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What is curvature?

Classical geometry: Rijkl, Rij , R.

Einstein-Hilbert action:
∫
M
Rdvol.

Einstein field equation Rµν − 1
2gµν R+ gµνΛ = 8πG

c4 Tµν

Chern-Weil theory: Tr(eΩ) Ωij = Rijkldx
k ∧ dxl.
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Curvature in NCG

Connection-Curvature formalism of Connes in 1981 (NC Chern-Weil
theory):

∇ : E → E ⊗A Ω1A, ∇ ∈ EndC(E ⊗A ΩA)

∇2 ∈ EndΩA(E ⊗A ΩA) = EndA(E)⊗A ΩA.

Any cyclic cocycle ϕ : A⊗(2n+1) → C defines a closed graded trace∫
ϕ

: ΩA→ C. Can define
∫
ϕ

Tr(eΩ), etc. But won’t discuss it here.

In particular in his 1981 paper Connes shows how to define the
curvature of vector bundles over NC tori using this idea.
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How to define the scalar curvature of a spectral triple (A,H,D)?
This is also answered by Connes since late 1980’s and is based on
ideas of spectral geometry. But computing it in concrete examples
is only acheived in the last few years!

A spectral triple is a NC Riemannian manifold. It is tempting to
think that one might be able to define a Levi-Civita type connection
for a spectral triple and then define the curvature of this connection.
For many reasons this does not work in NCG in general.

4 / 55



Spectral geometry

I (M, g) = closed Riemannian manifold. Laplacian on forms

4 = (d+ d∗)2 : Ωp(M)→ Ωp(M),

has pure point spectrum:

0 ≤ λ1 ≤ λ2 ≤ · · · → ∞

I Fact: Dimension, volume, total scalar curvature, Betti
numbers, and hence the Euler characteristic of M are fully
determined by the spectrum of ∆ (on all p-forms).
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Heat trace asymptotics

I Heat equation for functions: ∂t +4 = 0

I k(t, x, y) = kernel of e−t4. Asymptotic expansion near t = 0:

k(t, x, x) ∼ 1

(4πt)m/2
(a0(x,4)+a1(x,4)t+a2(x,∆)t2+· · · )

I ai(x,4), Seeley-De Witt-Gilkey coefficients.
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I Theorem: ai(x,4) are universal polynomials in the curvature
tensor R = R1

jkl and its covariant derivatives:

a0(x,4) = 1

a1(x,4) =
1

6
S(x) scalar curvature

a2(x,4) =
1

360
(2|R(x)|2 − 2|Ric(x)|2 + 5|S(x)|2)

a3(x,4) = · · · · · ·
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Spectral Triples

Noncommutative geometric spaces are described by spectral triples:

(A,H, D),

π : A → L(H) (∗-representation),

D = D∗ : Dom(D) ⊂ H → H,

D π(a)− π(a)D ∈ L(H).

Examples. (
C∞(M), L2(M,S), D = Dirac operator

)
.(

C∞(S1), L2(S1),
1

i

∂

∂x

)
.
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Noncommutative Local Invariants

The local geometric invariants such as scalar curvature of (A,H, D)
are detected by the high frequency behavior of the spectrum of D
and the action of A via heat kernel asymptotic expansions of the
form

Trace
(
a e−tD

2)
∼t↘0

∞∑
j=0

aj(a,D
2) t(−n+j)/2, a ∈ A.
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Noncommutative 2-Torus Aθ = C(T2
θ)

It is the universal C∗-algebra generated by U and V s.t.

U∗ = U−1,

V ∗ = V −1,

V U = e2πiθUV,

where θ ∈ R is fixed.

The geometry of the Kronecker foliation dy = θdx on the ordinary
torus R2/Z2 is closely related to the structure of this algebra.

A representation of Aθ:

Uξ(x) = e2πixξ(x), V ξ(x) = ξ(x+ θ), ξ ∈ L2(R).
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Action of T2 = ( R
2πZ )2 on Aθ and Smooth Elements

•
αs : Aθ → Aθ, s ∈ R2,

αs(U
mV n) = eis.(m,n)UmV n, m, n ∈ Z.

•

A∞θ := {a ∈ Aθ; s 7→ αs(a) is smooth from R2 toAθ}

=
{ ∑
m,n∈Z

am,nU
mV n ∈ Aθ; (am,n) ∈ S(Z2)

}
.

•
δj =

∂

∂sj


s=0

αs : A∞θ → A∞θ .
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The Derivations δ1, δ2 and the Volume Form

• δ1, δ2 : A∞θ → A∞θ are defined by:

δ1(U) = U, δ1(V ) = 0, δ2(U) = 0, δ2(V ) = V,

δi(a b) = δi(a) b+ a δi(b), a, b ∈ A∞θ .

• Tracial state ϕ0 : Aθ → C (analog of integration):

ϕ0 (1) = 1, ϕ0 (UmV n) = 0 if (m,n) 6= (0, 0).
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Conformal Structure on Aθ (Connes)

The Dolbeault operators associated with τ ∈ C,=(τ) > 0 are

∂ = δ1 + τ̄ δ2 : H0 → H(1,0),

∂̄ = δ1 + τδ2 : H0 → H(0,1).

The conformal structure represented by τ is encoded in

ψ(a, b, c) = −ϕ0

(
a ∂(b) ∂̄(c)

)
, a, b, c ∈ A∞θ ,

which is a positive Hochschild cocycle.
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Conformal Perturbation (Connes-Tretkoff)

Let h = h∗ ∈ A∞θ and replace the trace ϕ0 by

ϕ : Aθ → C,

ϕ(a) := ϕ0(a e−h), a ∈ Aθ.

ϕ is a KMS state with the modular group

σt(a) = eith a e−ith, a ∈ Aθ,

and the modular automorphism

∆(a) := σi(a) = e−h a eh, a ∈ Aθ.

ϕ(a b) = ϕ
(
b∆(a)

)
, a, b ∈ Aθ.
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A Spectral Triple (A∞θ ,H, D)

H := Hϕ ⊕H(1,0),

a 7→
(
a 0
0 a

)
: H → H,

D :=

(
0 ∂∗ϕ
∂ϕ 0

)
: H → H,

∂ϕ := ∂ = δ1 + τ̄ δ2 : Hϕ → H(1,0).
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Anti-Unitary Equivalence of the Laplacians

D2 =

(
∂∗ϕ∂ϕ 0

0 ∂ϕ∂
∗
ϕ

)
: Hϕ ⊕H(1,0) → Hϕ ⊕H(1,0).

Lemma: Let
k = eh/2.

We have

∂∗ϕ∂ϕ : Hϕ → Hϕ ∼ k∂̄∂k : H0 → H0,

∂ϕ∂
∗
ϕ : H(1,0) → H(1,0) ∼ ∂̄k2∂ : H(1,0) → H(1,0).

(The Tomita anti-unitary map J is used.)
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Conformal Geometry of T2
θ with τ = i

(Cohen-Connes, late 80’s)

Let

λ1 ≤ λ2 ≤ λ3 ≤ · · · be the eigenvalues of ∂∗ϕ∂ϕ,

and
ζ(s) =

∑
λ−sj , <(s) > 1.

Then
ζ(0) + 1 =

ϕ
(
f(∆)(δ1(eh/2)) δ1(eh/2)

)
+ ϕ

(
f(∆)(δ2(eh/2)) δ2(eh/2)

)
,

where

f(u) =
1

6
u−1/2− 1

3
+L1(u)−2(1+u1/2)L2(u)+(1+u1/2)2L3(u),

Lm(u) = (−1)m(u− 1)−(m+1)
(

log u−
m∑
j=1

(−1)j+1 (u− 1)j

j

)
.
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The Gauss-Bonnet theorem for T2
θ

Theorem. (Connes-Tretkoff; Fathizadeh-Kh.) For any θ ∈ R,
complex parameter τ ∈ C \ R and Weyl conformal factor eh, h =
h∗ ∈ A∞θ , we have

ζ(0) + 1 = 0.
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Final Part of the Proof

ζ(0) + 1 =

2π

=(τ)
ϕ0

(
K(∇)(δ1(

h

2
)) δ1(

h

2
)
)

+
2π|τ |2

=(τ)
ϕ0

(
K(∇)(δ2(

h

2
)) δ2(

h

2
)
)

+
2π<(τ)

=(τ)
ϕ0

(
K(∇)(δ1(

h

2
)) δ2(

h

2
)
)

+
2π<(τ)

=(τ)
ϕ0

(
K(∇)(δ2(

h

2
)) δ1(

h

2
)
)
,

where

K(x) = −
(
3x− 3 sinh

(
x
2

)
− 3 sinh(x) + sinh

(
3x
2

))
csch2

(
x
2

)
3x2

is an odd entire function, and ∇ = log ∆.

19 / 55



K(x) = − x

20
+

x3

2240
− 23x5

806400
+O

(
x6
)
.
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Scalar Curvature for (A∞θ ,H, D)

It is the unique element R ∈ A∞θ such that

ζa(0) = ϕ0(aR), a ∈ A∞θ ,

where
ζa(s) := Trace(a |D|−2s), Re(s)� 0.

Equivalently, consider small-time heat kernel expansions:

Trace(a e−tD
2

) ∼
∑
n≥0

Bn(a,D2) t
n−2
2 , a ∈ A∞θ .
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Final Formula for the Scalar Curvature of T2
θ

Theorem. (Connes-Moscovici; Fathizadeh-Kh.) Up to an overall
factor of −π=(τ) , R is equal to

R1(∇)
(
δ2
1(
h

2
) + 2 τ1 δ1δ2(

h

2
) + |τ |2 δ2

2(
h

2
)
)

+R2(∇,∇)
(
δ1(

h

2
)2 + |τ |2 δ2(

h

2
)2 + <(τ)

{
δ1(

h

2
), δ2(

h

2
)
})

+iW (∇,∇)
(
=(τ) [δ1(

h

2
), δ2(

h

2
)]
)
.
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R1(x) =
1
2 −

sinh(x/2)
x

sinh2(x/4)
.
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R2(s, t) =

− (1+cosh((s+t)/2))(−t(s+t) cosh s+s(s+t) cosh t−(s−t)(s+t+sinh s+sinh t−sinh(s+t)))
st(s+t) sinh(s/2) sinh(t/2) sinh2((s+t)/2)

.
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W (s, t) =

(−s− t+ t cosh s+ s cosh t+ sinh s+ sinh t− sinh(s+ t))

st sinh(s/2) sinh(t/2) sinh((s+ t)/2)
.

25 / 55



Derivation of the Asymptotic Expansion

Approximate e−tD
2

by pseudodifferential operators:

e−tD
2

=
1

2πi

∫
C

e−tλ (D2 − λ)−1 dλ,

Bλ (D2 − λ) ≈ 1,

σ(Bλ) = b0 + b1 + b2 + · · · .
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Connes’ pseudodifferential calculus (1980)

• Symbols ρ : R2 → A∞θ ⇒ Pρ : A∞θ → A∞θ

Pρ(a) = (2π)−2

∫
R2

∫
R2

e−is.ξ ρ(ξ)αs(a) ds dξ, a ∈ A∞θ .

• Differential operators:

ρ(ξ1, ξ2) =
∑

aij ξ
i
1 ξ

j
2, aij ∈ A∞θ ⇒ Pρ =

∑
aij δ

i
1 δ

j
2.

• ΨDO’s on A∞θ form an algebra:

σ(P Q) ∼
∑

`1,`2≥0

1

`1!`2!
∂`11 ∂

`2
2 (ρ(ξ)) δ`11 δ

`2
2 (ρ′(ξ)).
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Rearrangement Lemma

For any m = (m0,m1, . . . ,m`) ∈ Z`+1
>0 and ρ1, . . . , ρ` ∈ A∞θ∫ ∞

0

u|m|−2(ehu+ 1)−m0

∏̀
1

ρj (ehu+ 1)−mj du

= e−(|m|−1)h Fm(∆, . . . ,∆)
(∏̀

1

ρj

)
,

where

Fm(u1, . . . , u`) =

∫ ∞
0

x|m|−2

(x+ 1)m0

∏̀
1

(
x

j∏
1

uk + 1
)−mj

dx.
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Examples of Fm

F(3,4)(u) =
60u3 log(u) + (u− 1)(u(u(3(u− 9)u− 47) + 13)− 2)

6(u− 1)6u3

F(2,2,1)(u, v) =

(v−1)((u−1)(uv−1)(u(u(v−1)+v)−1)−u2(v−1)(2uv+u−3) log(uv))+(u(2v−3)+1)(uv−1)2 log(v)

(u−1)3u2(v−1)2(uv−1)2
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Identities Relating δi(e
h) and δi(h)

e−h δi(e
h) = g1(∆)

(
δi(h)

)
,

e−h δ2
i (eh) = g1(∆)

(
δ2
i (h)

)
+ 2 g2(∆(1),∆(2))

(
δi(h) δi(h)

)
,

where

g1(u) =
u− 1

log u
,

g2(u, v) =
u(v − 1) log(u)− (u− 1) log(v)

log(u) log(v)(log(u) + log(v))
.
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Noncommutative 4-Torus T4
θ

C(T4
θ) is the universal C∗-algebra generated by 4 unitaries

U1, U2, U3, U4,

satisfying

UkU` = e2πiθk`U`Uk,

for a skew symmetric matrix

θ = (θk`) ∈M4(R).

31 / 55



Action of T4 = (R/2πZ)4 on C(T4
θ)

R4 3 s 7→ αs ∈ Aut
(
C(T4

θ)
)
,

αs(U
m) := eis·m Um, Um := Um1

1 Um2
2 Um3

3 Um4
4 , mj ∈ Z.

δj =
∂

∂sj


s=0

αs : C∞(T4
θ)→ C∞(T4

θ),

δj(Uk) := Uk if k = j,

:= 0 if k 6= j.
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Complex Structure on T4
θ

∂ = ∂1 ⊕ ∂2, ∂̄ = ∂̄1 ⊕ ∂̄2,

∂1 =
1

2
(δ1 − iδ3), ∂2 =

1

2
(δ2 − iδ4),

∂̄1 =
1

2
(δ1 + iδ3), ∂̄2 =

1

2
(δ2 + iδ4).
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Volume Form on T4
θ

ϕ0 : C(T4
θ)→ C,

ϕ0(1) := 1,

ϕ0(Um1
1 Um2

2 Um3
3 Um4

4 ) := 0, (m1,m2,m3,m4) 6= (0, 0, 0, 0).

ϕ0(a b) = ϕ0(b a), a, b ∈ C(T4
θ).

ϕ0(a∗ a) > 0, a 6= 0.
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Conformal Perturbation (Connes-Tretkoff)

Let h = h∗ ∈ C∞(T4
θ) and replace the trace ϕ0 by

ϕ : C(T4
θ)→ C,

ϕ(a) := ϕ0(a e−2h), a ∈ C(T4
θ).

ϕ is a KMS state with the modular group

σt(a) = e2ith a e−2ith, a ∈ C(T4
θ),

and the modular automorphism

∆(a) := σi(a) = e−2h a e2h, a ∈ C(T4
θ).

ϕ(a b) = ϕ
(
b∆(a)

)
, a, b ∈ C(T4

θ).
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Perturbed Laplacian on T4
θ

d = ∂ ⊕ ∂̄ : Hϕ → H(1,0)
ϕ ⊕H(0,1)

ϕ ,

4ϕ := d∗d.

Remark. If h = 0 then ϕ = ϕ0 and

4ϕ0 = δ2
1 + δ2

2 + δ2
3 + δ2

4 = ∂∗∂

(the underlying manifold is Kähler).
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Scalar Curvature for T4
θ

It is the unique element R ∈ C∞(T4
θ) such that

Ress=1 ζa(s) = ϕ0(aR), a ∈ C∞(T4
θ),

where
ζa(s) := Trace(a4−sϕ ), <(s)� 0.

37 / 55



Explicit Formula for 4ϕ

Lemma. (Fathizadeh-Kh.) Up to an anti-unitary equivalence 4ϕ
is given by

eh∂̄1e
−h∂1e

h + eh ∂1e
−h∂̄1 e

h + eh∂̄2e
−h ∂2e

h + eh∂2e
−h∂̄2e

h,

where ∂1, ∂2 are analogues of the Dolbeault operators.
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Connes’ Pseudodifferential Calculus (1980)

A smooth map ρ : R4 → C∞(T4
θ) is a symbol of order m ∈ Z, if

for any i, j ∈ Z4
≥0, there exists a constant c such that

||∂jδi
(
ρ(ξ)

)
|| ≤ c(1 + |ξ|)m−|j|,

and if there exists a smooth map k : R4 \{0} → C∞(T4
θ) such that

lim
λ→∞

λ−mρ(λξ) = k(ξ), ξ ∈ R4 \ {0}.
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• Given a symbol ρ : R4 → C∞(T4
θ), the corresponding ψDO is:

Pρ(a) = (2π)−4

∫ ∫
e−is.ξ ρ(ξ)αs(a) ds dξ, a ∈ C∞(T4

θ).

• Differential operators:

ρ(ξ) =
∑

a` ξ
`, a` ∈ C∞(T4

θ) ⇒ Pρ =
∑

a` δ
`.

• ΨDO’s on T4
θ form an algebra:

σ(P Q) ∼
∑
`∈Z4

≥0

1

`!
∂`ξρ(ξ) δ`(ρ′(ξ)).
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• A symbol ρ : R4 → C∞(T4
θ) of order m is elliptic if ρ(ξ) is

invertible for any ξ 6= 0, and if there exists a constant c such that

||ρ(ξ)−1|| ≤ c(1 + |ξ|)−m,

when |ξ| is sufficiently large.

• Example of an elliptic operator:

4ϕ = eh∂̄1e
−h∂1e

h+eh ∂1e
−h∂̄1 e

h+eh∂̄2e
−h ∂2e

h+eh∂2e
−h∂̄2e

h.
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Final Formula for the Scalar Curvature of T4
θ

Theorem. (Fathizadeh-Kh.) We have

R = e−h k(∇)
( 4∑
i=1

δ2
i (h)

)
+ e−hH(∇,∇)

( 4∑
i=1

δi(h)2
)
,

where

∇(a) = [−h, a], a ∈ C(T4
θ),

k(s) =
1− e−s

2s
,

H(s, t) = −e
−s−t ((−es − 3) s (et − 1) + (es − 1) (3et + 1) t)

4 s t (s+ t)
.
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k(s) =
1

2
− s

4
+
s2

12
− s3

48
+

s4

240
− s5

1440
+O

(
s6
)
.
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H(s, t) =

(
−1

4
+

t

24
+O

(
t3
))

+ s

(
5

24
− t

16
+
t2

80
+O

(
t3
))

+s2

(
− 1

12
+

7t

240
− t2

144
+O

(
t3
))

+O
(
s3
)
.
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H(s, s) = −e
−2s (es − 1)

2

4s2

= −1

4
+
s

4
− 7s2

48
+
s3

16
− 31s4

1440
+

s5

160
+O

(
s6
)
.
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G(s) := H(s,−s) =
−4s− 3e−s + es + 2

4s2

= −1

4
+
s

6
− s2

48
+

s3

120
− s4

1440
+

s5

5040
+O

(
s6
)
.
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Einstein-Hilbert Action for T4
θ

Theorem. (Fathizadeh-Kh.) We have the local expression (up to
a factor of π2)

ϕ0(R) =
1

2

4∑
i=1

ϕ0

(
e−hδ2

i (h)
)

+

4∑
i=1

ϕ0

(
G(∇)(e−hδi(h)) δi(h)

)
.
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Extremum of the Einstein-Hilbert Action

Theorem. (Fathizadeh-Kh.) For any Weyl factor e−h ∈ C∞(T4
θ)

ϕ0(R) ≤ 0,

and the equality happens if and only if h is a constant.

Proof.

ϕ0(R) =

4∑
i=1

ϕ0

(
e−hT (∇)(δi(h)) δi(h)

)
,

where

T (s) =
1

2

e−s − 1

−s
+G(s) =

−2s+ es − e−s(2s+ 3) + 2

4s2
.
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T (s) =
1

4
− s

12
+
s2

16
− s3

80
+

s4

288
− s5

2016
+O

(
s6
)
.
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Analogue of Weyl’s Law for T4
θ

Theorem. (Fathizadeh-Kh.) For the eigenvalue counting function

N(λ) = #{λj ≤ λ}

of the Laplacian 4ϕ on T4
θ, we have

N(λ) ∼ π2ϕ0(e−2h)

2
λ2 (λ→∞).

Corollary.

λj ∼
√

2

πϕ0(e−2h)1/2
j1/2 (j →∞),

Trω
(

(1 +4ϕ)−2
)

=
π2

2
ϕ0(e−2h).
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Karamata’s Tauberian theorem

Let µ be a positive measure on R+ such that∫ ∞
0

e−tλdµ(λ) <∞, ∀t > 0,

and

lim
t→0+

tα
∫ ∞

0

e−tλdµ(λ) = C

for some positive constants α and C. Then for any continuous
function f on [0, 1] we have

lim
t→0+

tα
∫ ∞

0

f(e−tλ)e−tλdµ(λ) =
C

Γ(α)

∫ ∞
0

f(e−t)tα−1e−t dt.
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The Dixmier trace Trω : L1,∞(H)→ C

For any T ∈ K(H), let

µ1(T ) ≥ µ2(T ) ≥ · · · ≥ 0

be the sequence of eigenvalues of |T | = (T ∗T )
1
2 .

• L1,∞(H) :=
{
T ∈ K(H);

N∑
n=1

µn(T ) = O (logN)
}
.

• Trω(T ) := lim
ω

( 1

logN

N∑
n=1

µn(T )
)
, 0 ≤ T ∈ L1,∞(H).
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Noncommutative Residue (Wodzicki)

Let P be a classical ψDO acting on smooth sections of a vector
bundle E over a closed smooth manifold M of dimension n.

• Definition:

Res(P ) = (2π)−n
∫
S∗M

tr(ρ−n(x, ξ)) dx dξ,

where S∗M ⊂ T ∗M is the unit cosphere bundle on M and ρ−n is
the component of order −n of the complete symbol of P .

• Theorem: Res is the unique trace on Ψ(M,E).
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A Noncommutative Residue for T4
θ

Classical symbols: ρ : R4 → C∞(T4
θ)

ρ(ξ) ∼
∞∑
i=0

ρm−i(ξ) (ξ →∞),

ρm−i(t ξ) = tm−i ρm−i(ξ), t > 0, ξ ∈ R4.

Proposition. The linear functional

Res(Pρ) :=

∫
S3
ϕ0

(
ρ−4(ξ)

)
dξ

is the unique trace on classical pseudodifferential operators on T4
θ.

54 / 55



Analogue of Connes’ Trace Theorem for T4
θ

Theorem. (Fathizadeh-Kh.) For any classical symbol ρ of order
−4 on T4

θ, we have
Pρ ∈ L1,∞(H0),

and

Trω(Pρ) =
1

4
Res(Pρ).

Remark. Weyl’s law is a special case of this theorem: let

ρ(ξ) =
1

(1 + |ξ|2)2
.
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