From Spectral Geometry to Geometry of
Noncommutative Spaces |lI

Masoud Khalkhali

University of Western Ontario
Workshop on the Geometry of Noncommutative Manifolds
Fields Inst. Toronto, March 2015



Recall from last lecture
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Friedmann-Lemaitre-Robertson-Walker metric

> (Euclidean) FLRW metric with the scale factor a(t):
ds® = dt* + a° (t) do”.

Where do? is the round metric on 3-sphere. It describes a
homogeneous, isotropic (expanding or contracting) universe with
spatially closed universe.



Friedmann-Lemaitre-Robertson-Walker metric

> (Euclidean) FLRW metric with the scale factor a(t):
ds® = dt* + a° (t) do”.

Where do? is the round metric on 3-sphere. It describes a
homogeneous, isotropic (expanding or contracting) universe with
spatially closed universe.

» For a(t) = sin(t) one obtains the round metric on S*.

ds? = di? + 2 (t) (d;f +sin2(x) (d6? + sin®(6) d<p2))



FLRW Metric

Big Bang
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Dirac spectrum

» Spectrum of Dirac for round S*:
eigenvalues  multiplicity
D +k HORD
D? K L(k3 — k)

» To find heat kernel coefficients of D? we apply the Euler Maclaurin
formula for a=0, b = co and

g0 = 50 X)) = 0 — e’



The integral term gives

b 4 [ 2 2
/ g(x)dx = f/ (3 —x)e ™ dx=Z(t72—t7h)
a 3 0 3

The term M is zero since g(0) = g(c0) = 0.
And

g™ 1(0)/(2m — 1)! = (—1)'"% <(n:m_2)! * (nim_l)!>

Putting all these together we get

3
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Euler Maclaurin formula and spectral action for S*

For general f the Euler Maclaurin formula gives

11£(0)  31f'(0)

120 2520

%Tr(f(tD2)) - /OOO F(£x)( — x)dx + ¢

41F"(0) »  31F%)(0) 5  10331F*)(0) ,
10080 15840 8648640

+...+ Rn



Levi-Civita Connection and the Spin Connection

Fix a frame {6,} and coframe {6“}. Connection 1-forms
VO™ = w§6”.

Metric connection:

wg = —wh.



Levi-Civita Connection and the Spin Connection

Fix a frame {6,} and coframe {6“}. Connection 1-forms

VO™ = w§6”.
Metric connection:
wg = —wg.

Cartan structure equations: curvature and torsion 2-forms:

Q=dw—-wAw
T =d6* —w§ A6°

For torsion free connections:

do® = wh A 6e.



Connection one-form for Levi-civita connection

Orthonormal basis for the cotangent space

0! = dt,

62 = a(t) dy,

63 = a(t) sin x d6,

0* = a(t) siny sinf dp.

The computation by Chamseddin-Connes shows that the connection
one-form is given by

0 _ z ((tf)) 92 _ aa (((5))93 a(((t)) 64
cot cot
= |78 (0) A a((f‘) g
- cot(x) p3 __cot(® 4
()9 FON 0 FGETV
cot(x) g4 cot(f) g4 0




The Spin Connection

The spin connection is the lift of the Levi-Civita connection defined on
T*M. Now we have the connection one-forms w, which is a skew
symmetric matrix, i.e. w € s0(4). Using the Lie algebra isomorphism
w: s0(4) — spin(4) given by

A izﬁmoa,eﬁ)c(ea)c(aﬁ)

Since w is written in the orthonormal basis # so (W<, %) = wg. So the
connection one forms for the spinor connection is given by

.1 1 1 1 1 1
© = Swpy? + Swiy? 4 Swpy™ + Swiy® 4 Sy 4 Swiy™



Chamseddine-Connes Computations

They used Gilkey's local formulae to obtain the heat kernel coefficients

ap =

dp =

dg =

dp =

a(t)®
2

ta(t) (a(t)a’(t) +a'(t)> — 1)

10 (321 ()a(t)’ +3a(1)a" (1) — 52" (1) + 92 (t)a(t)a' () — 42/ (1)*a" (1))

soaae ( (t)* = 3a®)(t)%a(t)* — 56a(t)’a" (t)° +
#2a(r)a"(t)>  +  36a°)(r)a(t)’a(t ) +  6a(t)a(t)’a"(t) -
42a¥(t)a(t)?a'(t)> + 60a®(t)a(t )a (t)® 4+ 21a9(t)a(t)a'(t) +
2403( ) (t)2a"(t)> —  60a(t)*a’(t) -  21d(t)%d(t) -
2523 (t)a(t)?a'(t)a"(t))

9a9(t)a(t)* — 2129 (t)a



Chamseddine-Connes Computations

Using Euler-Maclaurin summation and Feynman-Kac formula they
computed up to aig:

ag =
1

~ Toosoa(o® \?
5a(7) (t)a(t)%a” (¢) +2a(®) (t)a(t)%a”” (t) + 9a(®) (t)a(t)? & (£)2 +16a(3) (£)a(®) (t)a(1)® — 242(5) (1)a(£)3” (£)3 — 6a05) (¢)a(t)34’ (t) +
6928 (t)a(n)*a’ (1 — 362 (1)a(t)3a’ (1) + 602N (n)a(n)2a’ () + 152N (n)a(1)2a’ ()2 + 9023 (r)2a(r)*a (1) —
216a(3) (1)2a(t)3a" ()2 — 108203 (1)a(t)a’ (1)° — 27203 (1)a(t)a’ (1)3 + s01a(t)2a’ (1)2a! ()3 — 588a(t)a’ (t)*a’’ (1)2

8al
t

@) (n)a(n)® + 32O (t)a(t)* + 1338 (1)2a(t)5 — 24a3)(1)2a(t)3 — 114a(t)32" ()% + 43a(t)2a" ()3 —

87a(t)a ()22 ()2 + 108’ (1)0a’'(r) + 27/ (0)*a’(t) + 78a5)(n)a()*a’ (1)a! (1) + 132a(3)()a¥) (1)a(t)*a’ (1)
31224 (1)a(t)3a’ (£)2a" (1) — 819a(3) (t)a(t)3a (t)a’" (£)2 + 768a(3) (t)a(t)2a’ (£)3a2"" (1) + 102a(3) (t)a(t)2a! (t)a’’ (1))



10 =

766528}]3(:)6 (32019 (5)a(t)8 — 222a(8) (1)2a(t)7 — 34828 (£)a®) (1)a(e)T — 14723 ()a) (B)a(t)” — 18" (£)a® (&)a(t)
182 (a9 (1)a()?  — 4822/ (s (1)2a(t)® — 33103 ()2 (1)a()®  —  11108"7 (£)a(3) (£)a(5) (£)a(1)0
15562 (1)a(#) (£)a(8) ()a(t)®  — 4482’ (1)2a(0) (1)a()® — 10744’ (1)a(3) (1)a®) (1)a(t)0 — 4764’ (t)a’’ (t)a(!) (t)a(t)8

432 ()28 (1)a(£)® — 1128 (1)a(t)® + 89432 (£)a3) (1)3a(t)® + 21846a" (1)2a(3) (£)2a(t)5 + 40924 (£)2a(H) (£)2a(t)®
306a(4) (1)2a(t)®  + 105602" (1)3a(M) (1)a(t)®  + 304024/ (1)a’’ (t)a3) (1)a(D) (1)a()®  + 1135247 (£)a’ (£)2a(®) (t)a(t)®
63362’ (1)2a(3) (1)aB®) ()a(t)5  + 594203 (1)a(8) (1)a(t)8  + 20048 (£)2a’’ (1)a(0) (1)a(t)®  +  264a’’ (£)a(0)(£)a(1)]
16527 (1)3a(7) (£)a(1)8 + 3327 (1)a(7) (£)a(t)® — 103382’ (£)Pa(t)* — 959194’ (£)2a" (1)a(3) (£)2a(t)* — 3720a"7 (£)a(3) (1)2a(t)*
1176004’ (t)a’’ (£)3a(3) (t)a(t)* — 686642 (£)2a" (£)2a(#) (t)a(t)? — 27722"" (1)2a(4) (t)a(t)* — 239764’ (1)3a(3) (£)a() (1)a(t)*
26408 (£)a3) (1)a) (t)a(t)*  — 127624 (1)3a" (1)a) (a(t)? — 13864’ (t)a’’ ()a®) (a(t)* — 6514’ (£)*a(0) (1)a(1)*
1327 (£)2a(6) (1)a(t)* + 111378 (£)2a"’ (t)%a(t)3 + 23542’/ (t)*a(t)3 + 31344a" (1)%a(3) (1)2a()3 + 37294/ (£)2a(3) (1)2a(1)3
2367064’ (£)32"7 (£)2a(3) (t)a(t)3 + 13926a" (£)a’” (£)2a3) (£)a(t)3 + 43320 (t)*a” (t)a(¥) (t)a(t)3 + 52144’ (£)22"" (t)a(*) (t)a(t)3
2382 (1)5a0) ()a(r)3  + 4622/ (1)3a8)(n)a(t)3 — 16216247 ()42 (1)3a(r)2  — 118802’ (t)2a’’ (t)3a(t)?
1038842 (1)5a" (1)a3) (a(t)2  — 133323" (1)3a" (1)a®) (a(t)2  — 61382 (1)0a(H) (1)a(t)2 — 12874 (£)*a(®) (t)a(t)?
764400 (1)0a’’ (t)2a(t) + 104284’ (1)*a’/ (t)2a(t) + 117004’ (t)7a3)(D)a(t) + 24754’ ()53 (t)a(t) — 11700’ (£)8a"’ (1)
24754 (£)02" (1))

+

[

I+ 1+ + 1



Conjectures and question about coefficients (CC):

» Check the agreement between the above formulas for ag and a;o and
the universal formulas.

» Show that the term a,, of the asymptotic expansion of the spectral
action for Robertson-Walker metric is of the form
P.(a,---,aM)/a*"—* where P, is a polynomial with rational
coefficients and compute P,.



Our approach: spectral analysis via pseudodifferential
calculus

D =~%Vy, =7 (0o + w(0a))
00 11 0 s 1 é 3 1 0

_73t+’y adyx /yasinxﬁﬂ ’yasinxsinH%
38" , cot(x) ; cot(f) ,
* 22 i a | 2asin(x)7

So the symbol of the Dirac operator would be

op(x,£) =i’ +é71§2 + asir:(x)72§3 + W73§4
+3i/70 n cot(x) cot(f) ,

2a a 2a sin(X)v




Symbol of D?

Using the symbol multiplication rule one can compute the symbol of the
square of the Dirac operator. The symbol of D? has following
homogeneous parts.

2 1 2

.y S —" ¢
P2 LT 2 2T 2200 2 (02 sin2(8)sn2(x) 4
pL = 3ia/(t) - i ( 12a/(t) + 2cot(x )) 13
! e a2 :

2

7 3 cot(x) esc(x)) €3

)
<'y13 esc(x)a’ (t) + cot(@)csc (x) +~

92 csc() esc( a + cot(6) csc(6) csc (x)’y34 + csc(0) cot(x) csc(x)'y“) &4,

2(x) — cot?(0) esc?(x)

po = (7123(t)a”(t) — Ga,(t‘)2 + 3csc2(9) csc

* 8a(t)2

+4i cot(0) cot(x) esc(x) — 4i cot(6) cot(x) esc(x) — 4cot2(x) + 5csc2(x) + 4)

(cot(0) esc(x)a’ (9) 15 (ot (D) 15 (cot(6) cot(x) esc(x) o3
_ A3 12
2a(t)2 a(t)2 2a(t)2



Symbol of the parametrix
Parametrix: (P — A)R()\) = /.
G(RO)) =ro+ i+t
Recursive formulas:
= —r Z (—i)IO"dgpk ~der/al,
la|+j+2—k=n

where ro = (p2 — A) 7! = ([|€]> = A) L. So the summation, for n > 1, will
only have the following possible summands.

k=0,|la] =0,j=n—2 — 10PQrp—2
k=1,|la] =0,j=n—1 — rOP1fp—1

. ] a 8 o ] a
k=1]a]=0,j=n—=2 g Opl';'n72+”085191';X’n72+”06£2p1'5’n72

. ] a 8 8 ] a
k=2]al=1j=n-1 "oagopz';'nflﬂfoaglpz'a'nflﬂfoaﬁprgfnfl
k=2, |lal =2,j=n—-2 lroa—zpz-izr"72+1,0672p2.iz,n72+lroizpz,iz,"72

2 85% ot2 2 55% ax? 2 05% 2602



Heat Kernel of D? in terms of symbols of the parametrix.

Let

1 1 _i
€n = W/]R4277i/ye rn(x, &, A)dAd§

o 1 . a —tA J
= i 27T)4 > rnjalx) /]R 4§ L e~ rldd¢

_ Z Ca rl'l,j aa(t)oe2+a3+a4+3 sin(x)a3+a4+2 Sin(@)aﬁ_l

Where ¢, = (gﬂ)zt Hk (ak+1) (771)2“%.



where

27 T T
2 = / / / endyd0de
o Jo Jo



New term aj»

210 =
172972&;0.;(:)B

317203 (£)a(9) (£)a(t)®

)
10174a(3) (r)a(4
5112”7 (t)al (3)(
828a’ (t)a’/ (t)

)(£)a(®) (t)a(t)8 + 408623
0aMD()a(t)® — 41753 (a9 (t)a(t)8 — 7453" (6)2a®) (1)a(t)8 — 22804’ (£)a(3) (£)a(®) ()a(2)8
2O (t)a(t)® — 624" (1)2a(10) (1)a(t)® — 13a(10)(t)a(t)® + 45480a(3)(t)%a(t)” + 1520624"" (£)2a(4) (t)2a(t)”

(33(12)“)3(010 — 10570 (02a(1)°  —  1747a® (s (0)a(t)®  — 0702 (1)a(®) (£)a(t)°

a(t)g + 212/ (a1 (1)a(t)® + 50012 (1)3a(t)® + 2419a" (£)a(®) (£)2a(1)8
()2a0)(1)a(t)® + 29702"" (1)a(#) (1)a(0) (£)a(t)8 — 55204 (t)a(5) (£)a(0) (£)a(£)®

— 342" (1)a(10) (1)
)

2030712’ (£)a®) (1)) (1)2a(t)7  + 213692 (£)2a(5) (£)2a(t)7  + 1885a(5)(1)2a(1)7 + 4102302"7 (£)a(3) (£)22(H) (£)a(t)7

(3
1638324 (1)a(3) (1) (5)(r) )7+  250584a" (£)2a(3) (¢
424403“0) a6 )( t)a(t)? + 1633004’ (£)a’’ (£)a(3) (£)a(6) (£)a
343512’ (t)a’’ (t)2a()) (t)a(t)? + 197332 (£)22(3) (1)a(7) (t)a(t)”

520" (£)a(®) (1)a(t

)7

)G (a()?  + 2440063 (t)a”’ (£)a¥) (£)a(5) (t)a(t)7
)7 + 355504’ (£)2a(4) (1)a(6) (t)a(t)” + 3004a(4)(£)al6) (t)a(t)?
)7+ 162503)(0)a( (1)a()7 + 67848’ (£)2a" (£)a(®) (t)a(t)7
+ 3082/ (132 (1)a(t)’  + 524/ (1)aD(n)a(t)T - 20567204 (t)a’ ()a3) (£)3a(r)®

(
(

179058027 (£)3a(3) (1)2a(t)6  — 000272a" (1)2a"’ (t)a®) (£)2a(1)8 — 318892 (¢)a(P) (£)2a(t)® — 6434074 ()*a(H) (t)a(1)®
12515482 (t) a<3)( 022 (a(t)® - 4375823 ()22 (a(t)® — 44520424’ ()a’’ (£)2a(3) (£)a(%) (£)a(1)®
t)a

836214a"

115062a"

16492” (£)*a(®) (t)a(t)0
133833282/ (t)2a"/ (¢

7922361’ (t)a’’ (t)

o
)al
(t)
)

(02" ()38 (1)a(1)®  — 14001042’ (£)2a" (1)a®) (£)a®) (a(t)6  —  48620a"7 (£)a(®) (£)a(®) (t)a(t)®
181066’ (£)32(4) (£)a(®) (t)a()® — 180184’ (£)a(*) (£)a() (£)a(t)® — 3199964" (t)2a"’ (£)2a(6) (t)a(£)® — 1101127 (£)2a(6) (t)a(t)® —
(03 e

+

L+ + 4+ + + |

6)(¢)a(t)0 — 11154a" (£)a(3) (£)a(®) (t)a(t)® — 42764a" (£)3a"" (£)a(7) (1)a(£)® — 40042’ (t)a’’ (£)a(T) (t)a(£)® —

)(t)a(t)5 + 6367314a" (£)2a" (£)32(4) (£)a(t)® + 10933027 (£)3a(H) ()a(t)5 +

— 2862 (t)22(8) (1)a(£)® + 4607692 (1)%a(1)® + 16615184’ (£)3a(3) (t)3a(t)® + 834864 (£)a(3) (£)3a(t)® +
(0243 (5)2a(t)5 + 22200227 (£)2a3) (£)2a(t)5 + 3428834’ (£)*a(H) (1)2a(1)5 + 362184’ (t)2a(P) (1)2a(t)5 +
4.(3



1706586247 (£)32"7 (£)a3) (1)a®) (1)a(t)5  + 3603865’ (£)a”’ (1)a3) (1)a®) (1)a(t)5  + 19183862 (1)3a"' (£)2a(8) (1)a()®  +
985924 (t)a’” (£)2a(®) (£)a(t)5 + 5248024 (£)*a(3) (£)a(5) (t)a(t)® + 551462’ (£)2a(3) (£)a(5) (t)a(1)® + 2260144 (£)*a’” (£)a(®) (£)a(t)® +
)

237124 ()2 (1O (1)a(6)®  + 82832 (6)%a(D(0)a()5  + 14824 (6)3a(D)(0)a()5 — 73469584 (1)2a" (£)%a(t)* —
7276127 (£)8a(t)* — 1174525247 (1)%a’’ (1)a(3) (£)2a(t)* — 72571227 (£)22"" (£)a(3) (1)2a(t)* — 277070284 (£)3a"" (£)3a(3) (t)a(t)* —
8195204’ (£)a’ (£)3a(3) (t)a(t)* - 82471052 (1) 2"’ ()22 (t)a(1)* - 5202604 (t)2a’ (t) 3(4)(t)a(t) -
184822827 (1)%a(3) (1)a(®) (£)a(1)* - 2052962 (£)3a(3) (£)a(#) (t)a(t)* - 9734824 (1) (1)al® )< )a(t) -
11013627 (£)32"/ (1)a®) (a()*  — 3672347 (£)%a(0) (n)a(t)* — 67473’(:)45(6)(t)a(t)4 + 178167514’ (¢)4a’ (¢ )4a(t)3 +
7210584’ (£)22"7 (t)*a(t)3 + 23526242’ (£)02(3)(1)2a(1)3 + 2741702 (1)%a(3) (1)2a(t)3 + 245831912 (1)5a"7 (£)2a(3) (t)a(t)3 +
17711464 (1)3a’’ (£)2a(3) (£)a(t)3 + 3256248a" (£)02"7 (£)a(¥) (t)a(t)3 + 3893762’ ()% a’! (£)a(#) (t)a(t)3 + 1353004’ ()7 a (5)(t)a(t)3

253500 (£)5a5) (1)a(t)3 — 154303574’ (1)0a7 (1)3a(t)2 — 12527454 (t)4a!! (t)3a(t)2 — 77478484’ (1) "’ (1)a®) (1)a(t)2 —
0675004 (t)5a’/ (t)a(3) (t)a(t)2  — 3852004’ (1)8a(¥) (n)a(t)2 — 731254 (1)0a¥) (n)a(t)2 + 56451242 (1)8a' (1)2a(t) +

7’

74119557 (£)027 (t)2a(t) + 7497002’ (£)°a(3) (t)a(t) + 1433258 (£)7 a(3) (t)a(t) — 7497004 (£)10a"/ (1) — 14332547 (+)8a

()



Check on round sphere S§*

For a(t) = sin(t) we have

10331sin’(t)
here) = ——>- 2N 1)
a12(sphere) = —g 2640
Hence
/”a (spher)ae — 4 1081 _ 10331
, 12\sP T 33648640  6486480°

Which agrees with the direct computation done in Connes-Chamseddine.



Rationality of heat coefficients

Theorem (Fathizadeh, Ghorbanpour, K.) The terms ap, in the expansion
of the spectral action for the Robertson-Walker metric with scale factor
a(t) is of the form

Win% Q2n (a(t), a(t),..., 3(2")(t)> ’

where Q. is a polynomial with rational coefficients.



By direct computation in Hopf coordinates, we found the vector fields
which respectively form bases for left and right invariant vector fields on

SU(2):
L, 90

Xp = 961 + Ers

Xt = sin(¢y + ¢2)% + cot(n) cos(¢p1 + (;52) 5o
tan(i) cos(r + 0z)

%:mm+m§—mwmm+m£ﬁ

tan(n)sin(¢1 + ¢2)6¢

and X, X£, XR. One checks that these vector fields are Killing vector
fields for the Robertson-Walker metrics on the four dimensional space.



Quillen’s determinant line bundle for NC tori



Quillen’s determinant line bundle for NC tori

» Recall: regularized determinants. Given a sequence
O< A< < s 5 spec(A)

How one defines [[ A; = detA?



Quillen’s determinant line bundle for NC tori

» Recall: regularized determinants. Given a sequence
O< A< Hh< s 500 spec(A)

How one defines [[ A; = detA?

» Define the spectral zeta function:
1
Ca(s) = Z Xk Re(s) >0

Assume: (a(s) has meromorphic extension to C and is regular at 0.



Quillen’s determinant line bundle for NC tori

» Recall: regularized determinants. Given a sequence
0< A <A< —o00  spec(A)

How one defines [[ A; = detA?
» Define the spectral zeta function:
1
Ca(s) = Z Xk Re(s) >0
Assume: (a(s) has meromorphic extension to C and is regular at 0.

> Zeta regularized determinant:

11> = e=$a(0) — detA



Holomorphic determinants?

» Example: For Riemann zeta function, ¢’(0) = — log v/27. Hence

1-2.3.--=+2m.



Holomorphic determinants?

» Example: For Riemann zeta function, ¢’(0) = — log v/27. Hence
1.2-3---=2n.

» Usually A = D*D. The determinant map D ~» v/detD*D is not
holomorphic. How to define a holomorphic regularized determinant?
This is much harder!



Holomorphic determinants?

» Example: For Riemann zeta function, ¢’(0) = — log v/27. Hence

1-2-3..- =27,

» Usually A = D*D. The determinant map D ~» v/detD*D is not
holomorphic. How to define a holomorphic regularized determinant?
This is much harder!

» Quillen's approach: based on determinant line bundle and its
curvature, aka holomorphic anomaly.



Space of Fredholm operators

» The Space of Fredholm operators is one of the gifts of operator
algebra theory to geometry, topology, and physics:

F = Fred(Ho, H1) = {T : Hy — Hi; T is Fredholm}

» Atiyah-Janich: Ko(X) = [X, F]. So F is a classifying space for
K-theory.
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> Let A = A denote the top exterior power functor.
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The determinant line bundle

> Let A = A denote the top exterior power functor.

» Theorem (Quillen) 1) There is a holomorphic line bundle DET — F
Ss.t.
(DET) 7T = MKerT)* @ M\(KerT™)

2) There map o : Fp — DET

(7 1 T invertible
0 p—
0 otherwise

is a holomorphic section of DET over Fy.



Cauchy-Riemann operators on Ay

» Families of spectral triples

.Ae Ho GS’HO’I ( 0 5* +Oé* >

d+a 0
with o € Ag, 9 = 01 + 765.

» Let A= space of elliptic operators D = J + a.



Cauchy-Riemann operators on Ay

» Families of spectral triples

.AQ Ho GS’HO’I ( 0 5* +Oz* )

d4+a 0
with a € Ag, 9 =81 + 76,.

» Let A= space of elliptic operators D = J + a.

» Pull back DET to a holomorphic line bundle £ — A with

Lp = AKerD)* @ A(KerD™).



From det section to det function

» If £ admits a canonical global holomorphic frame s, then
o(D) = det(D)s

defines a holomorphic determinant function det(D) . A canonical
frame is defined once we have a canonical flat holomorphic
connection.



Quillen’s metric on L

> Define a metric on L, using regularized determinants. Over
operators with Index(D) = 0, let

||o]|?> = exp(—CA(0)) = detA, A = D*D.

» Prop: This defines a smooth Hermitian metric on L.



Quillen’s metric on L

» Define a metric on L, using regularized determinants. Over
operators with Index(D) = 0, let

||o]|?> = exp(—CA(0)) = detA, A = D*D.

» Prop: This defines a smooth Hermitian metric on L.

» A Hermitian metric on a holomorphic line bundle has a unique
compatible connection. Its curvature can be computed from

99 log||s][?,

where s is any local holomorphic frame.



Connes’ pseudodifferential calculus

» To compute this curvature term we need a powerful
pseudodifferential calculus, including logarithmic pseudos.

» Symbols of order m: smooth maps o : R? — A with
||5(i1,iz)301,jz)g(§)|| <c(1+ |§|)m*j1*j2'

The space of symbols of order m is denoted by S™(Ay).



Connes’ pseudodifferential calculus

» To compute this curvature term we need a powerful
pseudodifferential calculus, including logarithmic pseudos.

» Symbols of order m: smooth maps o : R? — A with
||5(i1.,iz)5-(,h,jz)g(§)|| <c(1+ |§|)m*j1*j2'

The space of symbols of order m is denoted by S™(Ay).

» To a symbol o of order m, one associates an operator

Paa) = [ [ e ae)an(a) ds .

The operator P, : Ay — Ay is said to be a pseudodifferential
operator of order m.



Classical symbols

» Classical symbol of order o € C :

UNZJQ,J- ordog—j = —j.
j=0
N
o(€) =Y xX(€)oa-i(€) +"(§) R
j=0

» We denote the set of classical symbols of order a by S&(.Ag) and
the associated classical pseudodifferential operators by W% (Ay).
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A cutoff integral

» Any pseudo P, of order < —2 is trace-class with
T(P) = o ( [ o(€)de).

» For ord(P) > —2 the integral is divergent, but, assuming P is
classical, and of non-integral order, one has an asymptotic expansion

as R — oo
/ d©dE~ Y a(0)RTI + B(0)log R+ c(0),
B(R) J=0,a—j+20

where 3(0) = [ -, 0—2(£)d§ = Wodzicki residue of P
(Fathizadeh).



The Kontsevich-Vishik trace

> The cut-off integral of a symbol o € SS(Ag) is defined to be the
constant term in the above asymptotic expansion, and we denote it

by f o(§)d¢.
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The Kontsevich-Vishik trace

> The cut-off integral of a symbol o € SS(Ag) is defined to be the
constant term in the above asymptotic expansion, and we denote it

by f o(§)d¢.

» The canonical trace of a classical pseudo P € W%(Ay) of
non-integral order « is defined as

TR(P) := o (J[OP(f)d§> ,

» NC residue in terms of TR:

1
Res,—oTR(AQ™?) = aRes(A).



Logarithmic symbols

» Derivatives of a classical holomorphic family of symbols like
o(AQ~?) is not classical anymore. So we introduce the
Log-polyhomogeneous symbols:

o(€) ~ > D gaju(€)log'[¢] [¢] >0,

j>0 =0

with o,_; positively homogeneous in & of degree a — j.
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» Derivatives of a classical holomorphic family of symbols like
o(AQ~?) is not classical anymore. So we introduce the
Log-polyhomogeneous symbols:

oo
o(€) ~ YD caju(€)log €] ¢l >0,
j>0 =0
with o,_; positively homogeneous in & of degree a — j.

» Example: log Q where Q € WY (Ay) is a positive elliptic
pseudodifferential operator of order g > 0.



Logarithmic symbols

» Derivatives of a classical holomorphic family of symbols like
o(AQ~?) is not classical anymore. So we introduce the
Log-polyhomogeneous symbols:

o(€) ~ > D gaju(€)log'[¢] [¢] >0,

j>0 1=0

with o,_; positively homogeneous in & of degree a — j.

» Example: log Q where Q € WY (Ay) is a positive elliptic
pseudodifferential operator of order g > 0.

» Wodzicki residue: Res(A) = @g(res(A)),

res(A) = /|5|—1 o_20(&)dE.



Variations of LogDet and the curvature form

» Recall: for our canonical holomorphic section o,
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Variations of LogDet and the curvature form

» Recall: for our canonical holomorphic section o,

o] = &=

» Consider a holomorphic family of Cauchy-Riemann operators
D, = 9+ a,,. Want to compute

d0log||o||> = 050, Ca(0) = 6V—V5W%TR(A‘Z)|Z:O.



The second variation of logDet

» Prop 1: For a holomorphic family of Cauchy-Riemann operators D,,,
the second variation of ¢’(0) is given by :

Sa0wC'(0) = %gpo (6wDGzres(log A D)) .



The second variation of logDet

» Prop 1: For a holomorphic family of Cauchy-Riemann operators D,,,
the second variation of ¢’(0) is given by :

Sa0wC'(0) = %g@o (6wDGzres(log A D)) .

» Prop 2: The residue density of log A D! :

1y (v + a*)é + (Fa + Ta*)é
72008 A D7) = (e R e + TR + 76

e (5% + 2Rk + |T|2£§> a
¢ 145 &+ 78
and
Sares(log(A)D™Y) = ———(6,D)*.



Curvature of the determinant line bundle

» Theorem (A. Fathi, A. Ghorbanpour, MK.): The curvature of the
determinant line bundle for the noncommutative two torus is given
by

A73(T)

550, C'(0) = 00 (5, D(6.,D)").

» Remark: For 8 = 0 this reduces to Quillen’s theorem (for elliptic
curves).



A holomorphic determinant a la Quillen

» Modify the metric to get a flat connection:
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Isl[7 = e!lP= 2l s 2



A holomorphic determinant a la Quillen

» Modify the metric to get a flat connection:

_ 2
Isl[7 = e!lP= 2l s 2

> Get a flat holomorphic global section. This gives a holomorphic
determinant function

det(D, Do) A—C

It satisfies ,
|det(D, Dy)|? = ellP=DoIl" det, (D* D)
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