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ABSTRACT. Let X be a quasi-Banach rearrangement invariant space
and let T be a (e, §)-atomic operator for which a restricted type estimate
of the form [|Txg|x < D(|E|) for some positive function D and every
measurable set E is known. Then, we show that this estimate can be
extended to the set of all positive functions f € L' such that || f|le <1,
in the sense that ||Tf||x < D(]|f]]1). This inequality allows us to obtain
strong type estimates for T' on several classes of spaces as soon as some
information about the Galb of the space X is known. This paper will
consider the case of weighted Lorentz spaces X = A?(w) and their weak
version.

1. INTRODUCTION

It is well known and we refer to the papers [1], [3], [4] and [14] that,
for many interesting operators only a restricted estimate on characteristic
functions is known, and it is of a general interest to show what kind of
strong type estimate can be obtained from it. This is, for example, the
principle of the weak type extrapolation theory where we have an operator
satisfying

1
||TXEHLPA,OO < —|E|1/7’7
p—1

for every 1 < p < pp, and it is an open question to see if this implies that
T is bounded from the Orlicz space Llog L into LY*. A positive solution
to this question will give us, when applied to the Carleson operator

Sf(z) = sup 1S f(z)],

where S, f(z) = (D, * f)(z), D, is the Dirichlet kernel on T = {z € C; |z| =
1} and f € L'(T), the almost everywhere convergence of the Fourier series
of a function in Llog L(T).
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In a recent paper [4], it was proved that if the operator T is (e, §)-atomic
approximable (see Definition 2.2), then an estimate of the form

(Txp)™(t) < h(t, [E)),

for every measurable set, can be extended to every function f bounded
by 1 and, from it, some strong type estimates on logarithmic type spaces
were proved. In particular, if h(t,s) < R(t)D(s), the above inequality is
equivalent to ||T'xg||lx < D(]E]), where X is a weak weighted Lorentz space
(see definition below).

The first purpose of this paper consists in proving, in Section 2, that
a slight modification of the main theorem in [4] shows that if T is (e, d)-
atomic approximable, and |[|T'xg||x < D(|E|) for some positive function D
and every measurable set E where X is any quasi-Banach r.i. space, then
ITfllx < D(||f]l1), for every f € L' such that || f|le < 1.

Our second step will be to obtain, from this inequality, a strong type
estimate, for which we need to have some information on the Galb(X),
which is defined (see [22]) by

Galb(X) = {(Cn)n; chfn € X, whenever ||f,[|x < 1},

. In particular,

> nCntn

X
we study, in Section 3, this Galb for the case of the weighted Lorentz spaces
X = A%w), for 0 < g < oo, and also, of the weak spaces A?*°(w). To this
end, we use the following formula for the decreasing rearrangement of a sum

of functions (see [8]): if f =) ¢, fn, then

ren < Y (507 [ fiwas),

where {a,}, are positive numbers such that ) a, = 1, and we need to
solve the problem of computing, for ¢ > 1,

Jo ( Jur f(5) ds) w(t) di
I f(#)aw(t) dt ’

where the supremum extends over the set of decreasing functions f. This
problem will be solved in Section 5. Finally, in Section 4 we present some
concrete examples and applications.

We shall denote by L°(R™) the class of Lebesgue measurable functions
that are finite a.e. and ¢*(t) = inf{s: \,(s) <t} is the decreasing re-
arrangement of g, where \;(y) = [{z € R: |g(z)| > y}| is the distribution
function of g with respect to Lebesgue measure. We refer the reader to [2]

endowed with the norm [|c||gamnx) = supj s, <1

sup
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for further information about distribution functions, decreasing rearrange-
ments and rearrangement invariant (r.i.) spaces.

If, in the definition of a norm, the triangle inequality is weakened to the
requirement that for some constant ¢, ||z + y|| < ¢(||x]| + |ly||) holds for all
x and y, then we have a quasi-norm. A complete quasi-normed space is
called a quasi-Banach space. It is well known that spaces 7 for 0 < p < 1
are quasi-Banach spaces. Observe that if X is a quasi-Banach r.i. space of
measurable functions on R™ then there is a r.i. quasi-Banach space X* of
measurable functions on R such that ||f||x = || f*||x- for all f € X. One
simply defines [|g||x- = ||G]|x where G(z) = wg(|z|)|z|"~* with w chosen so
that ¢ and G are equimeasurable. It is a simple matter to verify that X* is
a quasi-Banach space.

For a measurable set F, xg denotes the characteristic function of E, |E|
is the Lebesgue measure of E' and, for simplicity in our arguments, we say
that an operator T is sublinear if T(Af) = A\T'f and

T(Sn)| =Xl

neN neN

If we only have that |T(f 4+ ¢g)| < |Tf| + |Tg|, then we need to assume
some extra boundedness condition on our operator 1" such as

T: L'+ 1L —[L°

is bounded or to use some standard density argument to obtain our conclu-
sions.

2. FROM RESTRICTED WEAK TYPE TO STRONG TYPE

We shall work in R™ and @) will represent a cube with sides parallel to
the axes. The results can be extended in the natural way to TV (identifying
TV with [0,1)Y). In [4], the following definitions were introduced:

Definition 2.1. Given 6 > 0, a function a € L*(R") is called a §-atom if
it satisfies the following properties:

(i) Jgna(z)dz =0, and

(ii) there ezists a cube @ such that |Q] < & and supp a C Q.

Definition 2.2. (a) A sublinear operator T, defined on L'+ L™ and taking
values in L, is (g,0)-atomic if for every € > 0 there exists § > 0 satisfying

(1) ITallpii e < ellally,

for every d-atom a.
(b) A sublinear operator T is (g,0)-atomic approzimable if there ezists a
sequence (T,,), of (,0)-atomic operators such that, for every measurable
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set B, |Toxe| < |Txe| and, for every f € L' such that ||f|lee < 1, and
every t > 0,

(T1)"(#) < liminf(T, /)" (1)

In particular, any maximal operator of the form sup; |Kj * f|, where
K; € LP for some 1 < p; < oo is (e, d)-atomic approximable (see [4] for
more examples of this kind of operators). Also, as we shall see in this paper,
any operator bounded from L? into LP with 0 < p < 1 is not (e, d)-atomic
approximable.

Definition 2.3. Given an operator T and a quasi-Banach r.i. space X, we
define the fundamental function of T with respect to X, by
pxr(r) = sup [|Txe|lx-
|E|<r
Observe that if T' is the identity operator, px r is nothing but px, the usual
fundamental function of X.

Definition 2.4. Given § > 0, we say that Fs is a 6-net if it is a collection
of open cubes of the following form:

F5 ={Q;;1Q;| = 9,Q; are pairwise disjoint, U Q; = R"}.

Theorem 2.1. Let X be a quasi-Banach r.i. space and T a sublinear (g,0)-
atomic approzimable operator. Then, for every positive function f € L

such that || flle < 1,
ITfllx < exa(lfl)-

Proof: In view of Definition 2.2, it is enough to prove the result for an
(g, 0)-atomic operator 7.

Given X, let X* be the space of measurable functions on (0, 0o) such that
I fllx = If*]|x+ Let f € L' be a positive function such that || f|l. < 1 and,
given € > 0, let us consider a d-net Fs where ¢§ is the number associated to
e by the property that T is (g, d)-atomic.

Given @); € F;5, let f; = fxq,. Then,

fi(z)dr < |Q,
Rn

and hence, we can take a cube Q; C Q; and satisfying:
Qi = | fix)de = | f(z)da.
R Qi

Then, it is clear that the function g; = f; — xg, is a d-atom and

lgillx < |f(2)|de + Qi =2 [ |f(x)|d.
Qi Qi
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Now, f=>,fi=>,9 + Xi, where £ = UQ;. Then, by sublinearity
T < |Tgil + 1 Txel = G + |Txs|.

For fixed n > 1, we have
(T (@) xamm@) < G(1/n)2)X0/m0) ()
+ (Txp)" (1= 1/n)z)x(1/nm (@)
= Qun(x)+ Ru(x).
For z € (1/n,n), we have 0 < x — 1/n < (1 — 1/n?)z, and hence
and it follows that R} < (TX g)*. On the other hand,
Qn(z) < G*(I/HS)X(I/n,n)(x)

and

G (1/n?) = (DT%) ) <t [ 1/"3(;|Tgi|)*
<y [ <Tgi>*s§ijn3 [ @

< 0* Y ITgillpre <n’e Y llgill < 20%]|f])1.
% 7

Using these estimates for R, and (),, we have

TS X mmllx- < 207 fllxa/mmllxe + 1 TxE]x.
First we let ¢ — 0 and then we let n — oo to get
ITfllx < ITxellx-
Since |E| =3, 1Qil = 3, fQ = ||fll1, the result follows. [J

Also, as a consequence of the previous remark we obtain the following:

Proposition 2.1. Let X be a quasi-Banach r.i. space and let T' be a non-
zero (e, 0)-atomic approximable operator. Then px r is quasi-concave.

Proof: Clearly px r(r) is non-decreasing. Suppose s > r. If |F| < s then
1(r/s)xBlle <1 s0

(/)N Txellx < A/r)exr(lr/s)xel) = 1/r)exr(r).

Since this holds for all such E, (1/r)¢xr(r) is non-increasing. [
Every quasi-concave function is equivalent to a concave function so we
shall assume from now on that D is a concave function with pxr < D.
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Remark 2.1. From the above Proposition, we obtain that if X is any quasi-
Banach r.i. space and 0 < p < 1, any operator T" mapping LP to X s not
(,0)-atomic approximable. In particular, convolution operators on LP with
discrete measures with coefficients in (P are not (g, 0)-atomic approximable.

Definition 2.5. Given a sequence space [ C ' and a concave function D,
we shall denote by D([), the set of all measurable functions f such that

oy =t { (ep0120) | }

is finite. Here the infimum extends over the set of all possible decompositions
of f =2, cufn, a.e. such that ||f,|l < 1.

It is an exercise to prove the following.

Theorem 2.2. If D is concave then L' N L™ C D([). If, in addition,
s =2 D(s), then D([) C L'.

Let us now give some concrete examples which will be useful in what
follows:
Examples:
a) If [ = ¢? with 0 < p < 1, then taking the following decomposition of a

function f
f = Z 2nfm

neZ
where f, = 27" fxqan-1<|f|<2n}, We have that

1/p
mmnﬁ(zwwwww

nez

(/wwlDﬂww»@)w

0
o0 1/1’
N ( ﬁwwwwﬂ — 1 llawcers

0

A

where Ay is the distribution function of f and AP(w) is the weighted Lorentz
space with weight w(t) = dDP(t), and hence we have proved that

AP(dDP) C D(¢P).
Therefore, using the previous theorem, we have that
AP(dDP) + L' N L™ C D(7).

At this point, and since 0 < p < 1, it will be good to know when this
second space AP(dDP)+ L' N L™ is strictly bigger than AP(dDP). Obviously,
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these two spaces coincide if and only if L' N L> C AP(dDP). Tt follows from
Theorem 3.3 in [18], that

Proposition 2.2. L' N L> C AP(dDP) if and only if
oo max(l,y))p/(p_l)
maxi.y) dD(y) < oo.
/0 ( Dr(y) &
b) If [ ={(log¥), and s = D(s), then, taking the decomposition
F=F+> 2"
n>1

where [ = fxqs<1y and f, as before, we get that

11l < DA + ( [ g 107 y)D(Af<y>>dy).

From this, it follows using homogeneity that
Lloglog L(D) € D(/),
where

|11l 10g108 L(D) :/ Fr()(1 +log™ log™ f*())dD(?).
0
In particular, if D(s) = s(l + log™ %), then

Lloglog L(D) = Llog Lloglog L.

Now, in this concrete case, it was proved in [7], taking the ideas of [1], that
we can improve the above result by taking the decomposition of f

=1+ 2" fa,
n>1

where fo = fxys<2 and f, = 2_2an{22n—1<‘f|<22n}. Using this decomposi-
tion, it can be proved that

Llog Llogloglog L C D([),
and, in fact, it was proved in [7], that if D(s) > s and D(s?) < sD(s), then
Llogloglog L(D) C D([).

For our next purpose, we need the following concept which was introduced
in [22].

Definition 2.6. The Galb of a quasi-Banach space X is defined by
Galb(X) = {(Cn)n; chfn € X, whenever |[|f,||x < 1},
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‘ Z” Cnf X

Now, since the motivation of our work is to obtain certain type of esti-
mates for an operator 7" for which a restricted estimates is known, on many
occasions, it will be enough to have a weak type estimate for the operator
T or even to have that T'f(z) < oo a.e. z, for every f € X in order to apply
some continuity Banach principle. To this end, it will be enough to identify
certain sets containing the Galb(X).

Definition 2.7. The Weak Galb of a quasi-Banach space X is defined by
WGalb(X) = {(Cn)n; chfn € My, whenever ||f,|x < 1},

n

endowed with the “norm” ||c||lcamx) = SUp| s, x<1

, where Mx

endowed with the norm ||c||wcamx) = SUD)| £, [[x <1
< My

Y onCnfn

1s the mazimal Marcinkiewicz space defined by
My = {f:llfllanx = sup £ (£ () < oo}
The Finite Galb of X is defined by
FGalb(X) = {(cn)n; chfn are finite a.e., whenever ||f,||x < 1}.

It is trivial that
Galb(Mx) = WGalb(Mx)
and
Galb(X) € WGalb(X) C FGalb(X).
We shall see in Proposition 4.1 that the three concepts are different. Note
that the advantage of the Finite Galb is the fact that if two quasi-Banach
spaces X and Y satisfy that X C Y continuously, then

FGalb(Y) C FGalb(X).
A first general and important fact is the following:
Theorem 2.3. Let X be a quasi-Banach r.i. space. Then,
(2) Galb(X) C WGalb(X) C FGalb(X) C £' N L1,

where

L<p;(1 = {(Cn)n; Z%}l(\cnl) < oo}.

Proof: The embedding in ¢! is immediate. To show that FGalb(X) C Lw;

we suppose that > ¢3! (|e,|) diverges. It is a standard argument to select

sets A,, of measure py'(|c,|) such that >, xa, = oo on a set of positive
measure. With f, = (1/¢,)xa,, |[f2llx =1 and so (¢,), ¢ FGalb(X). O
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Remark 2.2. Obviously Galb(X) = ¢* if and only if X is a Banach space.
If this is not the case, we shall study conditions on our spaces to have that
Galb(X) = L%? avAs

Our second main result can now be formulated in the following way:

Theorem 2.4. Let T be a sublinear (e,d)-atomic approximable operator
and let X be a quasi-Banach r.i. space. Then, if pxr(Galb(X)) is as in
Definition 2.5,

a)
T ng;p(Galb(X)) — X

18 bounded.
b) Similarly
T: g0X7T(WGalb(X)) — MX

is bounded.
c) For every f € pxr(FGalb(X)), Tf(x) < +00 almost everywhere.

Proof: We shall only prove a), since the proof of b) and ¢) are completely
similar.
If f=75", cnf, then by sublinearity

1T fllx < llenT fullca)-
If we suppose that || f,|c < 1 for each n then by Theorem 2.1,
1T fullx < exr(lfall)

and

1T fllx < [[flloxr(can))-

follows by taking the infimum over all such representations of f. [J
In particular, if 7" is a sublinear (e, §)-atomic approximable operator, the
following corollaries follow, from the examples given above.

Corollary 2.1. If X is a Banach space, then
T:AN(dpxr) — X

s bounded.

Corollary 2.2. If GalbX = with 0 < p < 1, then
T AP(de% ) + L'NnL>® — X

s bounded.

Corollary 2.3. If GalbX C ((log ¢)* and s < px1(s), then
T : L(loglog L)*(dexr) — X
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is bounded. And if, in addition, ox 7(s*) < spxr(s), then

T : L(logloglog L)*(dpx 1) — X
s bounded.

Our next step will be to study the Galb for the class of weighted Lorentz
spaces.

3. ABOUT THE GALB OF WEIGHTED LORENTZ SPACES

The purpose of this section is to obtain information about the Galb of the
spaces A(w) for 0 < ¢ < oo and of the weak type version spaces A2 (w).
Hence, throughout this section

f = Z Cnfn’
n=1

where ||fullx < 1 and X = A%w) or X = A?*(w). We shall use the
following formula for the decreasing rearrangement of a sum of functions

(see [8]):

3) ron < Y (50§ [ fiwas),

where {a, }, are positive numbers such that ) a, = 1, and we recall that
if A9(w) is quasi-Banach, then the primitive of the weight W (t) = fot w
satisfies the Ay condition and, hence, the number 3 in the left hand side of
the previous formula gives no problem at all.

We shall also need to use some estimates for the so called Steklov operator
acting on decreasing functions. This operator is defined, for 0 < a < 1, by

&ﬂwzi/g@m&

Lemma 3.1.

sup = sup ; . W(S)

fdec  SUPgso f(E)W (2) t>0
Proof: The proof follows trivially since the biggest function f with the
property that sup,., f(£)W(t) =11is 1/W. O
The meaning of the two following lemmas is that in estimating the norm
of the Steklov operator on Lorentz spaces it is often sufficient to test it only
on characteristic functions.

(3 sy o (] o ajws
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Lemma 3.2.

S LS f(s)ds Jw(t)dt .
fdec ( I f(t)w(t))dt "0 % /0 ( / / 9%) ds.

sup
Proof: The result follows using Fubini and Theorem 2.12 of [9]. O

Lemma 3.3. If g > 1, then

( [ (% [L f(s) ds)qw(t) dt) v

A :=sup 2 < +o00
fdec 00
( Iy~ f(t)aw(t) dt)
iof and only of
4 B:= L™ ) )
(4) .—Stjp(m/r (r —at) 0 ) < 4o00.

Moreover,
a) it holds that B < A <1+ B? and
b) if for some D > 1, W(s/a) < DW (s) for all s > 0, then (1 —a) + B <
A= (1—a)+ B(log D). From this, we can also conclude that
c)
(1—a)+B =< A=(1-a)+ B(log(B/(va—a))"7.

The proof of this lemma will be postponed to the last section, since it is
somewhat technical.

Galb (A% (w))
Let us start with the case A?*°(w) defined by

|| 1| Ao (uy = sup f*(£)WH(2),
t>0

and observe that A (w) = A (w,), where w,(t) = WY (t)w(t), and
hence, the parameter ¢ is, somehow superfluous. However, it will be impor-
tant for us the fact that, for every ¢ > 1,

A (w) © AT(w) © AT (w),
where A% (w) = A'(w,) and w, as before. Moreover, by real interpolation
theory,
A(w) = (AT (w), AT (w))1/q g-
As a first consequence of (2), we obtain the following result:
Corollary 3.1. For every 0 < g < oo,

Galb(Aq’oo(W)) - L(Wl/q)—l N 61.
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Theorem 3.1. Let 0 < ¢ < oo and given 0 < a < 1, let
1 t
H(a) = sup (;/ W—Ya(s) ds) Wl/q(t).
at
Then, if (cn)n € L' and

inf WH(a,) < oo,
anilnﬂ;c (an) < 00

we have that (¢,), € Galb(AY>(w)).
Proof: Using (3), we obtain that

1t
HﬂmwmﬁEZ%Wmew+z}@g(;/ h@m%wmmx
n n ant

for every sequence Y a, < 1, and, by Lemma 3.1, we immediately obtain

that
|f||Aq°° <ch+zcn an

from which the result follows. [

Example: If w(t) = 1, then W(t) = t and H(a) = ¢(1—a'7"1/7)/(g—1). In
particular, H(a) ~ a1/ if ¢ <1, H(a) =log1/aif ¢ =1 and H(a) ~ 1
if g > 1.

Remark 3.1. If H € L™, we obtain that Galb(A¥>*(w)) = (' and, of

course, this also follows from the fact that H € L™ if and only if w € B,
which is the case where AT (w) is a Banach space (see [20]).

Corollary 3.2. If for everyt > 0 and every 0 < a < 1,

L a
©) ZLWIMﬁ%jWW@Www’

then
Galb(A**(w)) = WGalb(A%*°(w)) = FGalb(AY*(w)) = L(Wl/q)—l Nt

Proof: The embedding FGalb(A%>*(w)) C Lyu1/ay-1 N £* follows from The-
orem 2.3 and the opposite embedding follows from Theorem 3.1. Indeed,
condition (5) reads that H(a) = a/W(a) and, if (cp)n € Lyi/ay—1 N LY, we
have that (c,) tends to zero and hence, we can assume that (W7)~1(c,) < 1
for every n. Therefore,

S e H((W)- ch WIDen) _ 5™ avinyi(e,) < oo,

n

and therefore, (¢,), € Galb(Aq’Oo(W)) by Theorem 3.1. [
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Corollary 3.3. If W'/4(s) /s is equivalent to a decreasing functions, then
Clog ¢ C Galb(A¥>(w)).

Proof: It follows from the trivial fact that H(a) < logl/a and taking
a, = c,, we obtain the result. [J
Observe that if ¢ = 1 and w = 1, we obtain the well-known fact that
Clog ¢ C Galb(LY>)).
Galb (A%(w))
The case 0 < ¢ <1

Theorem 3.2. For every 0 < q < 1, it holds that
Galb(A%(w)) C ¢4,

Proof: Let oy > 0 be small enough (if necessary) and let us choose, oy

such that
k-1

W(Zaj> < %W(ak).

j=1

Let {Aj}r=1.n be a collection of disjoints sets such that oy, = |Ay| and let
us define 3, = W(ay). Obviously fy is an increasing sequence.

Let us define f, = ﬁk_l/qXAk (x), so that || fx|[rew) = 1 and set

N

f(x) = chfk-

k=1

Let us assume, without lost of generality, that (cg), are decreasing and
hence, also 6]:1/qu is decreasing. Let vy = 0 and v, = Z?Zl a;. Then,

F(t) = 8, e,

if vx,_1 <t < v and, therefore,

o] N Tk
/ Femd = Y st / w(t) dt
0 k=1 Ve—1
N q Tk N
k / 1 q
= w(t)dt > =Y ¢,
; W(O&k) Vi1 2 ; k

from which the result follows. [J

Theorem 3.3. Let 0 < g < 1. Then Galb(AYw)) = ¢4 if and only if
W (t)/t is equivalent to a decreasing function.
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Proof: If W(t)/t is equivalent to a decreasing function, then it is known
(see [6]) that the space A'(w) is a Banach space and since

10D chlfalf,
and || f||%.. v = |/ a1 (w), We obtain that
Ad(w) (w)
1 Moy < Dl llarw <D,

and therefore (¢ C Galb(A%(w)) and hence they coincide. To prove the
converse, we observe first, that, if Galb(A%(w)) = ¢4, then

1 IR0y < 0f ) 1 fnlljaw):
(w) (w)

where the infimum extends over all possible decomposition f =" f,.
Now, we use the same argument that in ([6]): let k¥ € N and s > 0 and
set f = X(o2rs) and f; = X(js,j+1)s) With 7 = 0,--- ,2F — 1. Then, since

f= Z?:Bl fj, we obtain that

ok

-1
W(2%s) = %oy = D IfillRaw) = 2"W(s);
7=0

that is, W (2%s) < 2¥W(s) and hence, if s < r and k is such that 281s <
r < 2ks,
k k
W (r) < W(2"s) ~ 2°W () ~ I/V(s)7
rooT 2kl T 2kl T
as we wanted to prove. []

Remark 3.2. In particular, if X = LP9 with 0 < ¢ < min(p, 1), we recover
the result proved in [13].

In general, if w does not satisfy the previous condition we have the fol-
lowing result:

Theorem 3.4. Given 0 < a < 1, let

1 r s/a w(t) )
H(a) = —2dt |ds.
@ =smpy [ )
Then, if (¢y)n € €7 and

Zj{ggl clH(ay,) < 00,
n

we have that (c,), € Galb(A%(w)).
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Proof: Since 0 < ¢ < 1, we have that |f|? <) ¢?|f,|?, and hence, using
(3), we obtain that

[ee] 1 t §
o = el + Xt [ (5 [ siorasJutoy e,
n ant

n

for every sequence > a, < 1, and, by Lemma 3.2, we immediately obtain
1Fllaae) =D e+ > chH(an),
from which the result follows. [
As a corollary of (2) we obtain:
Corollary 3.4.
Galb(A%(w)) = WGalb(A%(w)) = FGalb(A%(w)) C Ly1/a)-1 N €9

Corollary 3.5. If for every r > 0 and every 0 < a < 1,

o[ e

then,
Galb(A%(w)) = WGalb(A%(w)) = FGalb(A%(w)) = Ly1/ay-1 N €4,

Proof: Condition (6) reads that H(a) = a/W(a) and hence, the proof
follows as in Corollary 3.2. [J
Let us assume now that W is equivalent to a convex function.

Lemma 3.4. Let f,, > 0 and let g, > 0 have disjoint supports and satisfy
that [ = g; for every n. Then, if W 1is equivalent to a convex function, we

have that
Y~ fallariwy < 1D gnllarw):-

Proof: Let us start by proving that, under the above hypotheses, we have

that
/:o (;fn) < /:O (;gn)*,

for every z > 0. Now, since ) f, and ) g, have the same integral, it is

enough to prove that
W) < [(28)
o (Za) = [ (2
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We have that

/j(;gn)* _ Sup{/EZgn; IE\gx}

= Sup{;/ngn;ZHZIEnKx}
_ Sup{gn;/“g;,gn;an}
= Sup{zn:/wnf;;zn:xn<x}
f ) e

<l [ e[ ()

Finally, since W is equivalent to a convex function, we can assume without
lost of generality that w is an increasing function and, hence, using the
distribution formula for increasing weights, we know that, there exists a
function ¢, (y) such that

||an||/\1(fu)) = /OOO /C:y) (an>*(t)dtdy
[ (Zo) 0t =1 o

IA

O
Consequently, when computing the Galb(A'(w)) for an increasing weight,
we can assume that the functions f,, are disjointly supported. Also:

Theorem 3.5. If W is a convex function, then, for every 0 < q <1,
Galb(AY(w)) = {(cn)n; (), € Galb(Al(w))}.

Proof: Since .
(D cutn) <X cus

n

it is clear that
{(cn)n; (1), € Galb(Al(w))} C Galb(A%(w)).

For the converse we observe that if (c,), € Galb(A%(w)), then )" c,f, €
A?(w) for every (f,), disjointly supported with || f,||as(w) < 1. Then, since,



FROM RESTRICTED TYPE TO STRONG TYPE ESTIMATES 17

in this case,

q
(D enta) =D e,
we obtain that Y. c¢lg, € A'(w), for every (g,), disjointly supported
and with ||gn|la1w) < 1. Since w is increasing, we obtain that (ci), €

Galb(A'(w)). O
Theorem 3.6. If W is a convex function, and, for 0 < a <1,
W(t)r

H(a) — MANTAS
(a) at;rpﬁ tW(r)’

then, if (¢n)n € €7 and
; q
s inf_ Zn: ¢t H(ay,) < oo,
we have that (¢,), € Galb(A%(w)).

Proof: By Theorem 3.5, it will be enough to solve the case ¢ = 1, and since
W is a convex function, it is enough to consider the case where (f,), are
disjointly supported. Hence, for every (a,), such that ) a, =1,

I bl = [T ( At )
- ()
[ S (P
< [ Z Han)W (g, (v/en) do
< ZH<> W () v < S eatitan

and taking the infimum in all the sequences (a,), we obtain the result. [J

IN

The case ¢ > 1

Theorem 3.7. For every q > 1, Galb(AY(w)) = ¢* if and only if w € By;
that s, for every r > 0,

rd /TOO %dt < /OTw(t)dt.

Proof: It is consequence of the fact (see [16]) that if ¢ > 1, A%(w) is Banach
if and only if w € B;. U
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Theorem 3.8. Given 0 < a <1, let

r/a w
H(a) = Slip Wl(r) / (r —at)? t(qt) dt.

Then, if (cp)n € ' and
lral£<1 Z enH(an) < oo,

we have that (c,), € Galb(A%(w)).
Proof: Using (3), we obtain that

HfHAq(w) = chanHAq

e (o) on)

n

for every sequence Y a, < 1, and, by Lemma 3.3, we immediately obtain

that
|l Aaqw) = ch + chH(an)

from which the result follows. [J

Remark 3.3. In particular, if we take A%(w) = L%, which means that
w(t) = t71, then

1

a’

Nsup—/ T—at —Nlog

and hence, we obtain that £logl C Galb(L™%). This estimate is not satis-
factory since it is known (see [19]) that Galb(L%9) = ¢(log £)"/9'

However, if we use interpolation theory, we can improve the obtained
result as follows.

Theorem 3.9. If W (t)'/9/t is equivalent to a decreasing function, then
((log /)7 C Galb(A%(w)).

Proof: To see this, we observe that if W (¢)'//t is equivalent to a de-
creasing function, then the space A'(w,) is a Banach space with w,(t) =
W (t)Ya=1w(t) and consequently, Galb(A!(w,)) = ¢*. On the other hand,
by Corollary 3.3, we have that ¢log¢ C Galb(A"*(w,)) and hence, using
interpolation (see [5] and [11]), we obtain the result. [J

As a Corollary of Theorem 3.8, we also obtain the following result.
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Corollary 3.6. If, for every 0 < a <1 and every r > 0,

r/a w r)a
/ (r—at)? sqt) dt < I/[V/I'/lsqgg)’

then
Galb(A%(w)) = WGalb(A%(w)) = FGalb(A%(w)) = Lewi/ay-1 N 0.

3.1. Weak Galb and Finite Galb. The purpose of this subsection is to
obtain information about the Weak and the Finite Galb of the spaces A?(w).

Theorem 3.10. Given 0 < a < 1, let

a)

B Wl/Q(t) t S —at\? ! 1/q

e (2) )
ifq>1, and
b)
Wa(t) (min(r,t) — at)

H(a) = stqu " He0C .

ifq <1

Then, if (cy)n € €* and
inf nH (ay, ;
E;Bnélgc (an) < 00

we have that (¢,), € WGalb(A%(w)).
Proof: Using (3), we obtain that

[fllasee @) = ch”anAq(w

n

Wwt/a(t) 1 [t
2 Casup sup [ f(s)ds,
; t t HfHA‘I(w):l t ant

for every sequence > a,, < 1, and the result follows, in the case ¢ > 1, from
the so-called duality Sawyer’s formula (see[16]) and, if ¢ < 1, from Theorem
2.12in [9]. O

Using a completely similar argument to that of the previous Theorem,
we can prove the following result.

Theorem 3.11. Given 0 < a < 1, let

e = ([ (7))
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if g >1 and

L (min(r,t) — at) 4
H(a;t) = sgp W r)i/a )
if g < 1.

Then, if (cp)n € £* and, for every t > 0,

inf ZCHH(an;t) < 00,

Zn an§1

we have that (¢,), € FGalb(A%(w)).

Sometimes, we can use the embedding properties of the Weak and Finite
Galb in order to obtain some information about the Galb, as it is shown in
the following Corollary:

Corollary 3.7. Letq > 1. If W (s)/s is equivalent to a bounded, decreasing
function, then

a)

llog ¢ = Galb(A%*(w)) = WGalb(A4*(w)) = FGalb(A%>(w)).
b)

((log 0)V/7 = Galb(A%(w)) = WGalb(A%(w)) = FGalb(A%(w)).
Proof: a) By Corollary 3.3, we know that

llog ¢ C Galb(A%*(w)) € WGalb(A%*(w)) C FGalb(A%*(w)).
Now, since W (s) = s?, we have that L»* C A% (w) and therefore,

FGalb(A%*(w)) C FGalb(LY>).

but, since it is known (see [13]) that FGalb(L1>) = flog ¢, we obtain the
result.

b) The proof of this part is completely similar since by Theorem 3.9, we
have that

((log /)7 C Galb(A%(w

)
and since W (s) < s7, we have that L7 C A?(w))
Finally, we have to use (see [19]) that FGalb(L"9) = ¢(log ¢)/9. O

)7

4. SOME EXAMPLES AND APPLICATIONS

If we apply our result to obtain the Galb in the classical case L7 we
obtain the following result:
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Corollary 4.1. 1) If ¢ > 1 and p > 1, Galb(LP4) = ('
2) If p=1, llog { = Galb(L}*).

3) If p < 1, Galb(LP>) = ¢P.

4)If0 < q <1 andq<p, Galb(LP%) = (9.
5)If0<p<1andp<q<oo, Galb(LP) = (P,

6) If ¢ > 1, £(log )"/ = Galb(L9).

Proof: 1) is clear because those spaces are Banach spaces, and 2) has been
already mentioned several times. 3) is consequence of (5), 4) of Theorem
3.3 and 5) is consequence of Theorems 3.5 and 3.6 for the case ¢ < 1 and for
the case ¢ > 1, we have to proceed by interpolation since we already know
that Galb(LP>°) = Galb(LP') = (. Finally the embedding ¢(log¢)"/4 C
Galb(L4) in 6) is consequence of Theorem 3.9 and for the converse we have
to refer to [19]. O
Another example:

Corollary 4.2. If W(t) = t(l + log* %) " with a > 0, then, for every
0<qg<1,
(log 0)* = Galb(A%(w))

Proof: The result follows as a consequence of Theorems 3.6 and (2), since
one can easily check that, in this case, H(a) < (1+1log" 1/a)%, and L1 =
i(log 0)>. O

If T is of restricted weak type (p, p) with constant 1/(p — 1) as it happens
with the Carleson operator given in the introduction, then

E t 1\1
(Txe)*(t) < % (1 +log™ E) < |E| (1 +log™" E) i (1 +log™" t);

that is,

| Txellx < D(|E]),
where X = A (w) with W(t) =t/(1+ log*t) and D(s) = s(1 + log™?).
Also, when dealing with the bilinear Hilbert transform, the space that ap-
pears naturally is X = AP (w) with p = 2/3 and W (t) = t/(1 + log™* ¢)*/3,
see [10]. These examples motivate the study of the Galb of the above spaces
X.

Corollary 4.3. If W(t) = t(l + log™ t) * with o > 0, then, for every
0<qg<l,
07 = Galb(AY*(w))
and, for g =1,
{(log ) = Galb(A"*>(w)).
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Proof: The result follows as a consequence of (5). O

Finally, it is important to mention that, in general the Galb(X), the
WGalb(X) and the FGalb(X) do not coincide as it is shown in the following
proposition:

Proposition 4.1. If0 < g < p < 1, then

1)
2)
3)

Galb(LP4(R) N LY(R)) = ¢4,
WGalb(LP>9(R) N LY(R))) = ¢7,

FGalb(LP9(R) N LY(R))) = £..

Proof: 1) Recall that the Galb of LP? is £, while the Galb of L! is ¢!. In
particular, if (¢,), is in €7 and if || £, ;p.eqzr < 1, then

1/q
> eatn < C<Z\cn!q) :
n Lpa n

1/q
chfn §CZ|cn] < c(Z\cnlq) :
n Lt n n

Hence (9 is contained in the Galb of L»? N L. In order to prove the con-
verse, given a positive sequence (¢, ),, choose a strictly increasing sequence
of integers k,, > 1 so that 27%/P|c,| is decreasing. Then choose disjoint sets
{A,}, with |A,| = 2¥». Finally let f, = [A,| """ xa,, so that

—1 -1
Wl rancs = max {14l ™7 a0 oo s | Aal ™7 It 11 |
= max{l,]Anll_l/p}:l.

Then, it is routine to calculate the rearrangement of the simple function
> . Cnfn and, using the fact that |A,| is rapidly increasing, to get

= (Semanare (L) - (Su))"

n j=1 j

7j=1
1/q
(Tlarr)

and we conclude that if (c,), is in the Galb of L»?N L', then (c,), is in 2,

1Y
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2) Let (cp)n € €7 and let || ful|;panzr = 1. Then, since || fullfpoe = | foll 1.

and Galb(LP>) = (P
1/p
‘chfn = (Z !cn|p> :

Similarly, || full 100 = || /2]l and since Galb(LY>) = ¢log ¥,

Lpyoo

> enfn

1/p
= ||(Cn)n||€10g£ = (Z |Cn|p> .

L1l,00

Hence (P is contained in WGalb(LP4 N L!). In order to prove the con-

verse, given a finite sequence (c,),, choose k and a sequence of disjoint
sets {A,}, with [A,] = k|c,/” > 1. Finally let f, = 1A 7P x4, sO
that || foll panps = 1. Then |3, ¢, fu| is equal to k717 on a set of mea-
sure y_ |A,| = k>, |c,|”. In particular, the norm of > ¢, f, in LP™ is
(32, lenl”)'/?, and hence (c,), € 2.
3) First observe that if (c,), € FGalb(LP9 N L), then at least Y |c,| <
+o00. In order to prove the converse, observe that if > |c,| < 400 and if
I full pamps = 1, then Y- ¢, fo(x) converges in L' and therefore it is finite
almost everywhere. []

5. PrROOF OF LEMMA 3.3

a) The necessary condition is trivial since it is just taking the supremum
over all functions of the form x(,). To prove the converse, let us fix a
decreasing function f and an r > 0. Let r; = r/a’ and write

/0°° G/atf)qw(t)dtgzq—l i Uy

t oo

Uj:/r.rj+1 (/r.tf)q%dt and vj:/:j+1 (/atj f>qwtgt) dt.

J
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Since f is decreasing we have for each j,

U = g / /( /ij)q_lﬂs)ds%dt
o[ CER L) et
— q(1-a) /+/ s— 1) 1/i(8)dyds$dt

+ o1 - T sy ()
a) (s — 1)) sg() dt

(1—a)*~ qu’ < - a)l LS

IN

where ¢g(s ( fas f)q 1 (s). Note that g is also decreasing,.

Let Ay denote the distribution function of g. To estimate U ;1), we expand
the region of integration by observing that

r; <t <7rjp 9(7“3'+1) Syﬁg(rj)
r; < s <t = { N(y) St < N(y)/a
g(t) <y < g(s) at < s < A, (y)

Performing the inner, ds, integral and using the hypothesis (4) we see that

g9(rj) Ag(y)/a " g(rs) Ag(y)
/ / a)qw()dtdySBq/ (/ w) dy.
(rj+1) J Ag ¢ 9(rjt+1) 0

The estimate for U, ;2) is simpler,

Ti+1 t Tj+1
UJ@) = / (t—r;)1 dsg(t)w dt < / gqu.

ta
J J
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The estimate for V; begins similarly. With g as above,

Vi = g / s ( /| f)qlﬂs) s i
SR e
— /+/ (s — at)e /(:5)) dyds%dt
ol —a) g /+/ at)= ds <>d

= (1—a)” qu + (1 —a)*” q‘/;(Q).

IN

Interchange and expand the region of integration for Vj(l) by observing
that

r; <t <rin 9(rj) <y < g(rj-1)
at < s <7 = { N(y) <t < Ng(y)/a
g9(rj) <y < g(s) at <5 < Ag(y)

Performing the inner, ds, integral and using the hypothesis (4) yields

(r1) ; 9(ri 1)/ Ae(w)
v < / / at)qw( ) dray < Bq/ (/ w) dy.
) W) ¢ a(ry) 0

Thus,
Ag(y) o
ZV <Bq/ </ w)dy:Bq/ qu.
0 0

]700

To estimate V] we use the fact that g(r;) is a decreasing sequence. For

each k > 1,
TJ+1 wl(t Tk
Z/ <)dt§(1—a)q/ w
tq 0

]_700

Tk+1 Tk
/ (ry — at)qw(t) dt < Bq/ w.
Tk 11 0
It follows that

Z /* tg’f) dt < i ((1—a>4+BQ)/flw

j=—00 j=—00 J—

and, by (4),
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for all k£ and, because ¢(r;) is a decreasing sequence,

Z Vj(2) < Z g(T’j>((1_a)q+Bq) /Tj w<((1=a)?+ BY) /Ooogw.

j:—oo j:—oo j—

Combining the inequalities above, we get,

/OOO <%/GZf)qw(t)dtj(1+Bq)/ooogw
e[ L) ([

and we conclude (by approximating f by integrable functions if necessary)
that A <1+ B

To prove b), we shall use some of the ideas of Stepanov and Ushakova
[21], Theorem 3. For the converse, we apply Theorem 3.1 of [17], although
Theorem 1 of [16] will also do.

a = (G Lrow)voa)”
B ”f”w<w><1 ||gu/ <1/0 /f ) dsg(t)w(t) dt

L9 (w)—

- gl S;f)rl |f|il£)<1/0 f(S)(sz) /SS/ag(t)w(t)%)w(S) ds

([T (L L ) wyar)

1914 () <1

where G(s) = - fs/ag(t)w( t) 2. Now

w(s) Js

x z/al min(z,t)
/Gw = // —ds-/ t/ dsg(t)w(t) dt
0

— (1-a) / g(t)ult) dt + / (%—a)gu)w(wdt

t
“ew = [T " g L) ds
/0 /o w(s)/s t

= /Ooo/:/ag(t)w(t)%ds—(l—a)/Ooogw.

/

Q

and
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Therefore A ~ A; + Ay + Az where

A= e HgllLSql,lfu)g (/OOO (%)q,w(ﬂc} dx) I/ql7

Ay = (1—a) sup (/0‘” (fowg(t)w(t)dt)q’w(x)dw)l/q/7

o1l <1 Jo. w(t)dt

TR /j(ff/a (%‘a)g(’”w“)dt)"’wwx)”qf

lgll gy <1 Jy w(t) dt

The first two are easy. Hardy’s inequality says that A; = (1 — a)q and
Holder’s inequality yields As = 1—a. For A3 we use Theorem 4.4 of [12]. By
replacing x by s and g(t)w(t) by f(t)t we recognize As as the best constant
in the inequality

(/ooo (/:/a(s —ay) f(y) dy) q(/o w) _q'w<s) ds> 1/q
< a( [ rwretu ) "

It is trivial to check that the so called GHO condition in [12] holds for
the kernel k(s,y) = s — ay and so A3 ~ max(As 1, As2) where

x ) t —q' 1/q s/a 1/q
Az1 = sup ( / (t—s)? ( / w) w(t) dt) ( / t%w(t) dt) :
s<z<s/a s 0 T

and
T t —q' 1/¢' s/a 1/q
Aszo = sup (/ </ w) w(t) dt) </ (s — at)t™w(t) dt) .
s<z<s/a s 0 T
Since
1/q
(f:/a(r — at)q$ dt)
B = sgp 77
(for w(t) dt)
we have
00 t —q' 1/¢ s/a q 1/q
Aszs < sup (/ (/ w) w(t) dt) (/ (s—at) w(t) dt)
S s 0 S
< B.
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Also

to = o ([ ([ srrwma) " ([[) “woa)”
< o ([([Ta-wrrma) ([ ) wou)”

T t -1 1/¢
< B sup (/ (/ w) w(t)dt)
s<z<s/a s 0
x S 1/q
< B sup (log(/ w)—log(/ w))
s<z<s/a 0 0

< B(log(D))""
This completes the proof of b). To prove c), it is enough to show that

the condition
/ w<D /

always holds with D = (B/(y/a —a))*?. Now, for any r > 0, r/a > r/+/a so

/w>/ (r —at)it"%w(t) dt > (Va — a)? //ﬁw.
Now

/0 < (B/(Va— a)y / < (B - a) / v

This completes the proof. [J

REFERENCES

[1] N.Y. Antonov, Convergence of Fourier series, East J. Appr. 2 (1996),
187-196.

[2] C. Bennett and R. Sharpley, Interpolation of Operators, Academic
Press, Boston (1988).

[3] L. Carleson, Convergence and growth of partial sums of Fourier series,
Acta Math. 116 (1966), 135-157.

[4] M.J. Carro, From restricted weak type to strong type estimates, To
appear in J. London Math. Soc.

[5] M.J. Carro, S. Ericsson and L.E. Persson, S-divisibility Property and a
Holmstedt type formula, J. Appr. Theory 98 (1999), 1-24.

[6] M.J. Carro, A. Garcia del Amo and J. Soria, Weak-type weights and
normable Lorentz spaces, Procc. A.M.S 124 (1996), 849-857.

!



FROM RESTRICTED TYPE TO STRONG TYPE ESTIMATES 29

[7] M.J. Carro and J. Martin, Endpoint estimates from restricted rearrange-
ment inequalities, Revista Mat. Iber. 20 (2004), 135-150

[8] M.J. Carro and J. Martin, A useful estimate for the decreasing re-
arrangement of a sum of functions, Quarterly J. Math. 55 (2004), 41—
45.

[9] M.J. Carro and J. Soria, Weighted Lorentz spaces and the Hardy oper-
ator, Journal of Funct. Anal. 112 (1993), 480-494.

[10] M.J. Carro, L. Grafakos, J.M. Martell and F. Soria, Boundedness of
the bilinear Hilbert transform on p = 2/3, In preparation.

[11] J. Cerda and H. Coll, Interpolation of Classical Lorentz spaces, Posi-
tivity 7 (2003), 225-234.

[12] T. Chen and G. Sinnamon, Generalized Hardy operators and normal-
izing measures, J. of Inequal. and Appl. 7 (2002), 829-866.

[13] L. Colzani and P. Sjogren, Translation-invariant operators on Lorentz
spaces L(1,q) with 0 < ¢ < 1, Studia Math. 132 (1999), 101-124.

[14] L. Grafakos and M. Mastylo, Restricted weak type versus weak type,
To appear in Procc. A.M.S.

[15] A. Kufner and L.E. Persson, Weighted inequalities of Hardy type,
World Scientific (2003).

[16] E. Sawyer, Boundedness of classical operators on classical Lorentz
spaces, Studia Math. 96 (1990), 145-158.

[17] G. Sinnamon, The level function in rearrangement invariant spaces,
Publ Math. 45 (2001), 175-198.

[18] G. Sinnamon and V. Stepanov, The weighted Hardy inequality: New
proofs and the case p = 1, J. London Math. Soc. 54 (1996), 89-101.
[19] P. Sjogren, Convolutors on Lorentz spaces L(1,q) with 1 < ¢ < o0,

Procc. London Math. 64 (1992), 397-417.

[20] J. Soria, Lorentz spaces of weak-type, Quart. J. Math. Oxford Ser. (2)
49 (1998), 93-103.

[21] V. D. Stepanov and E. P. Ushakova, Hardy operator with variable limits
on monotone functions, Journal of Function Spaces and Applications 1
(2003), 1-15.

[22] P. Turpin, Convexités dans les espaces vectoriels topologiques généraus,
Dissertationes Math. 131 (1976).



30 MARIA J. CARRO, LEONARDO COLZANI, AND GORD SINNAMON

DEPARTAMENT DE MATEMATICA APLICADA I ANALISI, UNIVERSITAT DE BARCELONA,
E-08071 BARCELONA, (SPAIN)
E-mail address: carro@ub.edu

DIPARTIMENTO DI MATEMATICA E APPLICAZIONI, UNIVERSITA DI MILANO - BIC-
0CCA, 20126 MILAN, (ITALY)
E-mail address: 1leonardo@matapp.unimib.it

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WESTERN ONTARIO, NG6A 5B7,
LonpoN, (CANADA)
E-mail address: sinnamon@uwo.ca



