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HARDY INEQUALITIES IN NORMAL FORM

GORD SINNAMON

ABSTRACT. A simple normal form for Hardy operators is introduced that uni-
fies and simplifies the theory of weighted Hardy inequalities. A straightforward
transition to normal form is given that applies to the various Hardy operators
and their duals, whether defined on Lebesgue spaces of sequences, of functions
on the half-line, or of functions on R™ or more general metric spaces. This is
done by introducing an abstract formulation of Hardy operators, more general
than any of these, and showing that the normal form transition applies to all
operators formulated in this way.

The transition to normal form is shown to preserve boundedness, compact-
ness, and operator norm. To a large extent the transition can be carried out
via well-behaved linear operators.

Known results for boundedness and compactness of Hardy operators are
given simple proofs and extended, via the transition, to this general setting.

New estimates for the best constant in Hardy inequalities are established
and a large class of Hardy inequalities is identified in which the best constants
are known precisely.

1. INTRODUCTION: HARDY OPERATORS

Hardy’s integral operator, fow f(t)dt and averaging operator, %foz f(t)dt, have
been extensively studied since their introduction in 1915, not only due the impor-
tance of the operators in applications, but because they constitute simple exemplars
of positive integral operators. Indeed, techniques introduced to study Hardy opera-
tors and their duals, [ f(z)dz and [ f(z) %, have been successfully applied in
the analysis of a wide variety of related integral operators and differential operators.

The discrete Hardy operators, > ,_, a; and %22:1 ay (and their duals) have
also been studied, but despite the obvious similarity to the integral and averaging
operators, the continuous and discrete theories developed almost separately. Re-
sults for Hardy operators on R with general measures include those above, but have
not really succeeded in uniting the two theories. See [I3] for a historical perspec-
tive. Hardy operators involving functions defined on R™ or on more general metric
spaces, but retaining their one-dimensional character, have been studied using a
polar-coordinate approach. See, for example, [24] 8 26| 2T, 22]. All of the above
are included in the normal-form approach to Hardy operators introduced here.

The main goal of this paper is threefold: To introduce a very general class of
Hardy operators called abstract Hardy operators; to introduce a very restricted class
of Hardy operators, called normal form Hardy operators; and to show that each
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2 GORD SINNAMON

abstract Hardy operator corresponds in a natural way to a normal form Hardy
operator that shares important properties of the original, including boundedness,
compactness and operator norm. In this way, we provide a framework to enable
work on a simple, restricted class of Hardy operators to yield results for the classes
of Hardy operators mentioned above and more. One immediate advantage is that
technical assumptions imposed in the polar-coordinate approach can be removed.

A second goal is to demonstrate the advantages of working with normal form
Hardy operators by giving simple proofs of known facts and proving new results
inspired by the simplicity of normal form. The richest source of information about
the various Hardy operators is the characterization of those Lebesgue spaces (of
sequences or functions, equipped with weights or general measures) between which
the operator acts as a bounded map. The boundedness is expressed as a so-called
weighted Hardy inequality. We contend that this information can be obtained more
readily by a change in point of view that is implicit in the class of normal form Hardy
inequalities. Instead of fixing a Hardy operator and allowing the varying domain
and codomain spaces to generate weighted Hardy inequalities, all normal form
Hardy operators are maps from (unweighted) L”(0, 00) to (unweighted) L4(0, o).
The corresponding weighted Hardy inequalities are then generated by varying a
single parameter. The parameters are the decreasing functions on the half line; a
class that is very easy to describe and to work with.

Among the many advantages of this point of view, two stand out: First, nor-
mal form facilitates direct comparison between different Hardy operators because
they all act on the same class of functions. Second, both parameters and domain
functions are readily approximated by well-behaved functions, which simplifies ar-
guments and reduces technicalities.

This introduction concludes by recalling some standard notation and well-known
tools. Then, in Section [2| both abstract and normal form Hardy operators are
defined and the basic relationship between them is stated. (It is proved in Section
. In addition, normal form parameters are computed for some commonly studied
classes of weighted Hardy operators.

Normal form Hardy inequalities are investigated in Section[3] This includes sim-
ple proofs of the standard boundedness and compactness results, which generalize
them to all abstract Hardy inequalities. It also includes a number of results, pri-
marily about best constants, that hold in the abstract but appear to be new even
for the standard weighted Hardy inequalities. See part (i7i) and the lower bound
from part (ii) in each of Theorems [3.12} [3.15 and [3.18] See also Lemma [3.19}

In Section [ a notion of order in a general measure space is introduced and
studied. Called an ordered core, it is the underlying structure needed to establish,
in Section [5 the close connection between an abstract Hardy operator and its
normal form.

1.1. Notation and basic tools. If (Y, i) is a o-finite measure space, L: denotes
the collection of measurable functions taking values in [0, 00]. For 0 < p < oo, LF,
and [ - ||z denote the usual Lebesgue space (of complex-valued functions) and its
norm or quasi-norm. For Lebesgue measure on (0, c0), which we denote by m, these
will be simplified to LT, L? and || - ||,

If b: (0,00) — [0, 00] is non-increasing, its generalized inverse b=! is defined by
b=1(t) = sup{z > 0 : t < b(x)}, where sup() is taken to be zero. Clearly, b=! is
also a non-increasing function that maps (0, 00) to [0,00). In addition, b1 is right
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continuous and it is well known that if b is right continuous, then (b=1)~! = b; for
all z >0, b=1(b(z)) < x; and for all z,t > 0,

(1.1) t <b(z) ifand only if = < b '(t).

The last equivalence, together with the Fubini/Tonelli theorem, shows that if F'(x,t)
is non-negative and Lebesgue measurable on (0, c0)?, then

oo pb(z) oo b7t
(1.2) / / F(z,t)dtde = / / F(z,t)dzdt.
o Jo o Jo

Since any non-increasing b agrees almost everywhere with a right-continuous one,
the last equation holds without assuming right continuity.

If (Y, ) is a o-finite measure space and f is a p-measurable function on Y, the
distribution function of f is ps(t) = p{y € Y : |f(z)| > t}, for t > 0. It is non-
increasing and right continuous. The non-increasing rearrangement, denoted f*, is
the generalized inverse of j1y. Well-known properties of the rearrangement include:
iy = myes for 0< p < o0, || fllzg = £ and

(1.3) /ngdu</ooof*g*~

Also, if f € L} and ¢ € L is non-decreasing and continuous, then (po f)* = @o f*.

If (S, \) is another o-finite measure space, then a linear map 7T : L}L + Ly —
L}\ + L5 is called admissible if its restrictions 1" : L}L — L}\ and T': Lj? — LY
are bounded. The norm of an admissible map is the larger of the norms of these
two restrictions. An admissible map is positive if it maps non-negative functions to
non-negative functions. It is well known that if 1 < ¢ < oo, then every admissible
map is bounded from L} to L{; if the admissible map has norm at most one then
so does its restriction to L}.

2. Two CLASSES OF HARDY OPERATORS

The operators we introduce below are defined as maps from positive functions
to positive functions. They are additive and homogeneous for positive constants.
When such an operator is bounded from the positive functions in one Banach
function space to another Banach function space it automatically extends to a
linear operator on (all functions in) the domain space with no increase in operator
norm. We use the same symbol to denote the operator and its extension.

2.1. Abstract Hardy Operators.

Definition 2.1. Let (5,3, A) and (Y, ) be o-finite measure spaces. We say B :
Y — Y is a core map if it has the following properties:

(I) (Total orderedness) the range of B is a totally ordered subset of ¥;
(IT) (Measurability) for E € ¥, y — A(E N B(y)) is p-measurable;
(IIT) (o-boundedness) Uycy B(y) = Uyey, B(y) for some countable Yy C Y;
(IV) (Finiteness) for all y € Y, A(B(y)) < 0.

Definition 2.2. For a core map B, the abstract Hardy operator is

KB(g):/ gd\, forge L.
B(y)
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For p,q € (0,00] and C > 0, the associated abstract Hardy inequality is
IKBgllLs < Cllgllzz, forallge LY.

If the abstract Hardy inequality holds for some finite C, the operator norm of
Kp: LY — L] is the smallest such C. Since we are working with positive operators,
it is convenient to take the operator norm of an unbounded operator to be co.

Total orderedness is the main restriction on B. The next two are technical:
ensures the measurability of each Kpg and ensures o-finiteness of the
o-algebra generated by the range of B. (Neither of these is likely to fail unless
an effort is made to arrange its failure.) The finiteness property may appear
unduly restrictive but Theorem [5.1] shows it is not.

For abstract Hardy operators the measure on the domain space is the same as
that used to define the operator. When these two measures differ we have a so-called
three-measure Hardy inequality. It is well known that when p # 1 this seemingly
more general situation can be reduced to the two-measure case above. For abstract
Hardy inequalities this reduction is done in Theorem

2.2. Normal Form Hardy Operators.

Definition 2.3. Let B be the set of all non-increasing functions b : (0, 00) — [0, 00].
Each b € B will be called a normal form parameter and the normal form Hardy
operator Hy is defined by

b(x)
Hyf(x) :/0 f(t)dt, forall fe L.

For p,q € (0,00] and C' > 0, the associated normal form Hardy inequality is
|Hyfllza < C||fllz», forall fe L.

The smallest constant C, finite or infinite, for which the inequality holds will be
denoted N, 4(b). It is the operator norm of Hj, as a map from LP to L9. In a common
abuse of notation we will sometimes replace the function name b in N, 4(b) by a
formula in the variable x.

Each b € B agrees almost everywhere with a right-continuous function in 5. For
each f € L™ this leaves Hy f essentially unchanged. For this reason we may assume,
when convenient, that normal form parameters are right continuous.

2.3. The Normal Form of an Abstract Hardy Operator. The following the-
orem makes the connection between a core map B and its corresponding normal
form parameter b and shows that basic properties of the abstract Hardy operator
are preserved during its transition to normal form. It is important to point out that
the connection between the operators Kp and Hj is much closer than just sharing
these basic properties, see Theorems and Corollary and the diagrams
for details of their relationship.

Theorem 2.4. Let (S,%,\) and (Y,pn) be o-finite measure spaces and suppose
B:Y — X is a core map. Set b = (Ao B)*, where the rearrangement is taken
with respect to the measure p. Then b is a normal form parameter. If 1 < p < oo
and 0 < g < oo then Kp : L — L{ is bounded if and only if Hy : LP — L7 is
bounded. Moreover, the operator norm of Kp is Np4(b). If 1 < p < ¢ < oo then
Kp: LY — L{ is compact if and only if Hy : LP — L7 is compact.
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The proof of Theorem [2:4] will be given in Section [f] See Corollary [5.3] and
Theorem [(.6

Note especially that the formula for b in terms of B does not depend on the
indices p and q.

2.4. Finding Normal Form Parameters. The three-measure reduction given in
Theorem and the explicit formula b = (Ao B)* are not always needed to make
the transition to normal form. In this section, we give two examples that illustrate
the transition process. Each is followed by a theorem showing that the result of the
transition holds for a large class of familiar Hardy operators. These provide simple
formulas for the normal form parameter b in special cases.

When p, g € (0,00), the normal form Hardy inequality with parameter b is

(2.1) (/Ooo (/Ob(m) £(0) dt)qu>l/q < C(/ODO f(t)pdt>1/p, ferLt.

In our first example, a weighted Hardy inequality on the half line, the transition
to normal form is carried out using only substitutions and changes of variable.

Example 2.5. Let 1 < p < oo and 0 < ¢ < oo, let v and v be non-negative
functions on (0,00) and set U(y) = fyoo u, w =" and W(s) = [ w. We avoid
technicalities by assuming that v and v are positive and continuous, and both U
and W map (0,00) onto (0,00). As g runs through L™, so does h = gw so the
following two inequalities are equivalent:

(/000 (/Oy h(s) d8> qu(y) dy>1/q < C(/O(X> h(s)Pu(s) ds>1/p7 helt:
( /OOO ( /Oyg(S)W<S> d8> () dy)l/q <C ( /0 " glspus) ds)l/p, ge Lt

The changes of variable z = U(y) and t = W (s), and the substitution g(s) =
f(t), convert the second of the two to (2.1)) with parameter b = W o UL,

This alternative formula for b holds for Hardy inequalities with general measures.

Theorem 2.6. Let 1 < p < o0 and 0 < g < co. Let A\ and p be Borel measures
on R such that \M(—o0,s] < oo for all s € R and ply,00) < oo for all y € R.
Suppose M : R — [0, 00] satisfies p(y, 00) < M(y) < uly,o0) for ally € R and take
M~Yz)=sup{y € R: 2 < M(y)} for all z > 0.

With A= (s) = A(—o00,5) for s € R, A~ o M~ is the normal form parameter for
the Hardy inequality

(2.2) </R (/(Ooﬁy)gd)\>qdu(y)>l/q < C’(/Rgp d/\>1/p, geL}.

With At (s) = A(—o0, 8] for s € R, AT o M~ is the normal form parameter for
the Hardy inequality

(2.3) </R (/(_ooyy]gd)\)qdu(yol/q < C(/Rgp dA)l/p, geLy.

Proof. The Hardy inequalities (2.2]) and (2.3)) can be recognized as abstract Hardy
inequalities by taking B~ (y) = (—o0,y) and BT (y) = (—o0,y], respectively. By
Theorem their normal form parameters are (Ao B™)* = (A7)* and (Ao BT)* =
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(AT)*, respectively, where the rearrangement is taken with respect to the measure
. To complete the proof we show that if A = A~ or A = At, then A* = Ao M~}
almost everywhere on (0,00). Since A o M1 is non-increasing on (0, c0) it suffices
to show that the distribution functions pa and ma,p-1 coincide.

Let M (y—) and M (y+) denote the left and right limits of M at y, respectively.
Fix y € R. If # < M(y+), then for some ¢ > 0, z < M(y +¢) soy+e < M~ 1(z).
Thus y < M~(z). Conversely, if y < M ~1(x), then for some ¢ > 0, z < M(y + ¢)
so x < M(y+). We conclude that

m{z>0:y<M Yz)}=m{z>0:2<My+)} =My+) = p(y, o).

On the other hand, if z < M(y—), then for alle > 0, z < M(y —¢)soy —e¢ <
M~Y(x). Thus y < M~1(z). Conversely, if y < M~1(zx), then for all ¢ > 0,
y—e< M Y(x)sox < M(y—e). Thus z < M(y—). We conclude that

m{z>0:y< M Yz)}=m{z>0:2< My—)}=M(y—) = ply,).
Fix ¢ > 0. Since A is non-decreasing we may choose y; € [—00, 00] so that either
{seR:t<A(s)} = (ys,00) or {seR:t<A(s)} = [ys,0).

In the first case, mpopr—1(t) = m{z > 0:y < M~ (z)} = p(y,00) = pa(t). In
the second case, mpops-1(t) = m{x > 0:y < M~ Y(x)} = plys, 00) = pa(t). This
completes the proof. O

The next theorem follows by an analogous proof, which is omitted.

Theorem 2.7. Let1 < p < oo and 0 < g < co. Let A and p be Borel measures on
R such that A[s,00) < 0o for all s € R and p(—o0,y] < oo for all y € R. Suppose
M : R — [0,00] satisfies p(—o0,y) < M(y) < u(—o0,y] for all y € R and take
MY (z)=inf{ly e R:z < M(y)} for all z > 0.

With A=(s) = A\(s,00) for s € R, A= o M~ is the normal form parameter for
the Hardy inequality

</R (/(y’m)gdA>qdu(y)>l/q < C(/Rgp d/\>1/p, geLt.

With At (s) = Ms,00) for s € R, AT o M1 is the normal form parameter for
the Hardy inequality

(/R (/[ym)gdA)qdu(y)y/q < C(/Rgp d,\>1/p, ge L.

Taking the measures A and p to be supported on [0, c0) shows that the last two
theorems include the case of Hardy and dual Hardy inequalities on the half line.
Choosing each of them to be a weighted Lebesgue measure gives an alternative
formula for the normal form parameters of familiar weighted Hardy inequalities
including Example [2.5]

For a discrete Hardy inequality on sequence spaces the formulas for the normal
form parameter given in Theorems and may still be used. But the
parameters in this special case are step functions and can be described more directly.
This is done in Theorem [2.9] below. In our second example, we carry out a direct
transition to normal form for the dual of the discrete Hardy inequality. Once again,
we make modest assumptions on the weight sequence to avoid technicalities.
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Example 2.8. Let 1 < p < oo and 0 < ¢ < oo. Suppose (u,) and (vg) are
positive sequences, Up = 0, U, = Y p_jup — 00 as n — 00, wy = U;ifp and
Wy, = pe,, wi < 0o for each n. As (gi) runs through all non-negative sequences,

so does (hi) = (grwy). Therefore, the following inequalities are equivalent:

(2.4) (nio:l (ghk)qun) M < C(ghﬁqjk)l/p, hip >0; and
25 (X (S o) w) o(Xau)”". azo
n=1  k=n k=1

Let b be the step function that takes the value W, on the interval [U,_1,U,)
for each n. We will show that (2.5) and (2.1) are equivalent. For f € L%, let

gk = wik IX,Vk "+1 f(t)dt. Then by Holder’s inequality,

> e Wk, W1 o0
2.6 P Pt = P Py
(2.6) ggkwk SkZ_lf f(t)P dt i f®) ts/o f(t)Pdt,

Wit

with equality throughout when f is constant on each (Wjy1,Wy) and zero on
(W7, 00). The left-hand side of (2.1]) becomes

oo LU, Wy q 1/q > = q 1/q
> / (> / peydr)aw) " = (30 (3 g ")
n=1"YUn—1 k=n Wit n=1 k=n
Thus, (2.5)) implies (2.1). On the other hand, beginning with (g), it is a simple
matter to choose f so that equality holds in (2.6)). Thus, (2.1) implies (2.5) as well.

The alternative formula for the normal form parameter b, given above, holds
more generally.

Theorem 2.9. Let 1 <p < o0 and 0 < g < 00. Suppose (un)nez and (wi)kez are
two-sided sequences of non-negative numbers. If U, = Y, . ur < 0o forn € Z
and W, = > -, wi < 00 for n € Z, then the normal form parameter b for the
Hardy inequality

(2.7) (Z (i gkwk)qun)l/q < C’(Zgiwk)l/p7 g >0,
kEZ

ne€zZ k=n
is the step function that takes the value W, on the interval [U,—1,U,) for each
n € Z and takes the value 0 elsewhere.
IfU, =) s uk <00 forn€Z and Wy, = >, ., wi < 00 forn € Z, then the
normal form parameter b for the Hardy inequality —

" a \1/q 1/p
n€Z k=—oc keZ

is the step function that takes the value W, on the interval [U,11,U,) for each
n € Z and takes the value 0 elsewhere.

Proof. We prove only the first statement; the second follows from the first by rein-
dexing uy as u_ and wg as w_g. The Hardy inequality can be recognized as
an abstract Hardy inequality by setting B(n) = {n,n+ 1,n + 2,...} and taking
A and p to be weighted counting measures on Z with Mk} = wi and p{n} = u,.
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Then Ao B(n) = W,,. By Theorem the normal form parameter is b = (Ao B)*,
where the rearrangement is taken with respect to the measure p.
For each ¢t > 0, choose n; € Z such that {n € Z: W,, >t} ={n € Z: n < n}.
Then, for each n € Z, ny = n precisely when W,,,1 <t < W, so
rop(t) = p{n: W, >t} =U,,

takes the value U, on [W,11,W,). The generalized inverse of this function is the
parameter b; it takes the value W, on the interval [U,,—1,U,). O

Taking ux = 0 and wg, = 0 for £ < 0 shows that the theorem includes discrete
Hardy inequalities and their duals for one-sided sequences.

3. PROPERTIES OF NORMAL FORM HARDY OPERATORS

We begin this section by writing classic results of Hardy and Bliss in normal form.
These early results play a central role in our analysis of normal form inequalities.

Proposition 3.1. If1 <p <q < oo and % = % — %, then
/e PP, p=q

(3.1) Npq(x ) =Kpq = I(s) 1/s
<7r(s/p>r<s/q')) »Psa

Proof. The best constant for the Hardy inequality,

(/Ooo (/Oy ) dt) qyilfq/p, dy) . < C(/OOO f(t)r dt)l/p7 ferLt,

was given in [9, Theorem 327], when p = ¢, and in [5], when p < g. The transition
to normal form is accomplished by the change of variable y = P/ 9, with proper
attention to the consequent change to the constant C. (]

It is easy to verify directly that K, , = Ky .

3.1. Operations and Relations on the Parameter Space. Naturally enough,
Hardy operators and dual Hardy operators have been studied together from the
beginnings of the theory, with a great many results formulated separately for the
two. But there is no need for a “dual normal form” since the dual of a normal form
Hardy operator is again a normal form Hardy operator. Duality remains a powerful
tool in the theory but, in normal form, the distinction between “Hardy operator”
and “dual Hardy operator” disappears.

Lemma 3.2. Let b€ B and p,q € [1,00]. Then b~ € B,

. OoI‘I = h Hy- Lt
(3:2) /0 (Hyf)g /O f(Hy-9), figel”,
and Ny (071) = Np,q(b).

Proof. The definition of generalized inverse shows that b= € B and (1.2) implies
(3.2). The equality of operator norms follows from the sharpness of Hélder’s in-
equality by a standard argument. O

Transformations on a normal form parameter b that arise from dilations of the
domain and codomain lead to an innocuous non-uniqueness of the normal form.
Simple changes of variable show that the norm N, ,(b) changes predictably when b
is transformed in this way.
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Lemma 3.3. Let p,q € (0,00]. Ifbe B, v >0, >0, and a(x) = vb(éx) for
x>0, then a € B and

(3.3) N, 4(a) =426 VAN, ,(b).

Proof. Tt is clear that a € B. Replacing t by ¢/ and x by dz in the normal form
Hardy inequality (2.1) gives

0o b(sx) 1/ 0o 1/
( / ( I f(t/’v)dt>qd:z:> qm”ﬂ’é“%*( / f(t/v)pdt) " rert
0 0 0

Taking C' = N, ,(b) we get N, 4(a) < 4/ §-1/4N, ,(b). Since these dilations have
inverse dilations, the reverse inequality also holds. [l

The pointwise relation a < b on parameters carries over to the operator norms
and an increasing sequence of parameters leads to convergence of the operator
norms. However, convergence of norms need not imply norm convergence; a stronger
condition on the sequence of parameters is needed for that.

Lemma 3.4. Let p,q € (0,00] and a,b,b, € B forn=1,2,....
(1) If a < b pointwise, then N, ,(a) < Np 4(b).

(i) If by, T b pointwise then Ny, 4(by) — Np 4(b).

(iit) || Ha — Hy||Lr L0 < Npg((a —0)7).

(iv) If Np,q((bn — b)*) — 0 then ||an — Hb”LP*)Lq — 0.
Here x denotes the rearrangement with respect to Lebesgue measure on (0, 00).
Proof. The pointwise inequality, a(z) < b(z) for = > 0, immediately implies that
H,f < Hyf for all f € L™, which proves To prove suppose b,, increases
pointwise to b and let f € LT. Then H,, f increases pointwise to H,f and the
monotone convergence theorem implies that || Hp, f||, increases to ||Hy f||4. Now,

Np7q(b) _ ”Hbeq _ su Hanqu

sup ———= =sup N, 4(b,) = lim N, 4(b,).
If f € L™, then (1.3) shows that for each z > 0,

oirer+ Iflle  ogfer+ n  Iflp n n—00
a(z) la(z)—b(z)]|
|(Ha—Hb)f($)|:‘/b f‘ S/ fr={(pola—0b|)(z),

0

()
where ¢(t) = fot f*. Since ¢ is non-decreasing and continuous,

(Ha = Hp) f)"(2) < (pola—0b])"(x) = ¢o(la—b")(z) = Hay- () ()
for each > 0. Therefore,
I(Ha — Hp) fllg = [((Ha = Hp) f)"[lg < Npg((a=0)")[f*]lp = Np,q((a=0)) | /-
This proves and follows directly. (]

Part will be useful when we discuss compactness in Theorem and is
also interesting because it is not something that can be easily formulated for Hardy
operators without first passing to normal form.

Any b € B can be approximated from below by step functions in B or by smooth
functions in B. This is easy to prove and is easily used to simplify proofs involving
normal form operators. It can also be used, with Lemma [3.4] to extend existing
results for discrete Hardy inequalities or for weighted Hardy inequalities to the
normal form case and hence to results for all abstract Hardy operators.
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It is not necessary to test an operator over all functions in its domain in order
to determine its operator norm. For normal form Hardy operators we may restrict
our attention to well-behaved, non-increasing functions in LP.

Lemma 3.5. Let 1 < p < o0, 0 < ¢ < o0, and b € B. Suppose C > 0. If
|Hofllq < C|lfllp for all non-increasing, continuous, bounded functions f that are
supported on (0,n) for some n, then N, 4(b) < C.

Proof. Suppose ||Hyf|lq; < C||f|l, for all functions f satisfying the hypotheses.
Now fix an arbitrary f € L. Then || f*||, = |||, and, by (L.3), Hyf(x) < Hyf*.

1
For each positive integer n, let f,(t) = nfttJr” min(n, f*)x o). It is easy to see

that for each n, f, is continuous, bounded, supported in (0,n) and, because it is a
moving average of a non-increasing function, also non-increasing in ¢. Also, for each
t >0, fn(t) averages its non-increasing integrand over intervals that move leftwards
as n increases. Since the integrand itself is non-decreasing in n we see that f,,(¢) is
non-decreasing in n. Since f* is right continuous, f,(t) — f*(¢) as n — oo for all
t > 0. By the monotone convergence theorem

1Hoflly < IH( Nl = i [ H(f)lly < C tim [1£ully = ISl = CI .
We conclude that N, ,(b) < C. O

3.2. Boundedness of Normal Form Operators. It is easy to calculate N, 4(b)
exactly in the “endpoint” cases, that is, for all p,q € (0, oc] except the three cases
l<p<g<oo, 1l <g<p<oo,and 0 < g <1< p< oo After proving the
following theorem we will focus our attention on the remaining index ranges.

Theorem 3.6. Suppose 0 <p < 00, 0< q<o00, and b € B.

(i) If b= 0 then Np4(b) = 0.

(i) If p < 1 then Ny 4(b) = 0o unless b= 0.

(11i) If p=1 and g = oo, then N1 o (b) =1 unless b= 0.
(iv) If p=1 and q < oo then Ny ,(b) = b=1(0+)/1.
(v) If p>1 and ¢ = oo then Ny o (b) = b(0+)"/*".

(vi) If p>1 and ¢ =1 then N, 1(b) = [[b™1| 10 -

(vii) If p =00 and ¢ > 0, then N 4(b) = ||b]|£a-

Proof. If b =0, Hy is the zero operator so|(i)| holds.

For suppose b Z 0, choose 29 > 0 such that b(xg) > 0, and set f(t) =
1X(0,1)(t). Since 0 < p < 1, ||fllLr < oo but Hyf(z) = oo for 0 < z < zg so
[ Hylloo = .

If fe Lt and z > 0 then Hyf(z) < ||f]lzr s0 Nioo(b) < 1. If b # 0, choose
xo > 0 such that b(zg) > 0 and set f = X(0,p(x0))- Then ||Hpflloo > Hpf(w0) =
b(zo) = ||fllL1, 80 N1,00(b) > 1 and holds.

Since {z > 0: b(z) > 0} = (0,6 (04)), forall f € L*, Hyf < ||f[lL1X(0,6-1(04))-
Let ¢ < co. Then |[Hyf|ra < b71(0+)Y9| f||y and Ny 4(b) < b=1(0+)'/9. On the
other hand, for § > 0 and f = x(g,5(6)) we have |Hyf||La > 6Y/9H, f(5) = 69| f|| 1.
If b 2 0, then ||f||z2 > 0 for all § < b=1(0+), so Ny 4(b) > b~(0+)'/9. If b = 0 then
b=1(0+) = 0 so the last inequality holds trivially. This proves and Lemma
gives

For f € L*, Hyf(x) < b@)|f o~ 50 |Hofllze < [bllgallfllz=, with equality in
both when f = 1. This proves and Lemma gives (]
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Some parameters are too large to give rise to bounded operators. We can test
for this using only characteristic functions of intervals.

Lemma 3.7. Suppose 1 <p <00, 0<q<o00,bée&B and Np4(b) < co. Then for
all z > 0, b(x)/?' z1/1 < Ny (D) and b(z) < co. Also, limg_,o0 b(x) = 0.

Proof. Let > 0. If 0 < t < b(x) and f = x(0,¢), then Hyf(y) = t when y < z.
Therefore,

x 1/q
el = (/ Hy f(y)" dy) < Ny )| fllze = Ny g (b)E/7.
0

Divide by t'/? and let t — b(z) to get
()72t < Ny ()
which also holds when b(x) = 0. The other conclusions follow directly. g

The next result is the normal form version of theorems that were proved by
Talenti 1969, Tomasselli 1969, Muckenhoupt 1972, Bradley 1978, Maz’ya and Rozin
1979, Kokilashvili 1979, Andersen and Heinig 1983, Maz’ya 1985, Bennett 1987 and
1991, Manakov 1992, Sinnamon 1998, Liao 2015, Ruzhansky and Verma 2019, and
Li and Mao 2020. See [28, [29] 19} [6], I8, [T}, [, 17, B, 4, 16}, 24], 15l 21} [14]. The large
number of citations is a consequence of the result being proved first for the case
p = q; it being proved separately for continuous, discrete, general-measure Hardy
operators, and on other domains; and it being proved initially with several different
constants in the upper bound before the best possible constant was found.

For normal form Hardy operators, and therefore for all abstract Hardy operators,
the characterization follows by comparing b € B to the Hardy/Bliss parameter
7P/, The constant in the upper bound is best possible because the theorem
includes the Hardy-Bliss inequalities. (But see the next subsection for improved
upper and lower bounds.)

Theorem 3.8. Suppose 1 < p < g <oo. If b€ B and Ay = sup,~q b(w)l/p/xl/q,
then Ay < N, 4(b) < K, 4Ao.

Proof. The first inequality is from Lemma Since b(z) < Ag,x_p,/ 9 for all
= » . —p'/q i

x>0, fob( )f < fOA" f for all f € L. Thus, using 1' and 1) we have

Npq(b) < Np,q(Ag/x_p//q) = AoKpq- .

The characterization of boundedness when ¢ < p also has a lengthy history. The
cases 1 < g < p<ooand 0 < ¢g <1< p < oo were considered independently
and results for each case were proved separately in the continuous and discrete
cases, in the case of general measures, and for Hardy operators on other domains.
See Maz’ya and Rozin 1979, Sawyer 1984, Heinig 1985, Maz’ya 1985, Sinnamon
1987, Bennett 1991, Braverman and Stepanov 1992, Sinnamon and Stepanov 1996,
Sinnamon 1998, Ruzhansky and Verma 2021. See [I8|, 23] [10, 17, 27, [4] [7), 25], 24], [22].

For normal form Hardy operators, and therefore for all abstract Hardy operators,
the characterization follows by comparing b € B to the Hardy/Bliss parameter
177" in the case p = q. The comparison is hidden within the use of Hardy’s
original inequality in the proof given here, but see Corollary for an explicit
comparison. Working with normal form allows us to dodge technicalities and avoid
the distinction between the cases ¢ > 1 and ¢ < 1 to give a straightforward proof.
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Theorem 3.9. Suppose 0 < g < p < oo and define r by % = . Ifbe B and

Co = ( / Wb gy dx)

then 1Cy < N, 4(b) < (p')Y1C.

Proof. If Cyp = 0 then b = 0 and the result is trivial. Both N, ,(b) and Cj are
monotone increasing in b so it is sufficient to prove the result for a bounded, right
continuous, compactly supported parameter b, for example, for b, = min(n, b)x(0,n)
for sufficiently large n. Thus we may assume 0 < Cy < co. The identity shows
that

1_1
qg p

1/r

00 b(x) , 0o , b1 (t)
7‘/ (qa:)r/”/ (p't)"/ 7 dt do = r/ (p't)"/ / (qa)"/? dz dt.
0 0 0 0

Evaluating the inner integrals, and taking rth roots, we get

(3.4) Co = ( / e (@ o) dt) "

Therefore, setting f(t) = (p't)"/®7) (gb=1(t))"/ 9 gives I fllp = C’g/p. If t < b(x)
then = < b=1(t), so

b(x) , ,
Hyf(z) > (qz)"/ @D / (p't)"/ ) gt = %(qx)r/(pq) (p'b(z))"/ @D,
0

Taking g-norms we have

q
Gy < | Hofllg < Npg®) £l = Nog(0)C5"-

Divide by Cg/ P to get the first inequality of the theorem.
Let f € L™ be non-increasing, continuous, bounded, and supported in (0,n) for

some n. Equation (1.2) gives
0o b(x) t q—1 0o
HHbf”%q = / / Q(/ f> f(t) dtdx = q/ Pf(t)qflf(t)bfl(t)tqfl dt,
o Jo 0 0

where Pf(t) = %fot f. Hardy’s inequality shows ||Pf||z» < p'||f|l, and the mono-
tonicity of f implies f < Pf. By Holder’s inequality with indices p/q and r/q,

3 1/q
[ Hp fllLe < (q/ Pf(t)qbl(t)tqldt) < @) MCOlIPf, < )V 9Co| f |-
0
Apply Lemma to prove the second inequality of the theorem. ([l

3.3. Comparing Normal Form Parameters. In Theorem 3.8/ we compared the
normal form parameter b to the Hardy-Bliss parameter using a simple pointwise
estimate. In this section we show that the pointwise estimate is not the only com-
parison between parameters a and b that will imply N, 4(a) < N, 4(b). Many such
comparisons are possible, but we have selected four to illustrate the powerful con-
clusions that comparison theorems provide. The first three are applied to improve
upper and lower bounds on N, ,(b) for fixed p and g. The fourth is a more general
form of comparison that permits a change of indices. It may be viewed as a general
version of the comparison employed to prove Theorem
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Each of Theorems [3.12] [3.15] and [3.18] below, begins with a comparison between
parameters ¢ and b that implies N, ,(a) < N, 4(b) and continues by first specifying
b to obtain an upper bound for N, ;(a) and then specifying a to get a lower bound
for N, 4(b). These specific parameters are closely related to the Hardy-Bliss power
function parameters. Each theorem then concludes by identifying a class of param-
eters b for which these upper and lower bounds coincide, giving the exact value of
Np,q(b).

The first step is to introduce some truncated power function parameters.

Lemma 3.10. If1 < p < g < 00, then for each fixed y > 0,
Npg(z™" /qX(Oyy) (2)) = Kp,g = Np,q(min(z™" 19.y)).

Proof. Let ¢, (z) = x_p//q%((oyy) (z). For each v > 0, v7'/9¢c,(yx) = Cy/v(x) and ¢,/
increases pointwise to 2 ?/% as v — 0. Therefore, by 1) and Lemma
Npg(cy(@)) = Npg(77/ %y () = Np,q(cy/y (@) = Npg(z™ 19) = Ky g,
giving the first equation. Since ¢, ' (x) = min(y, x=/r"), Lemma implies
Ny pr (min(qu/p Y)(@)) = Npgley) = Kpg = Kgr pr-

Replacing p by ¢’ and g by p’ gives the second equation. O

Our first comparison theorem is for simple pointwise comparison of two normal
form parameters. When one of the two is the Hardy-Bliss parameter we get a
familiar upper bound for N, ,(b) but when one is taken to be a truncated power

function we obtain a lower bound for N, ,(b) that does not seem to have been
observed before in any class of Hardy operators.

Definition 3.11. For 1 < p < ¢ < 0o and b € B, let ¢o(z) = b(z)'/? z'/¢ and
Ag = sup ¢o(x), A(()O) = liminf ¢ (z), Aéoo) = lim inf ¢y ().
>0 r—0+ T—r00

Theorem 3.12. Let 1 < p <00, 0 < g < o0, a and b be normal form parameters,
and C > 0.

(i) If a(x) < Cb(x) for all x > 0, then N, 4(a) < CY?' N, ,(b).
(i) If 1 <p<qg<ooandb € B, then
max (Ao, Kp,qA(()O)a Kp,qA(()OO)) < Npq(b) < Kp g Ao.
(iii) If1 <p<q<oo,beB, and Ay = AL or Ag = AY®), then
Np,q(b) = Kp,qAo.
Proof. If a(z) < Cb(x) for all z > 0, then for all f € L™, H,f < Heyf. Therefore
Ny q(a) < N, 4(Ch) = C’l/p'prq(b), proving

If A(()O) >0and 0 < 2z < A(()O), choose y > 0 so that zp,x_pl/qx(o,y)(x) < b(x) for
all x > 0. By Lemma and 7 2Kpq < Np4(b). Letting z — Aéo), we get
Kp gAY < N, ,(b), which also holds when A\ = 0.

If A(()OO) >0and 0 < z < Agoo), choose y > 0 so that 2/ min(z~2'/4,y) < b(z)
for all x > 0. By Lemma and , 2Kpq < Npq(b). Letting z — Aéoo), we
get Kp,qA(()OO) < N, 4(b), which also holds when Aéoo) =0.

Theorem gives the remaining two bounds on N, 4(b) and completes

Part follows directly from O
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Now we introduce smaller truncated power parameters and tighten Lemma[3.10}
Corollary 3.13. Suppose 1 <p <qg< oo and firy > 0. Then
Ny g(max(z77/7 = y,0)) = K, = Np ((x+3) 7).
Proof. With b(z) = max(z~?"/7 — y,0) it is easy to check that 1 = A(()O) < Ap <.
With b(z) = (x +y) /9, we have 1 = A(()OO) < Ag < 1. The result follows from

two applications of Theorem O

The next two comparison theorems take advantage of the fact that it is sufficient
to test a normal-form Hardy inequality over non-negative, non-increasing functions.

Definition 3.14. For 1 <p<g<ooand b € B, let

/oo 1/q
cl(t) = g/ (p/ bq>
P Jo-1(1)

Ay =supar(t), Ago) = liminf ¢ (¢), Agoo) = liminf ¢1 (¢).

>0 t—0+ t—o00

and

Theorem 3.15. Let 1 < p < o0, 0 < g < oo, aandb be normal form parameters,

and C' > 0.
(i) If, for allt > 0,
/ al < C / b
a—1(t) b-1(t)
then N, 4(a) < CYIN, ,(b).
(i) If 1 <p<qg<oo andbe€ B, then
max((p/p’)l/thKp’quo), Kp,qA§OO)) < Npqg(b) < KpgAr.
(iii) If 1 <p < q< oo, be B, and A = Ay or AP = Ay, then
Np,q(b) = Kp A1

Proof. Let f € Lt be non-increasing, continuous, bounded, and supported in (0, n)
for some n. Then (% foy f)q is decreasing, continuously differentiable and tends to

zero at infinity so it can be written as fyoo o for a non-negative 0. Applying 1}
to the inequality

/Ooa(t)/oo a(z)? dadt < C Oooo'(t) /boo b(a)? da dt

0 a=1(t) -1(t)

/000 /11:) o(t) dta(x)?de < C/OOO /b:) o(t) dyb(z)? dz,

which simplifies to
) a(x) q ) b(x) q
oL s [P 0) e
0 0 0 0

Now Lemma implies N, ,(a) < CYIN, ,(b). This proves (i)

yields
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For let t > 0 and set f = x(o). We are free to suppose that b is right
continuous, so by (1.1)), if x > b~1(¢) then t > b(x), so

o 1/q 0o b(x) q 1/q
</ b(x)? dm) = (/ (/ f> dac) < Np o O fllp = Np7q(b)t1/P.
b1 (1) b-1(t) \Jo

Thus, (p/p')/1A; < N, 4(b).

For the upper bound, observe that

[ <o —ag [ @y
b

—1(t) t—a/p’

so implies N, 4(b) < Ale’q(x_p//q) = K, A1
To establish the remaining two lower bounds we will apply m twice. If A§°°) >0
and 0 < z < Agoo)7 choose y > 0 so that for all ¢ > y‘p//q,

;oo 1/q
(3.5) L <P 3/ N
P Jo-10)

With a(x) = x_p//qx(o,y)(x) we have ¢~ (t) = min(y,t~9/?") and

oo ta/p — = p oo
al="— "2 . . 1) < Zgpalr < Z—q/ be.
/al(t) p—1 =/1,00) () 4 b=1(¢)
Therefore |(i)| and Lemma imply, after letting z — A§°°), that
Kp,qA(l(x) = prq(a)Agoo) < Npg(b)

which also holds when A = 0.
fo<z< Ago): ch(I)ose y > 0 so that for all t/g Y, ineguality 1) holds. Take
a(x) = (x +y~ /PP /9 and get a1 (t) = (=Y —y~ VP )X(0,y)(t). If t <y, then

o0 o0 , , p oo
/ al = / (z + y*q/p )P de = 7/tq/p < Z*q/ ba.
a=1(t) t—a/p —y—a/v’ P b—1(t)

If t >y, then

[e§] oS] , , yq/p e8] e8]
/ al :/ (m—i—y“m’ )—p dr = . < z—q/ b < z—q/ be.
a1(t) 0 p—-1 b-1(y) b=1(t)

Therefore |(i)] and Corollary imply, after letting z — A§0>, that
0 0
Kp,qA(l = Np,q(a)Ag ) < Npq(b),

which also holds when Ago) = 0. This completes the proof of
Part follows from

To show that this comparison can achieve results that the simple pointwise com-
parison of Theorem [3.12 cannot we offer an example.

Example 3.16. In a 1921 letter to Hardy, Landau showed that if 1 < p < oo, then
C = p’ is the best constant in the discrete Hardy inequality,

(CCEsa)) <e(zm)”. n=o
n=1 k=1



16 GORD SINNAMON

Prior to the letter the inequality had been proven, but only with constants larger
than p’. See [12] or [13, Appendix].

Theorem will give a proof but only with C' > p’. However, Theorem iii
easily gives the correct constant: Let U, =Y p- k™ P. According to Theorem [2.9
the normal form parameter b takes the value b(z) = n when U,41 < z < U, and
b(z) = 0 when z > U;. So b=1(t) = U, when n — 1 < t < n and we have

S n=1 .U, n—1
[Lov=> [ w=Yrmw—n-1
b= (1) k=1 Uk+1 k=1

Thus,

n—1\1/p o0 e
( ) < ¢ /p / wl o o<1
n b=1(t)

It follows that (p'/p)'/? = Ag"“) < Ay < (p'/p)Y/P so Theorem implies

N, ,(b) = (0 /p)}/PK,, = p'. This gives another proof of Landau’s result. Notice

that no separate lower bounds are required.

Our next comparison theorem improves the upper and lower bounds arising from
direct pointwise comparison.

Definition 3.17. For 1 <p<g<ooand b€ B, let

1ot 1/p’
cot) = t=1/4 (f;// xP ~th(2) da:) ,
0

and
As = sup ea(t), Ago) = liminf ¢o(2), Ag’o) = liminf ¢5(2).

t>0 t—0+ t—o0

Theorem 3.18. Let 1 <p < oo, 1 < g < o0, a and b be normal form parameters,
and C' > 0.

(i) If, for allt > 0,
t t
/ 2” ~la(x) deC/ 2? ~1b(z) da
0 0

then N, 4(a) < CYP'N, ,(b).
(i) If 1 <p < q < oo, then

maX((q/)l/p/AQa Kp,qA(20)v Kp,quoo)) < Npg(b) < KpgAo.
(i) If 1 <p < q < oo and A;‘)) = As or Aéoo) = Ay then N, 4(b) = K, 4As.

Proof. Let f € L™ be non-increasing, continuous, bounded, and supported in (0, n)
for some n. Then

e = ( | ) / " [ s
Now let F(z) =p'(L [ f)plflf(x) and apply to get
(3.6) /0 Oo(Hb_l PP dt = /0 h F(z)z" ~'b(z) dz.
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The same equation is true with the parameter b replaced by a. Since f is non-
increasing, so is F, and a standard argument shows that the hypothesis of

implies
/ F(z)z” ~ta(z)dz < C’/ 2)2” " b(z) da.
0

/ (Hyo f)(t)P dt < C / (Hy- f)(2)" dt.
0 0
By Lemma we have
Np,q(a) - Nq’,p ( 71) < Cl/p N ’ ’( ) Cl/p Np q(b)

This proves
For fix t > 0 and let f = x(o,. Then [|f|ly = t1/4'. The function F,

introduced in the proof of becomes p’ X(0,¢) and we use (3.6) to get

That is,

t oS}
p// l‘p/_lb(l‘) dr :/ (Hbflf)(t)p/ dt < (Nq,/p/(b_l)tl/q,)p, _ Np7q(b)pltp,/q,.
0 0

Thus, (¢/)/? Ay < N, 4(b).
For the upper bound, observe that for all ¢t > 0

t ! / ’ / / t / ’
/ 2P 7h(z) da < q—,Ag /e = AP / 2P gy
0 p 0

so implies N, ,(b) < Ang,q(Jc—p//q) Ky qAs.
To prove the lower bound we apply m twice. If Aéo >0and 0 < z < A(O)
choose y so that for all ¢t < y,

(! t 1/p'
(3.7 z <t/ (// zP 1o (z) da:) .
a Jo

Let a(x) = x_p//qx(o,y). If t <y, then

t t / t
/ 2P ta(z)dr = / e/ gy = q—/tp /d" < P / 2P ~1b(x) da.
0 0 p 0

If t > y, then

t ’ y / ’ / y ’ ’ t /
/ 2P ta(z)de = / P/ gy < 4P / 2P 7o(x) de < 277 / x? () d.
0 0 0 0

Now Lemma and |(i)| imply, after letting z — Aéo), that
0 0
Kp,qA(2 )= Ag )Np,q(a) < Npq(b),

which also holds when A{”) = 0.
Next, if A(zoo) >0and 0 < z < Agoo)7 choose y so that for all ¢ > y, inequality
(3.7) holds. Let a(z) = (z +y) ?/9. If t >y, then

¢ ¢ / ¢
/ a? la(x)dr < / 2P P gy = q—/tp /a" < 5P / x? ~1b(z) d.
0 0 p 0
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If t < y, then, since b is non-increasing, so are its averages. Using with ¢
replaced by y, we have
/ Y / t
Py P < g Py < L / 2? ~'b(x) dx < . / 2? ~1p(z) da.
y* Jo 7 Jo

Therefore,

’

t t
’ ’ / tp ’ / y ’
/ 2P ra(z)de <y P /q/ a? lde = —y7P /1< 5P / 2P ~1b(x) de.
0 0 p 0

Now Corollary and part imply, after letting z — A§°°>, that
prquOO) = A(zoO)Np,q(a) < Npq(b),

which also holds when Ag”) = 0. This completes the proof of
Part follows directly from part

Next we show that both the upper and lower bounds for N, 4(b) given by Theo-
rem [3.18 are at least as good as those given by Theorem[3:12] As a consequence, the
class of parameters for which the best constant is given exactly in Theorem [3.1§(iii)|
contains all those whose best is constant given exactly in Theorem

Lemma 3.19. For 1 <p<qg<oo andb € B, then
Ay < Ag < ()7 Ay, AP < AL ana AP < AP,
Consequently,
max (Ao, Kp,qA(()O)a Kp7qu)OO)) < max((q/)l/p/ Ao, Kp,quO)v Kp,quOO))
< N:mq(b) < Kp,qA2 < Kp,qA0~

Proof. Substituting the estimate b(x) < Ag/m_p// 9 in the definition of ¢y gives
ca(t) < Ap for all ¢ > 0. Thus Ay < Ap. For any y > 0, using the estimate
b(x) > b(y)X(0,y)(), valid for any non-increasing function, in the definition of c,
gives co(t) > (¢')~/*" b(y) /" t=1/4 min(t, y), which takes its largest value at t = y.
Thus (¢')Y/?" Ay > b(y)Y/?'y'/4 for all y and we conclude that (¢/)Y/* Ay > A,.

If Aéo) >0and0 < z < Aéo), choose y > 0 so that if x < y, then z < b(x)l/p/xl/q.
If t <y, then

’opt 1/p'
colt) >t/ (p// aP TP P e dw) = z.
a Jo

It follows that Ago) < A(QO), which also holds when A(()O) =0.

If Aéoo) >0and 0 < 2z < Ag’o), choose y so that if z > y, then z < b(z)Y/* 2/4.
Fix e € (0,1). If t > y/e >y, then

1ot 1/p'
eo(t) >t (p,/ oV P g/ dx) > 2(1— P /P,
T Jy

Letting € — 0 and z — Agx’) shows that A(()OO) < Aé""). 0

The next theorem provides a comparison between normal form parameters that
permits a change in indices. If ¢ > 1 then duality may be used to avoid the
appearance of a~! and b~! and give a statement in terms of the original parameters
a and b. This reformulation is left to the reader.
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Theorem 3.20. Suppose a € (0,1], 1 <py <p< o0, 1< gy <00, 0<q<qo,
(@—a)(po—1) < (p—)(q —1).

q/q0 <a<q and
Poa0

q90—1
b

If a and b are normal form parameters, then
q—1 —1(&)(]7% K 1/k .
> dt) (qO /qupo,qo (b))

(47" Npg(@) "7 < (/Ooo (éio_lz_l(t))qg;a

1 _ p—«a po—1
where = = o~ qgil.
Proof. Let f € L™ be non-increasing, continuous, bounded, and supported in (0, n)
Po/p

1f0f and 1 f0f<<ffp/p) , SO

for some n. Then we have f(t)

.11 = [ °°q< / t f)qlf(t)al(t) dt

<o["([9) sereawa
(1 /0 t fp/m)po(q_a)/p FO a1 dt
|

pola—a)

t
0o t qo—1 p(ap—1) aQa—gq
:q/ (/ fp/Po) F()P/Pob=1(¢) f(t) T G() dt,
0 0
where
q 1 —1
Gt) = (t ())
(0 1b1 (1)) 00
5(? 3)7 Pq(gg 31) and p" to see that

We apply Hélder’s inequality with the indices

o t qo—1
IHaf3§q< / ( / fp/”o) f(t)”/”"bl(t)dt)

(If goov — q is zero, apply Holder’s inequality with just two indices, to get the same

result.) By (L.2] ,’
) t qo—1 1/q0
P/ Po p/pop—1 P/ Po
(ao [T ([ )" sepmoriyar) = i)

po(a—a)
p(ao—1) 7‘1(100{’1‘7 %
11" 1G]l

< Npo.ao O F1/7°.

Combining these estimates, and simplifying, yields
1 1 poqo(q:a) 9=
| Haflla < 6" (5% Ny ao (0) 750~ || £, |G

Now Lemma implies
Npqla) < ql/q(
which can be rearranged to give the conclusion of the theorem
The special case pg = qo = p, and b(x) = =7 (and a renamed to b) is stated

as a corollary. It improves the upper bound in Theorem

Ppodp(a=a) g-—o
(b)) pa(qg—1) ||GHHP‘1 ,
([l

-1
/qONPO;qo
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Corollary 3.21. Suppose o € (0,1], 1 < p < 00, 0 < ¢ < p, and q/p < a < q.
Definer by 1/r =1/q—1/p. If b is a normal form parameter and

co= ([ o)
then N 4(b) < (p/)(1=)/4Cy.

By (3.4), this Cy agrees with the one in Theorem Take o = 1 when ¢ > 1
and let & — q¢ when ¢ <1 to get

Np,q(b) < max(1, (p l)_l/q/)CO

This is better than N, ,(b) < (p')}/?Cy, given in Theorem . In particular, it
recovers the correct value of N, 1(b), from Theorem [3.6

1/r

3.4. Compactness of Normal Form Operators. There is a simple necessary
and sufficient condition for a normal form Hardy operator to be compact, in terms
of the parameter b. In view of Theorem [2.4] the same condition is equivalent to
the compactness of every abstract Hardy operator that has b as its normal form
parameter.

We begin with a construction that ensures non-compactness of H, and certain
other closely related operators.

Lemma 3.22. Suppose 1 < p < q < oo. Let (Y,u) be a o-finite measure space
and suppose A 1Y — [0, 00] satisfies A*(x) < oo for all x > 0, and A*(z) — 0 as
T — oo. With b= A", define

A(y)
= XOD g F,(y) = / fa-
X 0,6l 0

If imsup,_, . b(z)'/?'21/9 > ¢ > 0, then there exists a strictly increasing sequence
(zn) such that ||Fy, — Fy,[[Ls > € whenever m > n.

If limsup,_,o, b(x)l/p/wl/q > e > 0, then there exists a strictly decreasing se-
quence () such that ||F, s > e whenever m > n.

1 m

Proof. Suppose limsup, . b(z)"/?' /9 > ¢ and choose z; with b(ml)l/p/xi/q >e
Since b(x) — 0 as © — oo, we can choose xq,z3, ..., recursively, such that z; <

r9 < T3,..., and for each n,
b(zn) P a8 > e and  (b(wn)VP = b(wn)VP )2l > e

(n
Note that for all 2 > 0, f, = b(z) P (0 p(x)) and Fy(y) = min(A(y), b(z))b(z)~1/P.
Since A and b are equimeasurable, pa (b(z)—) = mp(b(z)—), and we have

(38) w{yeY :Aly) >bx)}=m{t>0:0(t)>bz)} >m{t>0:t<z}==x
for all x > 0. If m > n, then x,, < Zp41 < Xy 80 b(xy) > b(Tpt1) > b(xy,). Thus,

1/q
1 Fe, — Fo, g > (/ (b(l‘n)l/p’ _ b(xm)l/p’)q du@))
{yeY :A(y)>b(zn)}

> (b(wn) P — b(wm) /P )zl
> (b(@n) 7 = b(2pir) /P )29 > €
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Now suppose limsup,_,, b(z)/?'z1/9 > ¢ and choose x; with b(x1) VP 21/ > ¢

Among {z > 0 : b(z)/?' /% > ¢}, b(z) — oo as & — 0. So we can choose

z1, T3, 29, T3, . . ., recursively, such that for each n, 1 > 21 > x9 > 29 > 23 > ...,
and
1 1
b(zy,) /' (Zn — 2n) /a s €,
b(2pir )Y :z:n/fl >¢e, and

(b(@n)? = b(2)b(2n11) TVP) (@0 — 20) 9 > €
(Recall that b(z,) < co by hypothesis.)
Since pa (b(2)) = mp(b(2)),
wlye Y :A(y) >b(2)} =m{t >0:0(t) >b(2)} <m{t>0:t<z}==2
for all z > 0. Combining this with , we see that if 0 < z < z, then
iy €Y :b(z) 2 Aly) 2 b(z)} 2 @ — 2.
If m > n, then @, > 2z, > Tp41 > T 80 b(xn) < b(2n) < b(@py1) < b(xy). Thus,
1Fe, = Follzg

1/q
> </ (b(wn) 7" = A()b(n)~1/7)? dﬂ(y)>
{erb(Zn)zA(y)zb(In)}

> (b(@n) " = b(z0)b(wm) 7Y (0 — 20) "
> (b(2) """ = b(2)b(@ns1) VP (@0 — 20) 9 > €.

This completes the proof.
O

Theorem 3.23. Suppose 1 < p < g < oo and let b be a normal form parameter.
Let b, = 27" 2221 X(0,b-1(k2-n)), forn = 1,2,.... The following are equivalent
for Hy : LP — L4:
(i) Hy is compact;
1) Hy is a norm limit of finite-rank operators;
(ii)
i) Hp — Hyp in operator norm;
(iit) Hy,
(v) limy 00 b(x)/P 21/ = 0 and lim, o4 b(x)/? 2'/1 = 0.

Proof. We assume that b is right continuous; this has no effect on b=, b,,, Hy, or
the limits in Using right continuity and , it is straightforward to show
that by,by ... is an increasing sequence of normal form parameters that converges
pointwise almost everywhere to b. On the interval ( o0), b—b, <27™. For
each f, Hp, fisin the span of {x b L(k2 k= 1 2,. n2 }so Hy, isa ﬁmte—
rank operator. Thus 1mphes That |(i1)| 1mphes [ ] is well known. It remains
to show [] implies [(i and (1)| implies |(iv)|

Assume |( holds and fix e > 0. Set v = (¢/K, )P . Choose z( so small and
Zoo SO large that b(z) < ya~P'/% for all z € (0, 0] U [:UOO, 00). Evidently, b(z) < oo
for all x > 0 and it follows that b=!(n) — 0 as n — oo. Choose n so large that

b=1(n) < z¢ and 27" < yood /e, If 2o < < T, then

b(x) —bp(x) <277 <y P 19 <
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and if « € (0, zg] U [Zoo, 00), then
b(x) — by(z) < b(z) < vz P79,

Since (b — by,)(x) is dominated by the non-increasing function ya=?/4, so is its
rearrangement, (b —b,)*. By Lemma |3.4{iii)| and Theorem [3.12)(i)|

HHb - an HLP—>L4 < Np,q((b - bn)*) < 'VUP,KIMJ =¢&.
This proves

Assume that fails. It follows that either limsup, .. b(x)"/?'z'/4 > 0 or
limsup,_, o, b(z)Y/P 29 > 0. If N,,(b) = oo, then H, is not bounded and so
cannot be compact. Thus [(i)| fails. If N, 4(b) < co then Lemma ensures that
b(z) < oo for all z > 0 and b(z) — 0 as  — 0o so we may apply Lemma [3.22] with
(Y, ) = ((0,00),m) and A = b. The result is a sequence of unit vectors f, € LP
for which H, f,, has no convergent subsequence. So|(i)|fails. We conclude that

implies ([

4. ORDERED CORES

In this section we introduce and explore the notion of an ordered core of a measure
space. No order is assumed on the elements of the space. Instead, a totally ordered
collection of measurable sets is chosen to carry the order. The main result is that an
order-preserving map from this core collection into the measurable sets of another
measure space induces a positive, admissible map of measurable functions on the
two spaces.

Definition 4.1. Let (P,P,p) be a o-finite measure space. An ordered core of
(P,P,p) is a totally ordered subset A of P, containing ), that consists of sets of
finite p-measure. The ordered core A is o-bounded if there exists a countable subset
A of A such that UA = UA,.

Definition 4.2. Let A be an ordered core of (P, P, p) and let (T, 7T, 7) be a o-finite
measure space. A map r: A — T is order-preserving if (A1) C r(Az) whenever
A; C As. An order-preserving map r : A — T is bounded if there exists a constant
¢ > 0 such that for all A, B € A with A C B,

(4.1) T(r(B)\7(A)) < cp(B\ A).

We explore these notions in a series of three lemmas. The first investigates the
ring of sets generated by an ordered core. The second takes a bounded, order-
preserving map and uses it to define a family of premeasures on this ring by pulling
back the integrals of positive functions. The third extends these premeasures to
measures on a certain measure space generated by the ordered core.

With this preparation we are able, in Theorem [1.6] to use Radon-Nikodym dif-
ferentiation of this family of measures to define the desired positive, admissible
map.

Recall that a ring of subsets (of a given set) is a non-empty collection that
is closed under finite intersection, finite union and relative complementation. A
semiring is one that is closed under finite intersection and in which each relative
complement can be expressed as a finite disjoint union of sets from the collection.
See [20, p354, 357].
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Lemma 4.3. Let (P, P, p) be a o-finite measure space and let A be an ordered core
of (P,P,p). Set AT ={B\A:A,B¢e A} and let AT be the collection of all finite
disjoint unions of elements of AY. If A, B, Ay, By, Ay, Bo € A, then
(i) ANB,AUB € A;
(ZZ) (Bl \Al) n (BQ \ Ag) = (B1 n BQ) \ (A1 U Ag) S AJr;
(ZZZ) (B2 \ AQ) \ (Bl \Al) = [BQ \ (A2 U Bl)} U [(BQ n Bl N Al) \AQ}, a dZS]OZTlt
union of elements of AT; and
(z'v) Zf@ 7& Bl \Al g B2 \AQ, then A2 g A1 g Bl g Bg.

In particular, AT is a semiring and ATT is a ring.

Proof. Since A is totally ordered, is evident, and and are just calcula-
tions. To prove let x € By \ A;. Then « € By, x ¢ A1, x € B, and z ¢ As.
Since A is totally ordered, these imply A; C By, As C By and Ay C Bs. Now A =
AQ\(BQ\AQ) - Bl\(Bl \Al) = A]_ C B = Alu(Bl\Al) - BQU(BQ\AQ) = Bs.
Finally, since () € A, and show that AT is a semiring and the proof of |20,
Proposition 13, p354] shows that A" is a ring. O

Next, we introduce another measure space and an order preserving map on our
ordered core.

Lemma 4.4. Let (P,P,p) and (T,T,7) be o-finite measure spaces, let A be an
ordered core of (P,P,p) and let r : A — T be a bounded, order-preserving map.
For each f € L} set

(42) B\ = [ g
r(B)\r(4)
If A,B,Ay,Br € A fork=1,2,... and f € L}, then
(i) r(ANB) =r(A)Nr(B) and r(AUB) =r(A)Ur(B);
(i1) if A1 C Ay C As, then pp(As \ A1) = pr(As \ A2) + py(A2\ A1);
(iii) if B\ A =10 then ps(B\ A) =0;
() if B1 \ A1 = Ba \ Ay then ps(Bi/A1) = pp(B2/Az), that is, py is well
defined;
(v) if By \ A1 and By \ Az are disjoint and B\ A = (By\ A1) U (Bs \ A3) then
pf(BJA) = py(B1/A1) + ps(B2/Az);
(vi) for each m, if B\ A = U}_,(Bx \ Ax), a disjoint union, then py(B/A) =
> he1 Pr(Br/Ax); .
(vii) for each n, if B\ A C Up_;(By \ Ax) then py(BJA) < > i1 pyr(Br/Ak);
and
(viii) if B\ A C U2 (By, \ Ay) then py(B/A) < 3207, py(Br/Ak).-
Thus py is a premeasure on the semiring AT = {B\ A: A, B,€ A}. See [20, p353].

Proof. Since A is totally ordered and r preserves order, and are immediate
and, for B\ A = ( implies r(B) \ r(A) = 0 and hence ps(B\ A) = 0. If
B1\ A1 = 0 then follows from if not, Lemma implies A; = Ay and
B1 = B so holds trivially.

If either B1\A; or By\ A; is empty, then[(v)]follows from |(iii)|and[(iv)] Otherwise,
suppose, without loss of generality, that B, C B;. Since ) # B; \ A1 C B\ A and
) # By \ As C B\ A, Lemmashows that Ay C By C Band A C A, C Bs.
But By \ A; and By \ As are disjoint so Lemma gives

By \ Ay = (Ba\ A2) \ (B1\ A1) = (Bo N A;)\ Ay C A, \ As.
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By Lemma Bs C Ay and we conclude that A C Ay, C By C A; € B; C B.
But B\ A= (B1\ A1) U (B2 \ As), so A= Ay, Bo = A; and By = B, reducing the
assertion to part

We prove by induction on n. The case n =1 is Suppose the assertion
holds for n — 1 and B\ A = U}_, (B \ Ag) is a disjoint union. By reordering, we
may assume By, C B, for all k. Then B, \ A, C B\ A=U}_,(Bx \ Ax) C B,, so

B\A=((BNA,)\A)U(B,\A,) and (BNA,)\A=UZ](Bi\ Ap),

both disjoint unions. Now followed by the inductive hypothesis completes the
proof.
We also prove by induction on n. If B\ A = (), the case n = 1 follows from

and if not, it follows from Lemma |4.3(iv)|and two applications of Suppose
the assertion holds for n — 1 and B\ A C U}_,(By \ Ax). Again, we reorder so

that By C B, for all k. Then B\ A C B, so B\ (AUA,) C B, \ 4,,. But
B\A=((BnNnA,\A)U((B\(AUA,)), a disjoint union, and

(BN A\ A= (B\ A)N Ay = Upy (B \ Ax) N A, C U=l (Bi\ Ay)
SO the case n = 1, and the inductive hypothesis, show that

n—1

pr(B\A) = pr(BNA)\A) +pp(B\(AUAL)) <> ps(Bi\ A) + p(Bn \ An).-
k=1

Every f € LT may be expressed as an increasing pointwise limit of non-negative,
integrable functions. Applying the monotone convergence theorem in we see
that it suffices to prove in the case f € LT N LL. Fix such an f.

By hypothesis, r is bounded. Let ¢ be the constant in . Fix € > 0. Choose
a d > 0 such that for any 7-measurable Tp, if 7(Tp) < ¢ then fTo fdr <e. That
this can be done is a well-known property of integrable functions.

Now suppose B\ A C U (B, \ Ax) and let S,, = (B\ A) \ (Up_; By \ Ax).
Then Sq, Sa, . .. is a decreasing sequence of subsets of B\ A with empty intersection.
Since p(B\ A) < p(B) < oo we may choose n so that p(S,,) < §/c.

The set S,, is in the ring AT+ so S, can be expressed as a finite disjoint union
of elements of A", say S, = UL, (B} \ A}). But r preserves order, so the set

ne1(r(Bj) \ r(Aj})) is also a disjoint union. The boundedness of r gives

T(Ur (B, ZT r(A})) < ch (Bj\ A}) = cp(Sy) <6
j=1
whence

prB’\A’ :Z/ de:/ fdr <e.
o3 I rB\r(AY) Ury r(BY)\r(A))

j=1

But B\ A C (Up_; Bi \ Ax) U (UL, Bj\ A}) so, by |(vii)

pr(B\ A) < (pr B\ AW)) + (Yo pr (BN A7) < 3 pp(Bi\ Ay) +
j=1 k=1

Since € was arbitrary, the result follows.
Parts and show that py is a premeasure on the semiring A*. O
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Now we have a family of premeasures py indexed by f € Lf. It is standard
measure theory to extend them to the o-algebra generated by the semiring AT.
However, that extension may lead to a measure space that is too large for our
purposes. So instead, we introduce a measure space over the smallest subset of P
that contains all the sets in the ordered core. On this more natural measure space,
we extend our premeasures to a produce a family of measures and then investigate
two important subfamilies, those coming from an f in L N LT and those coming
from an f in LN L.

Lemma 4.5. Let (P, P,p) and (T, T,7) be a o-finite measure spaces, let A be a o-

bounded ordered core of (P,P,p) and let r: A — T be a bounded, order-preserving

map. Set P = UA, take P to be the o-ring generated by A, and let p be the

restriction of p to P. For each fe L,‘)“ define py by , let p} be the outer

measure induced by py on subsets ofp and let py be the restriction of p} to P.
Let f € L. Then,

(i) (P,P,p) is a o-finite measure space and py is a measure on (P, P) that
extends py;
(ii) if f € L: + L then py is the unique o-finite extension of py to P and
pr L p; R
(iii) if | € LY, then pg(P) < |fll12; and
(iv) if f € L, then for all E € P, p(E) < cl|f| L= p(E).

Proof. Since A is o-bounded, P is a o-finite, p-measurable set that lies in P. There-
fore, the o-ring Pis a o-algebra of p-measurable subsets of P. 1t follows that
(P, P, p) is a o-finite measure space. (While P is a sub-o-ring of P, it will not be
a sub-o-algebra of P unless P = P.)

Fix f € Lf. Since pys is a premeasure on the semiring A" and AT C P, the
Carathéodory measure induced by py on the pj-measurable subsets of P is an
extension of py. See [20, p356]. In particular, each set in A™ is pj-measurable and
it follows that all sets in P are also py-measurable. Thus py is the restriction to
P of this Carathéodory measure and is therefore a measure on P that extends Pf-
This proves

For suppose f € L1 + L>. Since f is non-negative, an easy argument shows
that f = f1 + foo for some non-negative functions f; € LL and f,, € L. If A € A,
then, in view of , we have

== [ g [ <+ se4) < .
r(A\r(0) r(A\r(0)

But A is o-bounded so P can be expressed as a countable union of sets of finite

pr-measure. Thus py is o-finite. Uniqueness now follows from [20, Corollary 14,

p357].

To complete we show that p; is absolutely continuous with respect to p.
Suppose E € P and p(E) = 0. Choose § > 0 so small that | foollL==d < /2 and if
7(To) < d then [, fidr <e/2.

Consider the restriction of p to the semiring A*. It is a premeasure, and because
A is a o-bounded ordered core it is also o-finite. Therefore, the outer measure
based on this restriction coincides with the measure p on P. Moreover, because the



26 GORD SINNAMON

restriction is a premeasure on a semiring, in the definition of this outer measure
it suffices to consider covers by disjoint sets. Therefore we can choose a disjoint
sequence By \ A1, Ba \ Ag, ..., with Ay, By € A, such that £ C U3 By \ Ay and
Yopeq p(Bi \ Ax) < 8/c. Then r(By) \ 7(A1),7(Bs) \ 7(A2),... is also a disjoint
sequence. Set Ty = U2 r(By) \ 7(Ag). Because p and p coincide on AT,

7(Tp) SZT (Br \ Ag)) <CZPBk\Ak) <0

k=1 k=1
It follows that,

fidr <e/2 and foodr < g/2.
To To

Therefore,

ps(E) )< > pr(Br\ Ax) = / fdr= [ fdr<e.
Z Z r(Br)\r(Ax) To

Letting ¢ — 0 we see that py(E) = 0. This shows gy < p.

For since A is o-bounded and AT is a semiring, we may choose a disjoint
sequence By \ A1, B2\ Ag, ..., with Ag, By € A, such that P= U B \ Ag. Then
r(B1) \r(A41),7(B2) \ (A42),... is also a disjoint sequence and

<pr Bi\ Ay) = Z/B \(A)deS/deT—IIfIIL;.

A similar estimate proves m Fix E € P and let By \ Ay, B \ Ag,... be any
disjoint sequence with Ay, By, € A, such that E C U2 | By, \ Ai. Because p and p
coincide on AT and r is bounded,

<Zp, (Bi\ Ay) = z/ PRLET DI CAEH

Taking the infimum over all such sequences and using the fact, established in the
proof of n, that p coincides with its outer measure on P, we get

pr(E) < el flle=p(E).
0

The next theorem is the main result of the section. In it we use Radon-Nikodym
differentiation of the measures ps to define an operator that takes 7-measurable
functions to p-measurable functions in a way that preserves the integrals over core
sets.

Theorem 4.6. Let (P,P,p) and (T,T,7) be a o-finite measure spaces, let A be
a o-bounded ordered core of (P,P,p) and let r : A — T be a bounded, order-
preserving map. Then there is a positive linear map R : LL + L — Lfl) + L7° such
that | Rfl|zy < [Ifllzs for all f € Ly; |Rfllzge < cllfllree for all f € L; and

(4.3) Rfdp = / fdr,
B\A r(B)\r(4)

for all f € L1 + L™ and all A, B € A.
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Proof. In the proof we will use the definition and notation introduced in Lemmas

[44] and 451

First we define R on non-negative functions only. Fix a non-negative function
feLL+L>. By Lemmam both p and p; are o-finite and < p. Define Rf
to be the Radon-Nikodym derivative of p ¢ with respect to p on Pand R f to be zero
on P\ P. Note that Rf restricted to P is P-measurable and R tf is P-measurable.
It is clear that Rf is non-negative. For all A, B € A, B\ A € P so we have

RfdPZ/B\ARfdﬁZﬁf(B\A):Pf(B\A):/ fdr

B\A r(B)\r(A)

so (4.3) holds. By Lemma [4.5(iii)|if f € L., then
IRfluy = [ Rfdo= [ Ridp=ps(P) < Iflus

If f €L and 0 < o < [|[Rf[L, then the set {z € P : Rf(z) > a} has positive
p-measure. By the o-finiteness of p, it has a subset E, of positive, finite g-measure.

By Lemma [4.5(iv)

ap(Ea) < /E Rf dp = pp(Ea) < c| fllus p(Ea).

Dividing by p(Eqa) and letting v — [|Rf|| o shows that |Rf[|rse < cf| f[lLe.

Next we show that R is additive and homogeneous for non-negative scalars. If
f and g are non-negative and 7-integrable, and «, 8 are non-negative reals, then
af + Bg is non-negative and 7-integrable. It follows directly from the definition
that pafysg = apy + Bpg. The measures poripg and apy + Bpy agree on
A* and both extend pa s+, to P. Uniqueness of the extension shows that the two
measures coincide. In the presence of o-finiteness, the Radon-Nikodym derivative
is unique so we have R(af + fg) = aRf + BRg p-almost everywhere in P. Both
sides vanish on P\ P so equality holds p-almost everywhere in P.

Finally, we extend R by complex-linearity to a map from L1 4 L to L}, + Ly°.
The key property, , is clearly preserved and a routine argument shows that the
boundedness properties of R are also preserved. ([

5. ABSTRACT HARDY INEQUALITIES

Let (S,%,A) and (Y, 1) be o-finite measure spaces and suppose B : Y — ¥ is a
core map. From Definition this means

(I) (Total orderedness) the range of B is a totally ordered subset of ¥;
(IT) (Measurability) for E € X, y — A(E N B(y)) is p-measurable;
(IIT) (o-boundedness) Uycy B(y) = Uyey, B(y) for some countable Y, C Y;
(IV) (Finiteness) for all y € Y, A(B(y)) < oo.

The abstract Hardy operator associated with the map B is
KB(g):/ gd\, forge L},
B(y)

For p,q € (0,00] and C' > 0, the associated abstract Hardy inequality is

q 1/q 1/p
(5.1) (/ (/ gd/\> du(y)) < C(/ g d)\) , forallge LY,
Y B(y) S
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where C' € [0, xq].

Abstract Hardy inequalities will be our main objects of study, but they are not
the most general Hardy inequalities that arise in practice. To explain this seeming
lack of generality we introduce the following three-measure Hardy inequality and
show in the next theorem that if p > 1, then it either fails for simple reasons or
it is equivalent to a certain abstract Hardy inequality. In most situations it is
simpler to reduce a three-measure Hardy inequality directly to an abstract Hardy
inequality, before analyzing it, than it is to apply the following theorem. However,
it is important to know that the reduction is possible.

Fix p € (1,00) and ¢ € (0,00). Let (Z, u) be a o-finite measure space and let
v and w be o-finite measures on a measurable space (S,%). Apply the Lebesgue
decomposition theorem and the Radon-Nikodym theorem to get a non-negative
Y-measurable function u and o-finite measures v+ and X satisfying

vt lw, w=vt4u and A=
Set Y ={z¢€ Z:\B(z)) < o0}

Theorem 5.1. Fiz a finite constant C > 0. Let p, q, (Z, ), (S,%), v, w, u, v+,
A andY be as in the preceding paragraph. Suppose B : Z — ¥ satisfies:
(i) the range of B is a totally ordered subset of ¥;

(ii) for each E € &, z — w(E N B(z)) is a pu-measurable function on Z;

(iii) there is a countable Yy CY such that Uycy B(y) = Uyev, B(y);

(iv) there is a countable Zo € Z\Y such that U ey A(y) = U.ez,A(y), where

A(z) ={z € Z : \(B(2) \ B(¢')) = 0}.

Then is an abstract Hardy inequality. Also,

q 1/q 1/p
(5.2) (/Z </B(z)hdw> du(z)) < C(/Shpdu) , forallhe L},

holds if and only if v+ (B(z2)) = 0 p-almost everywhere on Z, u(Z \'Y) = 0 and
holds.

Proof. To begin we show that both and are meaningful as written. Prop-
ertymimplies that the map z — fB(z) h dw is p-measurable for each h € L. Thus,
the left-hand side of is defined.

The orthogonality of v and v+ provides an Sy € ¥ such that v(Sp) = 0 and
vt (S\ Sp) =0. Let E € ¥ and set h = up/_lXEXS\SO € L}. For each z € Z,

/ hdw:/ hduhr/ hudV:/ xEd\ = MNE N B(2)).
B(z) B(z)NSy B(2)\So B(2)\So

Therefore, z — A E N B(z)) is a p-measurable function. Taking F = S, we see
that Y = {z € Z : \(B(2)) < oo} is a p-measurable set. Let p|y denote the
restriction of p to the measurable subsets of Y. Then the restriction to Y of the
map z — A(E N B(z)) is a u|y-measurable function on Y. Thus, for any g € LY,
Yy — fB(y) gd\ is ply-measurable. It follows that the left-hand side of is also
defined.

Next we verify that the restriction of B to Y is a core map from (Y, uly) to
(5,3, A). Using we see that |y is o-finite. By (i) the restriction of B to Y’
satisfies of Definition we verified above; is and follows

from the definition of Y. Therefore (5.1 is an abstract Hardy inequality.
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Now suppose (5.2) holds. Taking h = xg,, we have
/ hPdv =0 and / hdw = v (B(2)),
s B(z)

so v (B(z)) = 0 p-almost everywhere on Z.
To show that 1) holds, fix a g € LT = L} and take h = gup/’le\SO. Since

I/(So) = O7
/ gd)\:/ gu”/duz/ hudug/ hdw,
B(z) B(z) B(z) B(z)

for each z € Z, and
/hpdyz/gpup/dl/:/gpd)\.
s s s

Since Y C Z, (5.1)) applied to g follows from applied to h.

To show that u(Z \ Y) = 0, apply the o-finiteness of A to choose an increasing
sequence of subsets S,, C S, each of finite A-measure, such that S = U,S,.

For each n, 2’ — A(B(z') N S,) is p-measurable. The range of B is totally
ordered. Therefore, for each z € Z,

{€Z:M(B(z)NS,)\B(z'") =0} ={2" € Z: X(B(z')N S,) > AN(B(2) NS,)},
which is p-measurable. Taking the union over n we see that
A(z) ={2" € Z: \(B(2)\ B(')) =0}

is pu-measurable.
If z€ Z\Y then A(B(2) N Sy,) — 00 as n — oco. Take g = xp(2)ns, in (5.1,

HAGDIMB(z) (1 Sn) = <~/A(z) </B(z') 9d)‘>q dﬂ(zl)> " < CA(B(2) N Sn)'/P.

For sufficiently large n, 0 < A(B(z) N S,) < oo so we may divide through by
A(B(z)N'S,,) and let n — oo to get pu(A(z)) = 0.
For all z € Z, z € A(z). By there is a countable set Zo C Z \ Y such that

Z \ Y C UZGZ\YA(Z) = UzEZOA(Z)'

Thus p(Z\Y) < Y. #(A(2)) = 0.
For the converse, suppose v (B(z)) = 0 p-almost everywhere on Z, u(Z\Y) =0
and 1' holds. Fix h € L*(X) and set g = hul_p/x{ses:u(s)>0}- Then

/gpd)\:/gpup/ dug/h”dy.
s s s
For p-almost every z,

/ hdw:/ huduz/ gu”/duz/ gdA.
B(z) B(z) B(z) B(z)

Since u(Z\Y) =0, (5.2)) applied to h follows from (5.1)) applied to g. |

Let us observe that the finiteness condition [(TV)| of Definition is not as re-
strictive as it may seem. Consider inequality (5.1) for a map B that satisfies

and Suppose that it also satisfies the very weak condition [(iv)] of Theorem
Theorem then shows that the inequality cannot hold for a finite constant
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C unless A\(B(y)) = 0 for p-almost every y € Y. So either the inequality fails or we
need only drop a set of u-measure zero for B to also satisfy

On our way to the proof of Theorem we apply the results of Section {4 to
establish a close relationship between the abstract Hardy operator Kp and the
intermediate operator Jp : LT — L, defined by

A(B(y))
Tsf(y) = /0 . feLt

Theorem 5.2. Let (S,%,\) and (Y,u) be o-finite measure spaces and suppose
B:Y — ¥ is a core map. Then there exist positive, admissible maps R : L*+L>® —
LY+ LY and Q : LY + LY — L' + L™, each of norm at most one, such that
KpR=Jg on L' + L* and JpQ = Kp on L} + LY°.

Proof. The conclusion will follow from two applications of Theorem First,
we apply it with (P, P,p) = (S, %, \), taking (T, T, 7) to be Lebesgue measure on
(0,00). Let A= {0} U{B(y):y € Y} and r(A) = (0, A(A)). By[T)] and [(IV)]
we see that A is a o-bounded ordered core of (S, %X, A). If 41, A; € A with 4; C As
then (0, A(471)) C (0, A(A2)), so r is order-preserving, and the Lebesgue measure of
r(Aa) \ (A1) = [MA1), M(A2)) is A(A2 \ A1), so r is bounded with constant ¢ = 1.
We conclude that there exists a map R with the properties listed above.

Next, we apply Theorem with (T, 7,7) = (5,3, \), taking (P,P,p) to be
Lebesgue measure on (0,00). Let A = {0} U{(0,A\(B(y))) : y € Y} and note that
by (0,00) ¢ A. Clearly, A is totally ordered. By here is a countable set

|

Yy such that Uyey B(y) = Uyey, B(y) and it follows from |(I)| that
UA = (0,sup A(B(y))) = (0, sup A(B(y))) = Uyey, (0, A(B(y)))
yey y€Yo

so A is o-bounded.

Set 7(@) = 0 and for other (0,¢) € A set r((0,¢)) = B(y) for an arbitrarily
chosen y € Y such that A(B(y)) = ¢. Suppose (0,t1) and (0,t3) are in A with
(0,t1) € (0,t2). Clearly 0 < t; < t3. Then r((0,t3)) = B(yz) for a yo € Y

=

satisfying A\(B(y2)) = t2. If t1 =0, r((0,%1)) =0 C r((0,t2)) and

A(r((0,22)) \ r((0,1))) = A(B(y2)) = t2 = m((0,2) \ (0,21)).
If ¢, > 0, then r((0,t1)) = B(y1) for a y1 € Y satisfying A(B(y1)) = t1. Since
A(B(y1)) < )\(B(yg)),implies r((0,t1)) = B(y1) € B(y2) = r((0,t2)). Therefore
(

A(r((0,£2)) \ r((0,£1))) = A(B(y2)) = AM(B(y1)) = t2 — t1 = m((0,t2) \ (0,1)).

This shows that r is order preserving and bounded with constant ¢ = 1. To conclude
that there exists a map ) with the properties listed above, it remains only to point
out that for any y € Y, if r(A(B(y))) = B(y1), then A(B(y1)) = A(B(y)) < oo so,
in view of [T)} B(y) and B(y:) differ by a set of A-measure zero. O

The above theorem, together with properties of the non-increasing rearrange-
ment is enough to show that the operator norm of Kp coincides with the operator
norm of Hyp, when b= (Ao B)*.

Corollary 5.3. Let (S,%,)\) and (Y,p) be o-finite measure spaces and suppose
B:Y — X is a core map. Set b= (\o B)*, where the rearrangement is taken with
respect to the measure p. Then b is a normal form parameter. Also, if 1 <p < o0
and 0 < g < oo, then the operator norm of Kp : LY — Lg, is Ny 4(b).
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Proof. Let Q and R be the maps of Theorem[5.2] The non-increasing rearrangement
of any function is a normal form parameter so the first statement is immediate.
Suppose |Kggllqn < Cllgllp,» for all non-negative g € L and fix a non-negative
f € LP. Since the map F defined by F (&) = f(f f is continuous, non-negative and
non-decreasing, [F'o (Ao B)]* = F'o (Ao B)*. Thus (Jpf)" = Hpxopy=f = Hpf.
Also, since R is admissible, R : L? — L% with norm at most 1. Therefore,

1Hoflla = (B S)"lg = 1B fllq.u = 1 KB(RS)

Conversely, suppose ||Hyf|lq < C| fl|, for all non-negative f € LP and fix a non-
negative g € LY. Since @ is a positive, admissible map, @ : L{ — L? with norm
at most 1 and Qg is non-negative so, as above, we have (Jp(Qg))* = Hy(Qg).
Therefore

1KBYllq.u = [178(Q9)l¢.. = I(JB(Q9))"[ls = [1H:(Q9)lls < ClQ4lly < Cllgllp,»-

We conclude that the operator norm of Kp is equal to the operator norm of Hy,
which is N, ,(b) by definition. O

q,1 < CHRpr,A < CHpr'

The previous corollary holds in considerably greater generality. Refer to [2
Chapters 1,2] for the definition of a rearrangement-invariant Banach function norm
f and the space X () it defines. All of our function norms are relative to Lebesgue
measure on (0,00), but we set 05(f) = 0(f*) for f € L} so that X (6,) becomes a
space of A-measurable functions.

In [2l Chapter 3] it is shown that an admissible map T : L}L + Ly — LY+ LY
of norm at most one maps X (6,,) to X () with norm at most one.

If the triangle inequality property is weakened to 0(f + g) < ¢[0(f) + 6(g)] for
some constant ¢ we call the space quasi-Banach.

Corollary 5.4. Let (S,2,X), (Y,u), B and b be as in Theorem 5.2, If 0 is a
rearrangement-invariant Banach function norm and n is a rearrangement-invariant
quasi-Banach function norm, each relative to Lebesgue measure on (0,00), then for
each C' >0,

mu(Kpg) < Cx(g),
for all g € LT N X(0y) if and only if
n(Hyf) < CO(f)
forall f € LT NX(6).
Proof. Imitate the proof of Corollary replacing || - ||4 and || - ||¢,, by 1 and n,,
respectively, and replacing ||-||, and |- ||p,» by 6 and 6, respectively. The positivity

and admissibility of R and @ implies that R : X (0) — X (05) and Q : X(0)) —
X (0), each with norm at most 1. O

Although Jp and Hy, are related by (Jpf)* = Hyf for all f € L™, it is sometimes
helpful to express their relationship at the level of operators. We will see that, under
mild assumptions on A, B, and ¢, we can find a positive, admissible ® such that
Hy, = ®Jp. (Much stronger restrictions seem to be needed to get a ¥ such that
Jp = WHy. We will not pursue this further here except to say that for many core
maps B one can find a positive admissible ¥.)
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Theorem 5.5. Let (S,X,\) and (Y,u) be o-finite measure spaces, suppose B :
Y — 3 is a core map and let b= (Ao B)*. If b(t) — 0 as t — oo, then there exists
a positive, admissible map ® : L' +L>® — L}L + LY of norm at most one, such that
JB = (I)Hb on Ll + L.

Proof. Our first step is to use the method of retracts to embed (Y, 1) in an atomless
measure space (Y, ji). We may write Y as the disjoint union Yy U (U;erY;), where
Yy is atomless and Y is an atom for each j in some index set J. The o-finiteness of
p implies that J is countable and u(Y;) < oo for each j € J. If g is p-measurable,
then g is constant p-a.e on each Yj; we denote its constant value by g(Y}).

Let Y = Yy U (Ujerl;), a disjoint union, where each I; is an interval of length
u(Y;), each in a different copy of R with Lebesgue measure. Define ji on Y by
ME) = p(ENYo)+ > e, m(ENL;). It is routine to verify that (Y, i) is a o-finite

measure space and
P
9(Y;) onljje€J

defines a linear embedding of L}L + L7 into L}L + Lg°. Clearly, 7 is a positive,
admissible map. The map

— g) on 1/07
Jg=14"1 - _
|1T|f1].9 on Y; for some j € J,

defined for all g € L}] + L2°, is a one-sided inverse of Z satisfying JZg = g for all

'u, )
g e LL + Lj°. Since averaging over the intervals I; does not increase either the Lll1
or L7 norms, J is also a positive, admissible map.

Let A = Ao B. Clearly, up = fiza so b= A* = (ZA)*. By hypothesis, (ZA)*(t) —
0 ast — oco. Since [i is atomless, we may apply [2, Corollary I1.7.6] to get a measure-
preserving ([2, Definition I1.7.1]) transformation o from the support of ZA to the
support of b such that ZA = b o o on the support of ZA.

For each h € L' 4+ L, let hg be the restriction of h to the support of b and
let § = hg o o on the support of ZA and zero elsewhere on Y. Define ®h = 73.
Clearly, ® is a positive operator. Because J is admissible and [2, Corollary I1.7.2]
shows that |hg o 0| = |hg| 0 o is equimeasurable with |hy| we have

@Al oy = 17900 < Nallzy ) = [1ho 0 ollLy suppza) = 1ol Lt supp ey < [Pl

Each of these steps remains valid with “1” replaced by “cc”. Thus, ® is admissible
and has norm at most one.

To prove Jg = ®Hy, we fix f € L' + L™, define F(§) = fOEf and set h = F ob.
Define hy and g as above. If 7 is in the support of ZA, then bo o(j) = ZA(y) and
o(y) is in the support of b, so h o o(y) = hg o o(y). Therefore,

9(y) = hooa(y) = Foboa(y) = Fo (TA)(y).
If 4 is not in the support of ZA, we have g(g) = 0 = Fo(ZA)(y). Thus § = Fo(ZA).
By the definition of Z we see that F'o (ZA) = Z(F o A) so we have

PH f =Ph=Jg=J(Fo(ZA)=JZ(FoA)=FoA=Jgf.
This completes the proof. O

Let 1 < p < oo and 0 < ¢ < oo or, more generally, let § be a rearrangement-
invariant Banach function norm and 7 be rearrangement-invariant quasi-Banach
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function norm, both relative to Lebesgue measure on (0,00). The following dia-
grams commute:

L pp 9 X(0) —2 x(0,) —2— x(0)
(5.3) [H\BJ JK% [Hb JH”\ JKB % JH;,
Lo ML et L X () Y X () - X ()

Dashed Arrows: The map @, over the dashed arrows, only appears when ¢ > 1
and b* — 0, or in the more general case, when 7 is Banach and b* — 0.

Dotted Arrows: For a u-measurable function F, F* cannot, in general, be ex-
pressed as the composition of F with a measure-preserving transformation. See
[2, Example I1.7.7]. However, for many functions F' there is a such a transforma-
tion. In particular, if there is a measure-preserving transformation o such that
b= (Ao B)* = Xo Boo the map U, over the dotted arrows, will appear provided
q > 1 and b* — 0, or in the more general case, when 7 is Banach and b* — 0.

Our final theorem should be viewed as an extension of Theorem [3.231

Theorem 5.6. Let 1 < p < g < oo, let Kg be an abstract Hardy operator and let
b= (Ao B)* be its normal form parameter. Then Kg : L§ — L{, is compact if and
only if Hy : LP — LY is compact.

Proof. Theorem provides maps @, bounded from LY — LP, and R, bounded
from LP — L’;\, such that KgR = Jp and Jp@ = Kpg. It follows that Kp is
compact if and only if Jp is compact.

If Hy, is compact then it is bounded so by Lemma 3.7, b(t) — 0 as ¢t — oo. Thus
Theoremprovides a map ®, bounded from L7 to L§ such that Jg = ®H,. This
shows that Jp is compact.

If Jp is compact then Kp is compact and hence bounded. By Corollary [5.3|
H, is bounded and Lemma shows that b(z) < oo for all x > 0 and b(x) — 0
as * — 00. Assume that Hp is not compact. Then Theorem fails so
either limsup, _, ., b(y)/? y/4 > 0 or lim SUp, 04 b(y)Y/?'y'/a > 0. Now we apply
Lemma [3:22] with A = X o B to get a sequence of unit vectors f,, € LP such
that Jp fy, has no convergent subsequence in L. Thus Jp is not compact. This
contradiction proves that Hp is compact. O

Theorem [2.4] follows from Corollary [5.9] and Theorem [5.6
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