinant line bundle

> Let A = A denote the top exterior power functor.

» Theorem (Quillen) 1) There is a holomorphic line bundle DET — F
Ss.t.
(DET) 7T = MKerT)* @ M\(KerT™)



The determinant line bundle

> Let A = A denote the top exterior power functor.

» Theorem (Quillen) 1) There is a holomorphic line bundle DET — F
Ss.t.
(DET) 7T = MKerT)* @ M\(KerT™)

2) There map o : Fp — DET

(7 1 T invertible
0 p—
0 otherwise

is a holomorphic section of DET over Fy.



Cauchy-Riemann operators on Ay

» Families of spectral triples

.Ae Ho GS’HO’I ( 0 5* +Oé* >

d+a 0
with o € Ag, 9 = 01 + 765.

» Let A= space of elliptic operators D = J + a.



Cauchy-Riemann operators on Ay

» Families of spectral triples

.AQ Ho GS’HO’I ( 0 5* +Oz* )

d4+a 0
with a € Ag, 9 =81 + 76,.

» Let A= space of elliptic operators D = J + a.

» Pull back DET to a holomorphic line bundle £ — A with

Lp = AKerD)* @ A(KerD™).



From det section to det function

» If £ admits a canonical global holomorphic frame s, then
o(D) = det(D)s

defines a holomorphic determinant function det(D) . A canonical
frame is defined once we have a canonical flat holomorphic
connection.



Quillen’s metric on L

> Define a metric on L, using regularized determinants. Over
operators with Index(D) = 0, let

||o]|?> = exp(—CA(0)) = detA, A = D*D.

» Prop: This defines a smooth Hermitian metric on L.



Quillen’s metric on L

» Define a metric on L, using regularized determinants. Over
operators with Index(D) = 0, let

||o]|?> = exp(—CA(0)) = detA, A = D*D.

» Prop: This defines a smooth Hermitian metric on L.

» A Hermitian metric on a holomorphic line bundle has a unique
compatible connection. Its curvature can be computed from

99 log||s][?,

where s is any local holomorphic frame.



Connes’ pseudodifferential calculus

» To compute this curvature term we need a powerful
pseudodifferential calculus, including logarithmic pseudos.

» Symbols of order m: smooth maps o : R? — A with
||5(i1,iz)301,jz)g(§)|| <c(1+ |§|)m*j1*j2'

The space of symbols of order m is denoted by S™(Ay).



Connes’ pseudodifferential calculus

» To compute this curvature term we need a powerful
pseudodifferential calculus, including logarithmic pseudos.

» Symbols of order m: smooth maps o : R? — A with
||5(i1.,iz)5-(,h,jz)g(§)|| <c(1+ |§|)m*j1*j2'

The space of symbols of order m is denoted by S™(Ay).

» To a symbol o of order m, one associates an operator

Paa) = [ [ e ae)an(a) ds .

The operator P, : Ay — Ay is said to be a pseudodifferential
operator of order m.



Classical symbols

» Classical symbol of order o € C :

UNZJQ,J- ordog—j = —j.
j=0
N
o(€) =Y xX(€)oa-i(€) +"(§) R
j=0

» We denote the set of classical symbols of order a by S&(.Ag) and
the associated classical pseudodifferential operators by W% (Ay).



A cutoff integral

» Any pseudo P, of order < —2 is trace-class with

T(P) = o ( [ o(€)de).



A cutoff integral

» Any pseudo P, of order < —2 is trace-class with
T(P) = o ( [ o(€)de).

» For ord(P) > —2 the integral is divergent, but, assuming P is
classical, and of non-integral order, one has an asymptotic expansion

as R — oo
/ d©dE~ Y a(0)RTI + B(0)log R+ c(0),
B(R) J=0,a—j+20

where 3(0) = [ -, 0—2(£)d§ = Wodzicki residue of P
(Fathizadeh).



The Kontsevich-Vishik trace

> The cut-off integral of a symbol o € SS(Ag) is defined to be the
constant term in the above asymptotic expansion, and we denote it

by f o(§)d¢.
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> The cut-off integral of a symbol o € SS(Ag) is defined to be the
constant term in the above asymptotic expansion, and we denote it

by f o(§)d¢.

» The canonical trace of a classical pseudo P € W%(Ay) of
non-integral order « is defined as

TR(P) := o (J[OP(f)d§> ,



The Kontsevich-Vishik trace

> The cut-off integral of a symbol o € SS(Ag) is defined to be the
constant term in the above asymptotic expansion, and we denote it

by f o(§)d¢.

» The canonical trace of a classical pseudo P € W%(Ay) of
non-integral order « is defined as

TR(P) := o (J[OP(f)d§> ,

» NC residue in terms of TR:

1
Res,—oTR(AQ™?) = aRes(A).



Logarithmic symbols

» Derivatives of a classical holomorphic family of symbols like
o(AQ~?) is not classical anymore. So we introduce the
Log-polyhomogeneous symbols:

o(€) ~ > D gaju(€)log'[¢] [¢] >0,

j>0 =0

with o,_; positively homogeneous in & of degree a — j.



Logarithmic symbols

» Derivatives of a classical holomorphic family of symbols like
o(AQ~?) is not classical anymore. So we introduce the
Log-polyhomogeneous symbols:

oo
o(€) ~ YD caju(€)log €] ¢l >0,
j>0 =0
with o,_; positively homogeneous in & of degree a — j.

» Example: log Q where Q € WY (Ay) is a positive elliptic
pseudodifferential operator of order g > 0.



Logarithmic symbols

» Derivatives of a classical holomorphic family of symbols like
o(AQ~?) is not classical anymore. So we introduce the
Log-polyhomogeneous symbols:

o(€) ~ > D gaju(€)log'[¢] [¢] >0,

j>0 1=0

with o,_; positively homogeneous in & of degree a — j.

» Example: log Q where Q € WY (Ay) is a positive elliptic
pseudodifferential operator of order g > 0.

» Wodzicki residue: Res(A) = @g(res(A)),

res(A) = /|5|—1 o_20(&)dE.



Variations of LogDet and the curvature form

» Recall: for our canonical holomorphic section o,

o] = &=



Variations of LogDet and the curvature form

» Recall: for our canonical holomorphic section o,

o] = &=

» Consider a holomorphic family of Cauchy-Riemann operators
D, = 9+ a,,. Want to compute

d0log||o||> = 050, Ca(0) = 6V—V5W%TR(A‘Z)|Z:O.



The second variation of logDet

» Prop 1: For a holomorphic family of Cauchy-Riemann operators D,,,
the second variation of ¢’(0) is given by :

Sa0wC'(0) = %gpo (6wDGzres(log A D)) .



The second variation of logDet

» Prop 1: For a holomorphic family of Cauchy-Riemann operators D,,,
the second variation of ¢’(0) is given by :

Sa0wC'(0) = %g@o (6wDGzres(log A D)) .

» Prop 2: The residue density of log A D! :

1y (v + a*)é + (Fa + Ta*)é
72008 A D7) = (e R e + TR + 76

e (5% + 2Rk + |T|2£§> a
¢ 145 &+ 78
and
Sares(log(A)D™Y) = ———(6,D)*.



Curvature of the determinant line bundle

» Theorem (A. Fathi, A. Ghorbanpour, MK.): The curvature of the
determinant line bundle for the noncommutative two torus is given
by

A73(T)

550, C'(0) = 00 (5, D(6.,D)").

» Remark: For 8 = 0 this reduces to Quillen’s theorem (for elliptic
curves).



A holomorphic determinant a la Quillen

» Modify the metric to get a flat connection:

_ 2
Isl[7 = e!lP= 2l s 2



A holomorphic determinant a la Quillen

» Modify the metric to get a flat connection:

_ 2
Isl[7 = e!lP= 2l s 2

> Get a flat holomorphic global section. This gives a holomorphic
determinant function

det(D, Do) A—C

It satisfies ,
|det(D, Dy)|? = ellP=DoIl" det, (D* D)
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