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Recall: Gauss-Bonnet theorem for the NC torus

@ A. Connes and P. Tretkoff, The Gauss-Bonnet Theorem for the
noncommutative two torus (September 2009, and Sept. 1991).

o F. Fathizadeh and M. Khalkhali, The Gauss-Bonnet Theorem for

noncommutative two tori with a general conformal structure (May
2010).
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GB for NCT

@ Ap = universal C*-algebra generated by unitaries U and V satisfying
VU = e2™0yv,

o t: Ay — C, the standard trace,

@ 01,02 : Ag° — Ag°; derivations uniquely defined by:
n(U)=uU, 01(V)=0

H(U)=0,  &(V)=V.
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@ The Hilbert space
Ho = L2(A9,t),

completion of Ay w.r.t. inner product
(a, by = t(b"a).

@ The derivations
01,02 : Ho — Ho

are formally selfadjoint unbounded operators (analogues of %%, %d%).
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Complex structure

o T =11+ im, ™ >0,
0 = 01+ 7y, 0% = 01 + 7.

@ Hilbert space of (1,0)-forms, H19) completion of the linear span of
finite sums > adb, a, b € A3°, with

(adb, a'Ob') := t(a™*a0b(0b')").
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O =61+ 765 : Ho — H1LO)

Unbounded operator; adjoint given by

OF = 61 + Tos.

@ Laplacian
0*0 = 63 + 2116102 + |7[203.
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Conformal perturbation of the metric

@ Vary the metric within the conformal class by h = h* € Ag°: Define a
new state ¢ : Ay — C by

o(a) = t(ae™ ), ac Ay

It is a KMS state with modular group

ot(x) = e'hxe=th,

and modular automorphism

A(x) = e xeh.
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The perturbed Laplacian

e H, = completion of Ay w.r.t. (,),
(a, b)y = @(b*a), a,b e Ay

Op =0 =01 +78: Hy — HIO,

@ The new Laplacian:
3:784; “Hy — He.

o Lemma: (Connes-Tretkoff) 07,0, is anti-unitarily equivalent to the

positive unbounded operator k*0k acting on Hg, where k = /2.

Farzad Fathizadeh and Masoud Khalkhali ()Computing the Modular Curvature for the N Oberwolfach, Sept. 2011 8 /41



Spectral zeta function

Let A = 830,

¢(s) = Z)\i_s = Trace (A7), Re(s) > 1.

Mellin transform

gives us
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where
Trace™ (e &) = Trace (e *2") — Dim Ker(A').

Asymptotic expansion of the trace of the heat kernel:

Trace (e t4 Z ant'z (t —0).

¢(s) has a holomorphic extension to C \ 1 with a simple pole at s =1. In
particular it is holomorphic at s = 0.
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The Gauss-Bonnet theorem for NC torus

@ Gauss-Bonnet for NC torus (Connes-Tretkoff; Fathizadeh-K.): For all
k,0, 7, the value ((0) of the zeta function ¢ of the operator
05,0, ~ k0" Ok is given by

¢(0)+1=0.

Remark: A simpler proof, based on variational techniques, was later
found by Henri Moscovici.
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The Connes-Tretkoff spectral triple

(A6‘7;{) D)7 H = ;i¢®;i(1’0)’
0 0
_ © .
D—<a¢ 0 >H—>H

It is a regular spectral triple w.r.t left Ag-action, but a twisted spectral

triple w.r.t. right unitary action a — J,a*J,: the following operator is
bounded:

Da% — (k~1ak)°PD.
Full perturbed Laplacian:

%0 0
0 0,0
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050, : Hp — Hep,
is anti-unitarily equivalent to

ko0*0k : Hg — Ho,

In a similar manner:

0,05 « HHO) — 1(1.0)

is anti-unitarily equivalent to

" k%9 : O — p(1.0),
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Modular Curvature for NC Torus

@ The modular curvature of the spectral triple attached to (Ty, 7, k) is
the unique element R € AZ° satisfying the equation

C2(0) = t(aR), Va e Ap°
where

Ca(s) := Trace (a|D|™®) Re(s) >> 0.

@ We find a formula for R using Connes’ pseudodifferential calculus
(1980). Symbols:
p:R? - A%,
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Local expression for scalar curvature

Cauchy integral formula:

1
e 8 = / e NA —N)LdA
27 C

one can approximate the inverse of the operator (A — \) by a
pseudodifferential operator By whose symbol has an expansion of the form

where bj(&, A) is a symbol of order —2 — j, and

o(Ba(A — \) ~ 1.

Note: A is considered of order 2.
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Prop: The scalar curvature of the spectral triple attached to (Tg,T, k) is

equal to
/ / e Mbo(€,)) dX dE,
27i R2

where by is defined as above.

By a homogeneity argument, one can set A = —1 and multiply the final
answer by —1 as in Connes-Tretkoff. Hence, in the sequel we will write

b;(&) for bj(&,—1).
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The computations for k0*0k

@ The symbol of k0*0k is equal to

a2(&) + a1(€) + ao0(§)

where
() = &K + |TPEK + 2m& &k,

a1(€) = 2&1kd1(k) + 2|7|°62kb2(k) + 271&1 k2 (k) + 211&2kd1(K),
a0(€) = ko2(k) + |712kd3(k) + 271 kd102(K).
@ The equation

(bo+b1+b2+---)a(k6*8k+1):
(bo+b1+bo+---)((a2+1)+ a1+ ao) ~ 1,

has a solution where each b; can be chosen to be a symbol of order
—2—j.
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bo = (a2 +1)7' = (K + [TPG K + 2n1&1&2k® + 1) 7,

by = —(boa1b0 + 81([30)(51(22)[)0 + 82([30)(52(22)[)0),

by = —(boaobo + biaibg + 01(bo)d1(a1)bo + 02(bo)d2(a1)bo +
81(b1)51(32)b0 + 82(b1)52(32)b0 + (1/2)811(1)0)5%(32)[30 +
(1/2)022(bo)05(az) bo + D12(bo)d12(a2) bo)

= 5&b5k307(k)bo + 2¢3 bokdy (k) body (k) bok
+about 800 terms.
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To integrate by over the &-plane, pass to the coordinates

1 . ro .
& =rcost — r—sinb, & = —sind,
T2 T2

After the integration with respect to @, up to a factor of % which is the
Jacobian of the change of variables, one gets

4|72 rP b3 k20 (k) b3 k302 k) bok + 41 mr® B3k 52(k) b3 k381 (k) bok

+... (more than 80 terms)
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Terms with two b} factors

These are the following terms

—4nr* B3k 62 (k) bok — 4|7 |2mr* B3k 63 (k) bok + .....(23 terms)

where

bo = (rPK> + 1)L,
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The computation of fooo e rdr of these terms is achieved by

Lemma (Connes and Tretkoff): For any p € A3° and every non-negative
integer m, one has

o] k2m+2um 1
du=7D
/O (k2U+1)m+1p(k2u—|—1) u m(p)a

where D, = L;n(A), A is the modular automorphism and £, is the
modified logarithm:

0 xm 1
Em(u) = /0 (x +1)™F1 (xu + 1)dX

m .

= (-1)™(w—1)""V(logu — Z(—1y+1(”;1)j).
j=1

Farzad Fathizadeh and Masoud Khalkhali ()Computing the Modular Curvature for the N Oberwolfach, Sept. 2011 21 /41



Up to an overall factor of r, fooo e rdr of the terms with two positive
powers of by is equal to
A(A) (k103 (K)) + R(A)(k201(k)?)
+ [TPA(A) (K105 (K)) + [T R(A)(k~262(K)?)

+ f(A)(k10102(k)) + T (D) (k281 (k)da(K))
+ Th(A)(k16201(K)) + (D) (k~282(k)d1(K)),
where
A(u) = —2Lo(u)u? —2Lx(u) + L1(u)u? +3L1(u) — Lo(u)
U222 - 2u+ (1 + u)log u)
- (=14 u1/2)3(1 + ut/2)2
and
—1+ u? —2ulogu

fz(u) = —4£2(U) + 4£1(U) =2 (_1 + u)3
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Terms with three b}

These terms are the following:

4|72 r® B3 k205 (k) bEk36o( k) bok + 4Ty mrP b3 k?S2(k) b k361 (k) bok

+--- (62 terms)

For computing fooo e rdr of these terms we will use the following lemma in
which two variable modified logarithm functions appear:

Lemma: (Connes) For any p,p’ € A3® and positive integers m, m’, we have

00 1 k2(m+m") um+m’—1 , 1 ,
du =Dy (A1), A .
/0 (k2U n 1)mp (k2u T ]_)m/ P K2u + 1 u m,m ( (1) (2))(/):0)
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The function Dy, 4y is defined by

00 1 Xm—i—m/—l 1
D (0, v) = : d,
mm (U V) /0 (xu 1+ 1)"(x+1)™ xv +1 X

and A signifies the action of A on the i-th factor of the product.
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After the integrations, up to an overall factor of m, we find the following
expression

A(A)(k107(K)) + fa(A)(k™ 1(k)2)
F(A 1), D)) ((61(k)k) (K 61(K)))
!T\zﬂ( )(k 15z(k))+17\2f2(ﬂ)(k 262(k)?)
ITPF(A@), ) ((62(k)k 1) (k162 (k)))
nfi(A )(k L5102(k)) + Tafa(A)(k~261(k)d2(k))
TLF(Aqy, A))((81(k)kH) (k™ 152(/<))

m1fi(A)(k 15251(/<))+71f2(A)( 262(k)d1(k))
T (A1), D)) ((02(k) k) (k161(k))),

02

+ 4+ + + + + o+
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where we have

ut/2(2 — 2u + (1 + u) log u)
(=1 + u1/2)3(1 4 ul/2)2

fl(u) = —

—1+u? —2ulogu
(-14+wu)3

f(u) =2
F(u,v) =

2D 5(u, v)u~ V2 + 2Dg5(u, v)ut + 2D 0 (u, v)u~ 32V
+2D55(u, v)u™*? + 4D3 1 (u, v)u V> + 4D3 4 (u, v)u >
+4D3 1 (u, v)u™>2v 2 4 4D3 1 (u, v)u~>? — 2Dy p(u, v)u 22
—2D1 5(u, v)ul? 4Ds 1 (u, Vo tv2 - 6D.1(u, v)u !

—6D> 1(u, V)uf3/2v1/2 — 8Dy 1(u, V)u73/2 +2D1 1(u, v)u71/2V1/2
+4D1 1(u, v)u_l/2
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Qu(—(((—1+ w)(1+ Vu(-1 = Vv = (=2 + Vu + u)v + w*?)))/
(1 +Vu)(=1+VV) + (Vuvv(-1 = Vu+ u+u(=2—u+2u)
VV A+ u(=1+ Vi + u)v + u®?v¥?) log u) /(=1 + Vu)*(1 + Vu))
+(Vv(1 -

Vuyv(=1 = Vv +v+uv(—=1+Vv+v)+Vu(=2+v+2v)))logv
(1 4+ V(L + V) (1 4 uv)®.
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Computations for 9* k%0

The symbol of 9*k20 is equal to co(&) + c1(€) where
c2(€) = E1K% + 2m1ek? + [T 2E K2,

c1(€) = (01(K?) + 762(k?))1 + (761(K?) + [ 7[*62(k%)) &2

After similar computations, the second component of the scalar curvature
is:
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g1(D) (k03 (K)) + g2(D)(k~261(k)?)
1) 82)) (01 (KK~ (k~101(k)))

+ G(A (

+ |rlal )( 152( ) + |71 g2( ) (k~262(k)?)
+ TPG(A@), M) ((82(k)k™ M) (k™ 62(K)))

+ nai(A )(k 15152( )) + T182(A)(k~261(k)d2(k))
+ 11G(Aqy, Ap))((01(k)k) (K 62(K)))

+ 7181(A) (k6201 (k)) + T182(A) (k~262(Kk)d1(K))
+ 11G(Aq), D)) ((02(k)k~ 1) (k101 (K)))

+ imL(Aqgy, Ae))(61(k)k ) (K 62(k)))

— inL(D1), D) ((S2(k)k ) (K 161(K)))
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—1+ u? —2ulogu
T1 1 ul2)3(1 1 ul2)?

gi(u) = (

—1+ u?—2ulogu
(—1+u3

g(u) =2
G(u,v) =
2D272(U, V)U_]'V]'/2 + 2D272(u, V)U_l + 2D272(u, V)U_3/2V]'/2
+2D; o (u, v)u_z‘/2 +4D31(u, v)u_zvl/2 +4D31(u, v)u_2

+4D; 1(U V) 75/2 1/2 + 4Ds 1(U, v)u*5/2 — 4'D271(u7 V)uflvl/z
—4D; 1(u,v)u™ " — 4Dy 1(u, v)u —3/2,1/2 _ 4D 1(u, v)u_3/2

Dy o(u, v)vY2 — Dy o(u, v)u= Y202 — Dy o(u, v)u 2
—D12(u, v) — Doy (u, v)u= 322 — Dy (u, v)u~tvH/?
—Ds1(u,v)u /2 _ Do 1(u,v)u™t — Dy (u, v)u™
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—Da1(u, v)u~ W2 — Dy 1 (u, v)u=3? — Dy (u, v)u3/2v1/2
+D1.1(u, v)u" Y202 £ Dy g (u, vIVY2 + Dy (u, v)um?
+D11(u,v)

= —(Vu(u(=1+ v)* (=1 + uv(—4 + u(4 + v))) log(1/u ) (=14 u)

(T+u(-2+v)(-14+v)(-14+uw)1+uv)+(-1+u)v
(=14 u(—4+ v(4 + uv))) log v))) /((—1 + Vu)* (L + Vu) (=1 + Vv)?
1+ VV)(~1+w)?),
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u=32 — Dy (u,v)u™t + Dy (u, v)u?

u" Y2 4 Dy (u, V)u3/2 4 D1 (u, v)u=3/2y1/2

= (Vu(u(=1+v)?log(1/u) + (=1 + u)((=1 4 v)(=1 + uv) + (v — uv)
log v)))/ (=1 + Vu)’ (1 + V) (=1 + Vv)* (1 + VV)(=1 + uv)).
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Modular Curvature in Terms of log(k)

To express the curvature in terms of log k, we need identities that relate
k=16:6;(k) and k=25;(k)?, for i,j = 1,2, to log k:

Lemma: For i,j = 1,2, we have

_ A — A2 A2 1
k=26i(Kk) (k) = 4@(&'('0& k))m(fsj(bg k)).

Also we have

AY2 1
W(didj(bg k) + g(A), A2))(0;(log k)di(log k))

+8(A1), D)) (di(log k)d;(log k)),

k‘lé,-éj(k) = 2
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where
(/uv —1)log u — (v/u — 1) log(uv)

log v log ulog(uv)

g(u,v):=4

)

and A(; signifies the action of A on the i-th factor of the product.
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Using the above lemma, the first half of the modular curvature, up to an
overall factor of _T—;r is expressed as:

K (log A) (03 (log k) + |7|205(log k) + 2715102 (log k)) +
H(log A1), log A()) (01 (log k)d1 (log k) + |7|262(log k)d2(log k)
+T1(51(|0g k)52(|0g k) + 7152(|0g k)51(|0g k)),

where
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222+ (=2 +x) +X)
(—1+ e¥)%x ’

K(x) :=
and
H(s,t) :=

—t(s + t) coshs + s(s+ t)cosh t
st(s + t) sinh(s/2) sinh(t/2) sinh?((s + t)/2)

(s — t)(s+ t +sinhs + sinh t — sinh(s + t))
st(s + t)sinh(s/2) sinh(t/2) sinh?((s + t)/2)
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Final Formula for the Modular Curvature

Theorem: The modular curvature of (T2, 7, k), up to an overall factor of

=2 is equal to
T2

Ri(log A) (8% (log k) + |7[263 (log k) + 2m10182(k))
+ Ro(log A1), log Az)) (41 (log k)91 (Iog k) + |7[2d2(log k)92 log k)
+7 (51(|og k)02 (log k) + 02 (log k)o1(log k)))

+ iW(log Ag), log Ag)) (Tz (61 (log k)d2(log k) — d2(log k)31 (log k))) :
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where

coth(x 1 _ sinh(x/2)
Rulx) = () + () = 22 2sinhi(></4) =)

Ry(s,t) := H(s,t) + T(s,t) = (1 + cosh((s + t)/2)) x

—t(s+ t)coshs + s(s+ t)cosht — (s — t)(s + t + sinh s + sinh t — sinh(s
st(s 4 t) sinh(s/2) sinh(t/2) sinh?((s + t)/2)

and

W(s, t) = _ (=s—t+tcoshs + scosht +sinhs +sinh t — sinh(s + t))
T stsinh(s/2)sinh(t/2)sinh((s + t)/2)
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Theorem: The graded modular curvature, up to an overall factor of ;—2” is
given by

R (log A) (63 (log k) + | 7|265 (log k) + 2718152(k))
+ RY(log Ag), log Ag) (51(|og k)31 (log k) + |7[202(log k)8x(log k) +
71(81(log k)d2(log k) + 62(log k)d1(log k))

— iW(log Ay, log A)) (7‘2 (61(log k)02 (log k) — 62(log k)d1(log k))) ,
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where

. sinh(x/2)
. . B __x+25|nh(x/2) __%—i— >
Rl (X) = K(X) S(X) - X +XCOSh(X/2) - COSh2(X/4) )

RJ(s,t) := H(s,t) — T(s,t) = (1 — cosh((s + t)/2))x

—t(s+ t)coshs + s(s+ t)cosht — (s — t)(s + t + sinh s + sinh t — sinh(s-
st(s + t)sinh(s/2) sinh(t/2) sinh?((s + t)/2)

and

(—s — t+ tcosh s + scosh t + sinh s 4 sinh t — sinh(s + t))
stsinh(s/2) sinh(t/2)sinh((s + t)/2)

W(s,t) =

The above local expressions for the modular curvature and the functions
involved match precisely with Connes-Moscovici's result. (The two
experiments gave exactly the same result!)
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The limiting case

1
lim Ry(x) = 3 lim R/ (x) = —1,

x—0 x—0
Aimp el 0 = fimp R (58 =0
2
li W(s.t) = —.
Jim W(s,t) = 3

So, in the commutative case, the above modular curvatures reduce to
constant multiples of
|7[?

L 52010g k) + T 52(10g k) + 276165 (log k).
T2 T2 T2
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