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ABSTRACT. This paper is an informal presentation of material from [28-34]. The
monotone envelopes of a function, including the level function, are introduced and
their properties are studied. Applications to norm inequalities are given. The down
space of a Banach function space is defined and connections are made between mono-
tone envelopes and the norms of the down space and its dual. The connection is
shown to be particularly close in the case of universally rearrangement invariant
spaces. Next, two equivalent norms are given for the down spaces and these are
applied to advance a factorization theory for Hardy inequalities and to characterize
embeddings of the classes of generalized quasiconcave functions between Lebesgue
spaces. This embedding theory is, in turn, applied to find an expression for the
dual space of Lorentz I'-space and to find necessary and sufficient conditions for the
boundedness of the Fourier transform, acting as a map between Lorentz spaces. A
new Lorentz space, the ©-space, is introduced and shown to be the key to extend-
ing the characterization of Fourier inequalities to a greater range of Lorentz spaces.
Finally, the scale of down spaces of universally rearrangement invariant spaces is
completely characterized by means of interpolation theory, when it is shown that the
down spaces of L' and L (with general measures) form a Calderén couple.

1. INTRODUCTION

Monotone functions seem almost too simple to study seriously. What hidden
structure could there be in such straightforward, concrete objects that would war-
rant an abstract treatment, a theory of monotone functions? In these lectures I
hope to convince you that a theory of increasing or decreasing functions need not
be trivial, that it is worth developing because it does reveal a rich structure, and
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that it can shed light on many seemingly unrelated problems, both old and new,
solved and unsolved.

The first observation that we make on our way toward an abstract treatment of
monotone functions (to fix ideas we focus on decreasing functions) is that consid-
erable insight can be gained by investigating the functionals represented by such
functions. In particular this point of view will be crucial when we introduce partial
orders and their associated monotone envelopes.

Next we take a tried and true step in the process of abstraction by passing from
individual objects to collections of these objects. We define a class of Banach Func-
tion Spaces, called Down Spaces, whose structure is determined by the decreasing
elements in the base spaces. As we will see, the functional approach makes it simple
to exhibit the close connection between down spaces and monotone envelopes. Us-
ing down spaces we can apply the whole theory of function spaces to the collection
of decreasing functions in a given space.

Another way to increase the level of abstraction is work with generalized qua-
siconcave functions, functions satisfying two monotonicity conditions, instead of
simple decreasing functions. Our abstract approach simplifies many of the techni-
cal problems that have arisen in work on quasiconcave functions in the past. As
is often the case, simpler methods enable us to push results farther and we benefit
in that way here when we look at embeddings of quasiconcave functions from one
Lebesgue space to another. Other applications of this approach to quasiconcave
functions include a formula for the dual of the Lorentz I'-space and a characteriza-
tion of Fourier inequalities involving Lorentz space norms.

In the last lecture we raise the level of abstraction to the next level when we
investigate the scale of down spaces associated to universally rearrangement invari-
ant spaces and also the scale of their dual spaces. These are completely described
using powerful results from interpolation theory in a series of results that connect
monotone envelopes and K-functionals, construct a large class of operators on down
spaces, and establish a simple correspondence between a universally rearrangement
invariant space and its down space.

2. MONOTONE ENVELOPES

Three Partial Orders.

Fix a measure A on R satisfying A(—oo,z] < oo for all x € R. A A-measurable
function f is determined by its values f(x) for Ad-almost every point z. It is equally
well determined by the values, [ fhd) for a \-measurable function h, of the func-
tional it determines. (Integrals written without limits are understood to be taken
over R.)

It will be useful to consider the partial orders defined below both in terms of
the pointwise description of the functions f and g and in terms of their functional
description. With

If(ac):/( ]fd)\ and I*f(:z:):/ FdA

[2,00)
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we have three partial orders defined on non-negative functions.

(1) f<g: f(x)<g(x) for M\-almost every z € R.
(2) If<Ig: If(x)<Ig(z) forxeR.
(3) I'f<r‘g: I'f(x) <I*g(zx) forzeR.

The same three notions of partial order are expressed in terms of the functionals
associated with f and g as follows. It is an exercise in measure theory to prove that
the two definitions are equivalent for each partial order.

(1) f<g: /fhd)\g/ghd)\ for all A > 0.
(2) If<Ig: /fh d)\ < /gh d)\ for all decreasing h > 0.
(3) I'f<I‘g: /fh d\ < /gh d\ for all increasing h > 0.

Decreasing Envelopes.

Among all decreasing functions that lie above a given non-negative function f,
there is a unique least one. This is our first example of a monotone envelope, the
least decreasing majorant of f. Note that we need a notion of the order of functions
in order to interpret the words “least” and “majorant”. Here we are using the first
partial order defined above: For f > 0, let f! be the least") decreasing majorant(!)
of f. That is, let f! be the unique non-negative function satisfying f < ft, f!
decreasing, and whenever f < g with g decreasing then f! < g.

The second kind of monotone envelope is the greatest decreasing minorant, where
again, “greatest” and “minorant” are understood to refer to the usual partial order
on functions: For f > 0, let f| be the greatest(!) decreasing minorant(*) of f. That
is, let f| be the unique non-negative function satisfying f > f|, f| decreasing, and
whenever f > g with g decreasing then f| > g.

By changing the partial order, we change the meanings of the words “least” and
“majorant” and arrive at a new least decreasing majorant, called the level function
of f. For f >0, let f° be the least(?) decreasing majorant(®) of f. That is, let f° be
the unique non-negative function satisfying I'f < I f°, f° decreasing, and whenever
If < Ig with g decreasing then If° < Ig.

These envelopes arise naturally in connection with norm inequalities for various
positive operators. Applications of monotone envelopes to rearrangement invariant
spaces and to Lorentz spaces in particular are important. They are also a feature
of work involving concave and quasiconcave functions and therefore of the theory of
interpolation spaces and interpolation of operators. Pointwise formulas are available
for each envelope and have been the main approach to working with them in the
past. However, as we will see, formulas given in terms of functionals provide a
useful alternative approach and are well worth the extra effort required to prove
them.
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Pointwise versus Functional Formulas.
Establishing the existence and the following pointwise formulas for f! and f| is
another exercise in measure theory. We have,

F(z) = esssupy f(y) and  f|(z) = essinfy £(y).

y>x y<wz

A bit more work is required to construct a pointwise formula for the level function.
If the measure A is Lebesgue measure on the half line then f° is the derivative of the
least concave majorant of If. For a general measure A\, one introduces the notion
of a A-concave majorant and appeals to the Radon-Nikodym derivative to get the
pointwise description of f°. Specifically,

o _ (41

where p(—o00, z] is the least A-concave majorant of I f(z). See [27] for details.
Functional formulas for the first two decreasing envelopes are simple in form and,
interestingly, involve the second partial order. For g > 0,

/flgdA: sup /fhd)\
Ih<Ig
and

/flgdA:I;erlflg/fhd)\.

Although the pointwise description of the level function can be rather compli-
cated to work with, the functional formula is simple. It also demonstrates the
similarity between the monotone envelopes with respect to the different partial
orders. For decreasing g > 0,

/fogd)\: sup /fhd)\.
Ih<Ig

h decr.

Proofs of these three functional formulas may be found in [31] but the idea
behind the proofs may be simply illustrated by looking at the case of a well-behaved
function f. For fixed g > 0, and any h > 0 satisfying Ih < Ig, properties of the
envelope f! and of the second partial order yield

/fhdAg/fihdxg/flgdA.

Taking the supremum over all such functions h yields

/flgdAz sup /fhd)\.

Th<Ig
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A technique called pushing mass enables us to reverse this inequality by constructing
a non-negative function h from the fixed function g such that Ih < Ig and such
that both inequalities above reduce to equality. The idea of this construction is to
take h to be equal to g off the intervals where f # f! and construct h from g on
each of these intervals by “pushing” the mass of g onto the right endpoint of the
interval. (Notice that this construction makes h a measure rather than function.
Some approximation is necessary to ensure that h remains a function.)

N4

Figure 1: An example of a “well- Figure 2: f differs from f! only on
behaved” function f and its least a collection of intervals and f! is
decreasing majorant f1. constant on these intervals.

e L

Figure 3: f! and an “arbitrary” Figure 4: f! and h. The function
function g. Here ¢ is shown as a h is formed by pushing the mass of
shaded mass distribution. g to the right on each interval.

The total mass of g has not changed in forming A and, moreover, the mass of g
has been pushed only to the right to form h. It follows that Ih < Ig. Since f' is
constant on the intervals where f and f! differ, and g and h have the same mass
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on each such interval, we see that

/flhdA:/figdA.

The final requirement is that
/fhdA:/fihdA.

But h has been constructed to be zero on each interval where f and f! differ so
this is also satisfied. We conclude that for this A,

/fhdA:/fihdA:/flgdA,

which completes our sketch proof of the functional formula for f*,

/figdA: sup /fhdA.
Ih<Ig

A similar argument illustrates the corresponding formula for f|, where this time,
mass is pushed to the left in order to construct h from g.

Some different techniques are employed to prove the functional formula for f°.
One inequality follow readily from the functional definition of the second partial
order. If g and h are decreasing and Ih < Ig then

/fhd)\g/fohd)\g/fogd)\.

Taking the supremum over all such functions h yields

/fogd)\z sup /fhd)\.
h eer

Pushing mass fails to prove the reverse inequality in this case because the construc-
tion of A from g as above does not preserve monotonicity and so does not produce a
decreasing h even though g is decreasing. Instead, a family of averaging operators
is employed to complete the argument.

If I, are disjoint bounded intervals define the operator A by

Af(x) — ﬁffk fd)‘a CUEIk
f(ill), € ¢ Up L5
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Note that each different collection {I;} of disjoint bounded intervals defines a new
averaging operator A. The collection of all such operators is denoted A. It is easy
to check that each A € A is formally self-adjoint, that is,

/ (Af)gdr = / F(Ag)d.

The averaging operator A that we use to prove the functional formula for f°
comes from the function f by defining the intervals I, to be the bounded compo-
nents of the open set

{zeR : If(x) <If°(z)and If(z—)<If°(x—)}

with one or both endpoints as appropriate. (Special care has to be taken if the set
has an unbounded component.) These intervals are called the level intervals of f.
The level function, f°, is constant on each level interval and Af = f°. The effect of
averaging f on these particular intervals is that I f is increased to its least concave
majorant, I f°.

A

Figure 5: A function f. Figure 6: The integral Figure7: Ifand If°,its
If of f. least concave majorant.
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/\

/

Figure 8: If°, If and Figure 9: f? and f. f° Figure 10: The decreas-
the level intervals of f.  is the result of averaging ing function f°.
f on each level interval.

Now define h = Ag. Since g is decreasing, h is decreasing and Ig > [ Ag = Ih.
With this A the formal self-adjointness of A provides

[ regar= [ngar= [ ragar= [ snax

and completes the proof of

/fogd)\: sup /fhd)\.
Ih<Ig

h decr.

We actually get a little more. For decreasing g > 0,

/fogd)\ = sup /f(Ag) d\ = sup /fhd)\.
AeA Ih<Ig
h decr.
The Missing Envelopes.

Once these technical arguments have been made we are free to use the func-
tional descriptions of the three monotone envelopes we have defined. Before we
continue with applications of monotone envelopes let us pause to consider the miss-
ing envelopes. Since we look at both the least decreasing majorant and greatest
decreasing minorant and we began with three partial orders, we expect six decreas-
ing envelopes but so far have only considered three. (The increasing envelopes are
completely analogous and need not be considered separately.)

The greatest(?) decreasing minorant(® of f may not exist. This is a consequence
of the observation that the lattice of decreasing functions with partial order I f < Ig
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is closed under meets but not joins. An example in [31] exhibits two decreasing
minorants(?) of a function f such that no decreasing minorant(® of f is greater(?)
than both.

The least® decreasing majorant(® of f may not exist. The lattice of decreasing
functions with partial order I f < I*g has joins but not meets.

The last decreasing envelope of f is the greatest(®) decreasing minorant® of f.
Suprisingly, this is just f°, the level function again! The same function f° that we
defined to be the least decreasing majorant of f with respect to the partial order
I1f < Ig is also the greatest decreasing minorant of f with respect to the partial
order I*f < I*g. Specifically, I*f° < I*f, f° is decreasing, and if [*g < I'*f and
g is decreasing then I*g < I* f°.

Remarks (See [24, 27, 31])

For general f (possibly taking negative values) we define f! = |f|! and f° = |f|°.
The map f +— f! is not linear, but it is sublinear: (f 4+ g)! < f! + gt

Clearly f < g implies f! < g! and f,, T f implies f} T f}.

The map f — f is not linear, it is not even sublinear.

It’s obvious that if I f < Ig then If° < Ig°.

It’s true, but far from obvious, that if f < g then f° < g°.

It follows that if f,, T f then f° 1 f°.

The level function can be extended from well-behaved functions to general mea-
surable functions using order instead of continuity.

Application: Transferring Monotonicity.
Let k(x,t) > 0 be decreasing in t for each x and let K be the integral operator

Kf(z)= /k(a:,t)f(t) d(t).

The functional definition of the second partial order shows that Ih < If implies
Kh < K f. Suppose we have a norm (or more generally a functional) that satisfies
£l < |lgll whenever f < g. Then we can transfer monotonicity from the kernel k
to the weight u in certain weighted norm inequalities. The functional descriptions
of ul, u; and u® make the proofs of the following three equivalences very simple
and quite similar to each other. We prove only the first. See [31] for details.

The two inequalities

[rumr<cigs) amd [ putar<clgg|

are equivalent in the sense that if one holds for all f > 0 then so does the other.
Since u < w! it is clear that the second inequality implies the first. Suppose now
that the first inequality holds. We have

/fui d\ = sup /hud)\ < C sup |Kh| = C||Kf].
Ih<If Ih<If
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A similar argument shows that the two inequalities

|Kf) <C / fud\ and |Kf| <C / fuy dx

are equivalent in the same sense. For the third pair of inequalities we restrict our
attention to the non-negative, decreasing functions. The two inequalities

[rumr<eigs) amd [ juean<cjgg)

are equivalent in the sense that if one holds for all decreasing f > 0 then so does
the other.

As an example to illustrate the above technique we offer a result involving the
weighted Hardy inequality with p = 1. Suppose 0 < ¢ < 1. Let u and w be
non-negative functions. The inequality

([ ([ o))" s "

holds for all f > 0 if and only if

([ ([ ) werm)" s m

does. The monotonicity of u| is the key to showing that the latter inequality holds
if and only if
(1-a)/q

(/OOO ) ()7 @) (/:o w)q/(l_q) w(z) dm) < .

It is important to observe that u! arises naturally in this problem and remains
essential in the solution. Finiteness of the above integral with u! replaced by wu is
no longer equivalent to the above Hardy inequality. For a proof of this result and
an example to show that u! is essential see [34].

Banach Function Spaces.

For a proper introduction to the theory of Banach function spaces see [5, 35].
We make some definitions here for easy reference.

A Banach function space X is a Banach space of A-measurable functions satis-

fying
geXand |f|<|g] = fe X and|f]x <lglx-

The (Kothe) dual space X' is defined by

dX

s nd X =gl < oo}

To avoid technicalities we assume X has the Fatou property:
fn T f and || fn]x bounded = f € X and || fnlx Tflx-
It is known that the Fatou property is equivalent to X = (X')".
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Down Spaces.
The definition of the dual norm leads immediately to a general Holder inequality
for X and X,

[ 15913 < 17l lgl-

This inequality cannot be improved without restrictions on f or g. That is, for
fixed g there is an f that makes the ratio of the two sides as close to 1 as desired.
Also, assuming the Fatou property, for fixed f there is an g that makes the ratio
of the two sides as close to 1 as desired.

However, if f is fixed and ¢ is known to be decreasing, then some improvement
can be expected. This is because the functions g that make the ratio of the two

sides close to 1 may not happen to be among the decreasing functions. Define the
down space of X, denoted D(X), by

flgdA
DOX) = {f: [fllpex) < 0o} where [[flpy = sup  IE199A
0<g decr. ||g||X’

to get, for all (non-negative) decreasing g,

[17lgar< ool

Since the norm in D(X) is less than or equal to the norm in X, this improves
the Holder inequality above. Before it can be of use, however, it is necessary to
understand the norm in D(X).

As we will see, the norms in the down space, D(X) and its dual, D(X)" are related
to the norms in X and X’ via decreasing envelopes. To make this connection we
first note that the definition of the down norm ensures || f|px) < [/ f|x for all
f € X. Also, the functional description of the second partial order shows that
HhHD(X) < HfHD(X) whenever Ih < [f

We begin by looking at the simpler and more general relation between the dual
space D(X)" and the monotone envelope g'. See [17] for a statement of this result
in greater generality.

Theorem. For any Banach function space X, a function g is in D(X)" if and only
if gv s in X'. In fact,
HQHD(X)’ = Hgi”X’-

Proof. Fix a A-measurable function g. For any non-negative f,

/ flgldx < / fgbd\ < [1flooo g -

Taking the supremum over all f yields ||g]|p(xy < llg*]|x
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On the other hand, using the functional description of g!, we have

/fgld)\: sup /hgd)\
Th<If

< sup |[|hllpx)llgllpexy
Ih<If

<[flloex) lgllpexy
<[ fllxlgllpx) -
Taking the supremum over all f yields ||g| p(x) > [lg*||x to complete the proof.

The relationship between the down space and the monotone envelope f° is similar
but holds in less generality.

Theorem. For any Banach function space X, f € D(X) whenever f° € X and
I fllpxy < 1f°lx-

If the averaging operators in A are contractions on X then f° € X whenever
feD(X) and
1fllpey = 11°1x-

Proof. Since I f < If° we have

Ifllpx)y < 1o < 111l

On the other hand, if the operators in A are contractions on X then it follows from

the formal self-adjointness of the operators in A that they are also contractions on
X'. Thus

/fogd)\ < /f"god)\: sup /ngod)\
AcA
< sup || fllpex)lAg°lx = sup [[fl o |AAggllx < [ fllpex)llgllxe-
AcA AcA
Here A, is the averaging operator in A based on the level intervals of g, so that

Agg = g°. Taking the supremum over all g € X’ yields | f|px) > [|f°[lx and
completes the proof.

The down spaces give a simple perspective on the D-type Hoélder inequalities
introduced by Halperin and Lorentz in [12] and [19]. If f > 0 and g is decreasing
then

/ Fgdr < I flx gl

The inequality is sharp if the operators in A are contractions on X. In fact, we
have established the more general fact that, for any f,g > 0,

/fgdA < fllocollglloxy = 11Flxllg lx-

The inequality is sharp if the operators in A are contractions on X.
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Rearrangement Invariant Spaces.

The last theorem leads us to investigate spaces X on which the operators in A
are contractions. A large, well-studied class of spaces with this property is the class
of rearrangement invariant spaces. See, for example, [5].

Functions f and g are equimeasurable provided

Mt (@) > a) = Ma : |g(2)] > )

for all & > 0. A Banach function space X is rearrangement invariant (r.i.) if
equimeasurable functions have the same norm in X.

The (generalized) inverse of the decreasing function o — Az : |f(x)] > a} is
called the decreasing rearrangement of f and denoted f*. For any f and g,

Mz [f(2)] > af = {t>0: /1) > a}]

/fgdA < /OOO g

A Banach function space X is called universally rearrangement invariant (u.r.i)

and

if
t t
/ £+ g/ g forallt >0 = ||fllx <llgllx-
0 0

Since equimeasurable functions have the same rearrangement, it follows that a u.r.i.
space is always r.i. The converse holds if the underlying measure \ is resonant, that
is, if for any A-measurable f and g

sup /fhd)\:/ frg*.
h*<g* 0

It is well-known that a o-finite measure is resonant if and only if it is non-atomic
or else purely atomic with all atoms having equal weight.

Here we consider u.r.i. spaces over general measures. This automatically includes
all r.i. spaces over resonant measures. We avoid r.i. spaces over measures that are
not assumed to be resonant because this setting has some unpleasant complications.
For example, the dual of a u.r.i. space is u.r.i. no matter what the measure but
the dual of an r.i. space need not be r.i. if the underlying measure is not resonant.

Exercise. Construct an r.i. space whose dual is not r.i.

Roughly speaking, if the norm of f in X can be expressed in terms of f* then
X is r.i. For example,

£l E/!f\dAZ/O frand [ f]Le Eesszlépxlf(w)lzsupf*(t)

t>0
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so L' and L® arer.i. spaces. We can do better than this, however. If fg < (fg*
for all £ > 0 then

t t

I = Jim [ 57 < Jim [ g = gl

and
I I

Il =t 7 [ 77 <tim s o = lal
so L' and L* are u.r.i. The spaces L' and L* are much more than just examples
of u.r.i. spaces. They are the starting points for a beautiful description of all u.r.i.
spaces coming from the theory of interpolation. One consequence of this description
is that any operator that is bounded on L! and L is bounded on all u.r.i. spaces.
We can apply this important fact to the averaging operators introduced above.

It is a simple matter to verify that every A € A is a contraction on both L! and
L> and thus each A € A is a contraction on every u.r.i. space.

Corollary. If X is a w.r.i space with the Fatou property then | f|px) = [[f°|lx
and || flpcxy = [/ x-

Explicit expressions for the down norms of L' and L> are easy to find and will
eventually lead us to a complete description of the down spaces for all u.r.i. spaces.

o = 17710 = [ 72ax= [ aglfiar= [ 1713 =17l

Thus D(L') = L' with identical norms.
Recall that I f(z) = f(_oo o f dA and set A(z) = f(_oo 2 dA. Then

I£lp=) = £l = Jim_f°(e) = lim _17°(s)/Alx) = esssupa I£°/A.

But If° is the least A-concave majorant of [f and it is easy to check that the
function

(esssupx 1| f|/A)A
R
is a particular A\-concave majorant of I|f|. It follows that

esssupy I f°/A < esssupy I|f|/A.
R R

Since I|f| < If° this inequality is actually equality and we have
Ifllpze=) = €55 SUp) IfI/A = U1/ Al e

It is important to point out that the down space of a u.r.i. space need not be
u.r.i. For example, D(L*°) is not u.r.i. Let A be Lebesgue measure on (0,00).
For each y > 1 set f, = X(y—1,4)- Then fj = x(0,1) for all y so the f, are all
equimeasurable. However, f7 = (1/y)x(o,y) SO

[fyllpzeey = 1/l = 1/y
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Weighted Lebesgue and Lorentz Spaces.

There are LP spaces of functions defined on any fixed measure space. A feature
of weighted Lebesgue spaces is that they may be viewed as Banach function spaces
with respect to various measures. The choice of measure does not change the
underlying Banach space or its Banach dual but it does have implications when
considering rearrangement invariance and the Kothe dual.

Let 1 <p < oo and let w: R — [0, 00| be A-measurable. The weighted LP space

with norm
1/p
11zt = ( / |f|pwdA) £l

may be viewed as a Banach function space of A-measurable functions or as a Banach
function space of (w)-measurable functions. With the right choice of measure, a
weighted LP space is u.r.i.

In the first case the dual norm of g is

ffgd)\ (/ S 1/p/
sup to—— = 9| w P dA =lgll, o (1w
£ I lee ) LY (wi=rh)

and in the second case the dual norm of g is

fgwd\ , /v
sup 4 S9N _ J
e ’,

These two norms lead to different, but isometrically isomorphic, spaces of func-
tions.

With this in hand we consider the dual of Lorentz space. Let A\ be a resonant
measure, let 1 < p < oo and suppose w is a decreasing function on (0,00). Then
Ap(w) is the space of all A-measurable functions f for which

1 lla, ) = 177
The dual of A,(w) has norm

[fgax _ Jy gt/ w)w
e o

LP <OO

w

191l w): = sup = llg"/wll pepey-
s (%)

Since LP is r.i. with respect to the measure w(z) dz, we have

191[a, () = I(g" /w)°[[ o

The above calculation is valid even when w is not decreasing, although in that case
the “norm” in A,(w) does not satisfy the triangle inequality.

Since pointwise formulas for the level function are not easy to work with, this
formula can be unwieldy. However, it does show that equivalent norms for D(LZ)
give equivalent norms for the dual of A,(w).
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Equivalent Norms for the Down Spaces.
Let A(z) = M(—o0, x| and define the dual operators P and @ by

Po(o) = 315 /(_oo,m]gdA ad Qf@) = [

[,00)

d\
iy
Note that if g > 0 is decreasing then Pg is decreasing and g < Pg. Also, if f > 0

then Qf is decreasing.

Theorem. If X is w.r.i. and Q is bounded on X then | f||px) =~ |Qf||x for all
non-negative f.

Proof. 1If g is decreasing then

/ Jgdr < / f(Pg)d = / (@)gdr < QS Ixllglx-

Taking the supremum over all decreasing g gives || f||p(x) < [|Qf] x-
On the other hand, since X is u.r.i. and @ is bounded on X, X’ is u.r.i and P
is bounded on X'. Thus, ||P¢°||x: < C|l¢°|lx' < C||g||x+ for any g > 0 and so

/ (Qf)gdA < / (QF)g° dA = / F(Pg°)d < Ol flpeo gl x-

It follows that ||Qf||x < ||f|lp(x) to complete the proof.

There is also an equivalent norm for D(X) involving the P operator. Let L map
f to the constant function

i) = Pi(oe) = L L2

Then Lf = Lf°. Note that if A is an infinite measure then Lf(x) = 0 for all f.
The following technical lemma appears in [28].

Lemma. If A is resonant and X is r.i. then ||[(P+ L)f°||x <3||(P+L)f]| x-

Theorem. If \ is resonant, X is r.i., and the operator P + L is bounded on X
then || fllpx) = (P + L) f|| x-

Proof. || fllpex) = 1f°llx and

sFolx < 3IPfollx < NP+ L)fllx < (P +L)fllx < Cllf°llx-

These two equivalent norms extend earlier results involving the norm of D(X),
see [12, 19, 1, 23, 14]. Suppose 1 < p < oo and W(x) = foxw and consider the
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D-type Holder inequality. If f > 0 and g is decreasing then

([ o) ()"

’ 1/p
00 00 ﬂ fOOOf p < 0o ) >1/p
/0 fg<3 /0 (fomer—fooow w(z) dz /0 9w

We also easily deduce a known result for the dual of Lorentz space: For any g,

9lla, (w)y = </OOO (/:O %)p/ w(x) d:c)

x [o'e) P’
o0 fo g* f() g*
lglla, oy = / T TN ) de
(w) 0 fo w fo w

Application: Factoring Hardy’s Inequality.

Hardy’s inequality is often viewed as an inequality in ¢P sequence spaces and
even more often as an inequality in L? for Lebesgue measurable functions on the
half line (0, 00). Its applications and generalizations have received a great deal of
attention from [13] to [22, 18] and the references therein. For many years the two
views developed more or less separately, each with their particular techniques. We
argued in [32] that the natural setting for Hardy’s inequality is as an L% space
inequality for functions with respect to a general measure A\. A great many results
in both the sequence case and the case of Lebesgue measurable functions can be
achieved much more simply from that point of view.

Consider the following question: For which measures A, yu does P : LY — L
boundedly? Because there are two indices and two measures in this formulation
one does not expect a simple answer but surprisingly, a simple answer is available.
The techniques used to provide this answer vary greatly and can be quite technical.
We show that all the major results can be deduced from a simple factorization
where the Hardy inequality is used on a single space (one index and one measure)
and the condition which ensures the boundedness of P arises naturally from the
requirement that the monotone functions in one LP space are embedded in another.

The “One Hardy Inequality” needed to carry out this factorization follows readily
from the classical Hardy inequality, together with standard results from the theory
of rearrangements. If p > 1 then P : LY — L%, specifically,

ol ool o) s ()

1/p’

1/p’

1/p’

1
— d\
A(IL‘) /(—oo,:r] f
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The existence of the level function provides a crucial reduction of the above
question. See [24, 25]. The Hardy averaging operator is bounded if and only if
its restriction to decreasing functions is bounded. Specifically, P : L — Li is
bounded if and only if P : L N {decr.} — L? is bounded. Moreover the bound
is the same. In the proof of this reduction, one direction is obvious and the other
follows from a simple estimate using the level function.

I1Pfllcs <[Pflles < Cllfllee < Cllfllee
A decreasing function f is less than or equal to its average, P f. This observation,
together with the One Hardy Inequality above, shows that [|f|[z and [[Pf| .
are equivalent for decreasing functions. Therefore P : LY — Li if and only if

id . . . .
L% N {decr.} &5 Li. This can also be viewed as a factorization where the Hardy
operator is applied only to the decreasing functions in a single space,

LY N {decr.} il LY N {decr.} 9 L
For this factorization to give a simple answer to our question we need a simple
characterization of the embedding step. We need to know for which measures A\, p
is .
LY N {decr.} -t Li?
This splits naturally into two cases. If p < g then an application of Minkowski’s
integral inequality yields the characterizing condition,

sup pu(—00, 2] Y I\ (2) 7P < 0.

To handle the case ¢ < p we make the obvious substitution to reduce to the case
q = 1 and then use the first equivalent norm for D(X) = D(L’;/ 7). The embedding

holds if and only if Qu € L¥/P~% where Qu(z) = Sraoey 2

Related Inequalities.

As an illustration of the flexibility of this method we show how easily a class
of related inequalities can be characterized along with the Hardy inequality itself.
Suppose ¢ : (0,00) — R is either concave and increasing or convex and decreasing.
Define the operator T on f > 0 by

= (o to o z) =t L .
Ti(x)= (™" o Plpo H)(x) = ¢ (A@,«) /(_owlso(f(t))w(t))

Then T : LY — LY if and only if P : LY — LY. To see this, observe first that
Jensen’s inequality implies T'f < Pf so the boundedness of P implies the bound-
edness of T. On the other hand, for a decreasing function f we have f < Tf
so the boundedness of T" implies the boundedness of the embedding of decreasing
functions. As we have just seen, this implies that P is bounded.

In particular, this gives a characterization for the boundedness of the Geometric
Mean Operator, just take ¢(t) = log(t). It also gives a characterization of Hardy’s
inequality for negative indices by taking p(t) = 1/t.
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3. QUASICONCAVE FUNCTIONS AND FOURIER INEQUALITIES

We require the following facts from the previous section. If I, are disjoint
bounded intervals define the operator A € A by

Af(;]j) = ﬁffk fd)‘? x € I
f(@), v ¢ Uply.

Let f > 0. For all decreasing g > 0 the level function f° of f satisfies

/fogd)\: sup/f(Ag)d)\: sup /fhd)\.
2= il

Suppose 0 < ¢ < 1. The Hardy inequality with p = 1,

([ ([ ) srw) s o

holds for all f > 0 if and only if
(1-a)/q

( [T () T @) dx) .

Embedding Quasiconcave Functions.

A Lebesgue measurable function f on (0, 00) is quasiconcave if f(x) is increasing
and f(x)/x is decreasing. (The term quasiconcave is sometimes used to denote any
function equivalent to a quasiconcave function but we do not make that definition
here.) It is convenient to introduce generalized quasiconcavity as well. For a+3 > 0,
let Q5 be the collection of functions f such that 2 f(x) is increasing and == f(x)
is decreasing. Clearly, ¢ ; is the collection of quasiconcave functions.

In view of our experience with embedding the decreasing functions it seems
reasonable to ask the following question. For which «, §, v and w is

LP(w) N Qug 2% LI(u)

bounded? See [15, 20, 21] for some results on this and related questions. We will see
later that an understanding of these embeddings will lead to applications involving
the dual of Lorentz spaces and to Fourier inequalities between Lorentz spaces.

Following the method introduced in [29] we work on the above question in this
form: We wish to find all a, (3, u and w for which

o) _
f€Qa,p ”fHLP(w)
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The first step is to replace f by f/? to reduce to the case p = 1. Note that f € Qa8
if and only if fP € Qp4 pg

Next, for f € Q45 let g(x) = 2/(@F8) f(1/(@+0)) o reduce to the case a = 0
and 3 = 1. It is easy to check that g € Qo 1, || fllza(w) = l9llze@) and || f|lL1w) =
|9/l (wy, for appropriate weights U and W, given in terms of u and w.

These two observations reduce the question to finding all 4 and w for which

gl e (o
sup ————— <
9€Q0,1 fgW

Operators that Map (almost) Onto Q,, s.
Introduce the operators H,, H” and H? by

H,h(z) =z~ / t*h(t)dt, HPh(z) = 2" / t=Ph(t)dt and
0 x

HPh(z) =Hyh(z) + HPh(z) = /OOO min((t/z)%, (z/t)?)h(t) dt.

It is easy to check that [~ (HEf)g = [~ f(Hgg). Also, and most importantly for
us, if A > 0 then th € Qu 3.

It is a well-known fact that every quasiconcave function is equivalent to its least
concave majorant. Since every concave function is differentiable almost everywhere
it is easy to see that every concave function is the limit of an increasing sequence
of functions in the range of Hj. The conclusion, stated more precisely, is that if
g € Qo1 then there exists h,, > 0 such that H}h, T g and %g < g < g. This enables
us to replace the supremum over all g € {29 ; by a supremum over all non-negative
functions. Now we wish to find those u and w for which

IHghll Loy
SUP
n>o [(Hgh)W

Using HE = Ho+ H! in the numerator and moving the operator to W in the de-
nominator reduces the supremum to two weighted Hardy inequalities. Specifically,

sup | Hoh|| La(u) <o and sup |H A Lo
n>o [ h(HYW) n>o [ h(HYW)

Our work on the Hardy inequality with p = 1 provides a characterization for the
finiteness of each of these suprema.

Necessary and Sufficient Conditions.
Combining the two conditions we get above into one condition and carefully
making our way back from the case a = 0, b = 1, and p = 1 to the general case
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yields a simple answer to our original question. As usual with such embeddings, it
splits into two cases. If 0 < p < ¢ < oo then

sup Il e

~ sup[HYGv ()] VP [HIGu(t)) /9.
Qs IfllLrwy >0

B

If0<g<p<ooand 1l/r=1/q—1/p then

||f||Lq(u) (/‘00 B )
_— HP%y r/p H%, T/pu
S0 Tl =\, Hasw) T (Hygw)

1/r

An alternate form of this will be useful. After integration by parts we see that the
last integral is equivalent to

0o dt\"" 2 pagu
HOu(t)"/ HSvo(t) 7/ Hypo(t) _> [EPS)
(/O B P t |z~ e (v)
o dt\"" 2P| L)
H ¢ r/quoz ¢ 71"/qu0¢ 1) = e nLrw)
+ (/0 qpu(t)" T Hp 5 o(t) vlt) 3 ) 125 | Lo ()

Application: The Dual of the Lorentz Gamma Space.
The Lorentz space I',(v) is defined to be the collection of A\-measurable functions
such that
1 £, ) = 1 e ) < oo

Here f**(z) = % fom f* and f* is the non-increasing rearrangement of f with respect
to the measure \.

The dual norm for this space has been shown to be another Lorentz I'-space
in [11, 9, 10]. The work above on embeddings of quasiconcave functions provides
another expression for the dual norm.

Suppose 1 < p < oo and A is a resonant measure. Then

1910, @y 2 197N Lo o) 1197 = 97 27wy + Vollg™ 12 + Voollg™[| 1

where

’

vo(t) = % (tlp /Otv(x)dx—l-/toov(x)i—:)_p tlp/Otv@;) da,

/

= ([ dm.)‘”p wa v = ([T oto dx)‘”p.

For details of the proof see [29]. An unusual feature of this expression for the dual
norm is the appearance of the term ¢g** — ¢g*. Spaces defined using this expression
are called Lorentz S-spaces, see [8], and defined (modulo constant functions) by

1915, 00) = 197" = ™| Lo ) -
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Why Should f** — f* Appear?.

Given g we can solve the equation f**(t) = 1¢**(}) and check that g**(t) =
1(3) as well.

Moreover, if w(t) = v(%)tp_2 then v(t) = w(%)tp_Z and

1N, ) = 1 e ) = 19 |2 (w) = I9]lIr, (w)

so the correspondence between f and g above gives an isometry of Lorentz I'-spaces.
However,

1A, ) = 1 ey = 197 = 9" | Lp(w) = 195, (w)

Evidently this isometry between I'-spaces does not extend to the larger A-spaces. In
fact, its extension interchanges the factors in the intersection I',(v) = A, (v) NS, (v),
taking Ap,(v) to Sp(w) and Sp(v) to Ap(w) while preserving the I'-spaces.

We have seen that the dual of a A space is a I'-space. Via this isometry we see
that the dual of an S-space is also a I'-space. It is natural then, that the dual of a
I'-space should have aspects of both A- and S-spaces. Our expression for the dual
of the I'-space makes this clear.

The Fourier Transform on Lorentz Spaces.
For an application of both monotone envelopes and the embedding of quasicon-
cave functions we turn to the Fourier transform on R"™ defined by

Fiw) = [ i)y

For related work on the boundedness of the Fourier transform see [2, 4, 3|. Since
F:L'— L* and F : L? — L?, there is a D > 0 such that

/Oz(ff)*(t)2dt < D/OZ (/Ol/t f*>2 dt, z>0.

This is a result from [16] and applies to any operator that maps L' — L* and
L? — L2, that is, to every operator of type (1,00) and (2,2).

Fix an f and let h(t) = (1/D)(Ff)*(t)? and g(t) = ( Ol/t f*)2 Observe that

Ih <1Ig, h is decreasing, and g € (s .
Let u,v : [0,00) — [0, 00] and let C be the best constant in

(/Ooo(ff)*(t)qu(t) dt>1/q <c (/Ooo (/Ol/t f*)pv(t) dt) 1/p

A simple change of variable shows that this inequality expresses the boundedness
of the Fourier transform as a map from I'’(w) — A%(u). Here w(t) = tP72v(1/t).
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We ask for which weights v and v is this C' finite?
First we look at a sufficient condition for the finiteness of C'. With g and h as
above we see that if ¢ > 2 then

h / A /
CYD < sup sup Wl 1490 2y
900 1<t 19lLr2w)  ge0aoaca gl

dec

The corresponding necessary condition depends on the features of the Fourier
transform and requires a certain amount of careful construction, see [30]. The result
is this, if ¢ > 0 then

Aw
C? > (const) sup sup Hz”ﬂ
20 AcA [lwzlLerz(v)

Here w,(t) = min(z72,¢t72).
Restricting our attention to the case where necessity and sufficiency overlap we
see that if 0 < p <2 < ¢ < oo then

(e[ ) os)

holds if and only if

HszHLq/z(u)
sup sup —————
2>0 Ac A ||wZ||LP/2(’U)

Since the sufficient condition applies to more operators than the necessary con-
dition we can draw the following conclusion from the existence of a necessary
and sufficient condition, even without appealing to the form of the condition: If
0 < p <2< g < oo and the Fourier transform is bounded from I'y(w) to I'y(u)
then so is every operator of type (1,00) and (2,2).

Before we can reasonably say that we have characterized the Fourier inequality
with the necessary and sufficient condition just given we have to ask an important
question. Is the weight condition easier to handle than the original inequality? It
is not clear that this is the case in general, but in the important special case ¢ = 2
the condition becomes very simple indeed.

If 0 <p <2 then

”szHLl(u) ”wzHLl(uo)
sup sup ————— = T
2>0 Ac A ||WzHLP/2(v) 2>0 “‘“‘JZHLP/Z(U)

1oe NP o dt\ VP
%igl:(;(ﬁ/o u) (ﬁ/o U(t)dt+/:r v(t)t—p)
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The finiteness of the above expression is necessary and sufficient for any one of
the following equivalent statements:

F :Tp(w) — I'y(u)
F :Tp(w) — Aa(u)
F :Tp(w) — Iy(u®)
F :Tp(w) — Ag(u®)

The Fourier Weight Condition and an Optimal R.I. Space.
Let p > 1. A concrete expression for

1/p 1/p
sup (/(Ag)pu> = sup (/ hpu)
AcA P deer

for all decreasing g (or just for g € 23 9) would extend the weight characterization
for the Fourier transform on Lorentz spaces.
Define the space O,(u) by its norm,

1/p 1/p
l9llo, ) = sup (/h”U) = sup (/(h*)pu> .
Ihhgelcg: h**gg**

It can be shown that O,(u) is a Banach space for any u and that we have the
embeddings
[p(u) C BOp(u) C Ap(u).

In fact, ©,(u) is the largest r.i. space contained in A,(u) and if A,(u) can be
renormed to become a Banach space then all three spaces coincide, up to equivalent
norms.

The connection with monotone envelopes is that if p =1 then ©1(u) = Ay (u®).

A CALDERON COUPLE OF DOWN SPACES

Our construction of down spaces and their duals demonstrates a surprising con-
nection between the two monotone envelopes, the least decreasing majorant and
the level function. One envelope gives an expression for the norm of the down space
and the other an expression for its dual. Specifically, if X is a u.r.i. function space
then

£l = 1fllx  and  lgllpy = llg*]lx-

A fundamental result of Calderén [7] shows that the u.r.i. spaces are precisely
the exact interpolation spaces between L} and L$°. In this section we follow [33],
investigate the interpolation properties of the corresponding down spaces and prove
a very strong result. Specifically, we show that (D(L}), D(LS)) is a Calderén
couple of spaces and from this we deduce that the down spaces of u.r.i. spaces are
precisely the exact interpolation spaces between D(L}) and D(L$). Although the
pair (L, L3°) is self-dual, the pair (D(L}), D(L$®)) is not so we also investigate
the dual pair (D(LS)’, D(L3)), achieving almost as strong a result.
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Interpolation of Operators.

Let (X7, X2) be a couple of Banach spaces contained in X; + X5. For a careful
definition of compatible couples of Banach spaces and for definitions and proofs of
the other ideas introduced briefly below, see [6].

An operator T : X1 + Xo — X + X5 is called admissible if

||THX1—>X1 <1 and HT||X2—>X2 <L
A Banach space X which is intermediate between X; and X5, ie.,
XiNXy— X — X, +X27

is an ezxact interpolation space if | T||x—-x < 1 for every admissible T". Define the
Peetre K-functional by

K(t,z; X1, X2) = inf lo1|[x, +tl|lz2lx,
r=xr1+T2

If ® is a Banach Function Space of Lebesgue measurable functions, containing the
function ¢ — min(1,¢), then ® is called a parameter of the K-method. The space
K@(Xl,Xg), of all x € X1 + X5 for which
2] 1o (x1,x5) = (1K (23 X1, Xa) [0 < 00,

is an exact interpolation space between X; and Xs.

If the inequality K (¢, x; X1, X2) < K(t,y; X1, X2) for all ¢ > 0 implies that there
exists an admissible T" such that T'y = x, then (X1, X3) is called a Calderdn couple.

For a Calderén couple, the K¢ are the only exact interpolation spaces.

Theorem.. (L3, L) is a Calderdn couple.

An Informal K-functional Calculation.

Fix a o-finite measure A on R and set L' = L}, L>® = L.

For f >0, K(t f; L, 1) = infy—p, s 1, | fulls -+t oo

If f=f1+ fo with [[f2||p~ = sup, |f2(z)| = « then there is a clear best choice
for fy, namely, fo = min(f,a). In this case f1 = f — fo = (f — a)* and it follows
that fi = (f* —a)™. Choose y so that f*(y) = a. Then

K[, 2%) = ot [ fudx tsw ()
:inf/(f—oz)+d)\+ta
—mf/ ff+ =y ()

Set the derivative to zero: f*(y) — f*(y) + (t — y) f( ) =0 so y = t. Therefore

K(t, f; L', L>) :/ I
0

The informality of this calculation is evident in our use of phrases like “clear
best choice”, “it follows that”, and our differentiation of a function that may not,
in fact, be differentiable. With sufficient care, however, this argument may be made
precise. The result itself is well known.
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Universally Rearrangement Invariant Spaces.

Once the K-functional is known it is simple and instructive to see how (L', L>)
being a Calderén couple provides a connection between u.r.i. spaces and exact
interpolation spaces.

Suppose X satisfies L' N L™ «— X < L' 4+ L,

If X is u.r.i. then let T" be an admissible operator and g € X. For ¢ > 0,

fi+f2=Tg

< inf  ||Tg1]|pr +t||Tg2 L
g1+g92=g

t
< iﬁ_Hmmﬂ+HWﬂmo=/pf
g1+g2=g 0

t
[@or = int il +tlfalo
0

Since X is u.ri., Tg € X and [|[Tg||x < |lg|]|x. Thus T is a contraction on X and
so X is an exact interpolation space between L' and L*°.

Conversely, if X is an exact interpolation space between L! and L, then suppose
fot f* < fg g*. Since (L', L®°) is a Calderén couple, there exists an admissible T
such that T'g = f. This T is a contraction on X, so f € X and [|f||lx < ||g]/x-
Thus X is u.r.i.

Two More Informal K-functional Calculations.
Recall that D(L') = L! with identical norms and, writing D> = D(L®), that

Ifllp= = [l and [|fll(peey = IIf*]z1-

Our last K-functional calculation relied on the fact that one of the spaces in-
volved was L. We can imitate it closely to find the K- functional of ((D°)", L*°).
See also [26].

For f >0, K(¢, f; (D), L>) = infy—r 1, Hflllel + ¢l f2ll e

If f=f1+ fo with || f2||p~ = sup, |f2(z)| = a then there is a clear best choice
for fy, namely, fo = min(f,a). In this case f; = f — fo = (f — a)* and it follows
that fi = (f} —a)*. Choose y so that (f')*(y) = a. Then

K(t, £:(D).1%) =it [ (1"~ a)" dh -+ ta

Q@KUW+@—mﬂmw

Y

Set the derivative to zero: (f1)*(y) — (fYH)*(y) + (t — y)d[(g)*](y) =0soy =t.
Therefore

K@jND“%mezl(ﬂf
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In the calculation of K (t, f; L', D), neither space is L> so a slightly different
approach has to be taken.

Let A(z) = f(_w’y} d\ and recall that in addition to the formula for ||f||pe~
involving the level function, we also have

1
s = SUp —— d.
o~ =sw s [ g

For f >0, K(t, f; L', D®) =infr—y, 1 p, | fillr + ¢l f5]] L

If f = f1+ fo view ||f1||1: as fixed. Then f; has fixed mass and f$ is minimized
by taking the mass of fo as far right as possible. The clear best choice (ignoring
atoms) is f1 = fX(—oo,z] a0d f2 = fX(2,00) for some z. Thus

1
K(t,f;Ll,DOO):inf/ fd\+tsup — fdX
T J(—o0,x] y>x A(y) (z,y]

t t
:infsup(l——>/ fd)\—l——/ fdA
T y>x A(y) (—o0,7] A(y) (—o00,y]

This is the least A-concave majorant of | (—o0,A-1(1)] f d\. Therefore

K(t,f;Ll,DOO):/ f"dA:/Ot(fo)*

(=00, A= 1(1)]

Constructing Admissible Operators.
Now that we have the K-functional for (L', D>°) we can address the problem of
showing it is a Calder6n couple. First suppose A is Lebesgue measure on (0, 00).
To show that (L', D) is a Calderén couple, we start with the inequality

t t
/fOS/go, t>0,
0 0

and produce an operator 1" such that
|Tlzipr <1, |[[T|[pe—p= <1, and Tg=f.
Actually, we produce three admissible maps to get from g to f,
g—g° = O f

The map g +— g° is essentially the averaging operator A, from .4, although the
possibility of an unbounded interval makes for some technical complications.

Is A, admissible? Each operator A € A is easily seen to be a contraction on L'.
Since A is self-adjoint, to see that it is a also contraction on D, it is enough to
show that it is a contraction on (D>°)’. But,

JAS ][y = / (A < / (A(FH)! = / A(fY = / = 11l oy
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The map f° — f is also a kind of averaging operator, based on the level intevals
of f. We skip over the special attention which must be paid to the unbounded level
interval if there is one. The operator we need is

The proof of admissibility of this operator By is similar (but not identical) to the
proof that A, is admissible. We omit the details.

The map from ¢° — f° will be the limit of a sequence of averaging operators,
each on a single interval. Once again, we skip over the complications that arise
when the intervals are unbounded.

We are free to suppose here that f and g are decreasing so f = f° and g = g°. Let
41,92, 43, - - - be a countable dense subset of (0,00), perhaps the rational numbers.

With g = gg, suppose intervals I, ..., I,,_1 and functions g1, ..., g,_1 have been
constructed so that I'f < Ig; for each k < n. Let ¢, be the tangent line to the
concave function I f at the point ¢, and let I,, be the interval where ¢,, < Ig,_1.
The concave function min(/g,_1, ¢,) has a derivative almost everywhere so we may
define g,, by Ig, = min(Ig,_1, ).

— /

/

Figure 11: If, Ig, and a tangent Figure 12: If and Ig;.
line to I f at qq.
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Figure 13: If, Ig;, and a tangent Figure 14: If and Igs.
line to I f at q;.

_——

Figure 15: If, Ig2, and a tangent Figure 16: If and Igs3.
line to I f at gs.

For each n take A,, to be the averaging operator on the single interval I,, and
observe that g, = A,gn_1. Set Th(zx) = lim, (A, ... A1)h(x) and verify that
the limit exists and defines an admissible operator. This operator T" applied to the
function g satisfies ITg = lim,,_,o, ITg, = I f and hence T'g = f as required.

This shows that (L, D*°) is a Calderén couple in the case of Lebesgue measure
on the half line.

Aside: The Modulus of Absolute Continuity.

In working with the limit above we actually define I(Th) first, then show it is
absolutely continuous and define T'h as its derivative. To do this, we require an
estimate of the modulus of absolute continuity of a function /A on an interval. (The
h may not be positive.)

There is no such thing.

After asking around and trying to look it up in a few texts, I realized why no
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one has bothered to mention it. The natural definition would be

Wabs(Ih, [0, z],0)

J J
= sup Z [Ih(z;) — Ih(xj—1)|: 0 < z; < :U,Z lz; —x;_1| <0
j=1

J=1

but it quickly turns into something more familiar,

P
Wabs(Lh, [0, z],0) :/ h*.
0

General Measures.

Let L}, DY be spaces of A-measurable functions and L', D> be spaces of
Lebesgue measurable functions on (0, o).

Assume, as usual, that A(x) = A(—o0,z] < oo for each x € R. Let ¢(t) =
inf{x € R:t < A(z)} be the generalized inverse of A and set ®f = fo¢. The non-
empty intervals among (A(z)—, A(x)) are disjoint and the corresponding averaging
operator, Ay, is a projection onto the range of ®.

id [
1 [e%e) 1 o) 1 o)
L'+D AN(L' + D) L} + D3
Ax -1

One must check that (f°)* = ®(f°) = (®f)°.
To see that (L}, D) is a Calderén couple for arbitrary A, we apply the case
t/ roy* t: o\x t Io) t o) :
of Lebesgue measure. If [/(f°)* < [;(g°)* then [j(®f)° < [,(Pg)° so there is
an admissible 7' : L' + D*® — L' + D> such that T®g = ®f. It follows that
OTA\T® : L} + D® — L} + DY° is admissible and (271 A,T®)g = f.

Summary and Comparison. Let Int(X;, X2) denote the set of all exact inter-
polation spaces between X; and X,. Here L' and L* are understood to be spaces
of A-measurable functions on R.

The Couple (L', L>)

o K(t,f; L', L=) = [/ f*

e (L', L) is a Calderén couple

e X € Int(L', L) if and only if X is u.r.i.

The Couple (L', D*)

o [ C D>

o K(t.f;L',D®) = [}(f°)"

e (L', D>) is a Calderén couple

e Y € Int(L!, D) if and only if || f||y = || f°||x for some u.r.i. space X

e Y € Int(L', D*®) and has the Fatou property if and only if Y = D(X), with
identical norms, for some u.r.i. space X with the Fatou property
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The Dual Couple ((D>)’, L>)

° (Doo)/ C Ll

o K(t, f;(D®),L®) = [1(f)"

e Open question: Is ((D*°)’, L*°) a Calderén couple?

o If Z € Int((D>°)', L>°) then || f||z = || f*||x+ for some w.r.i. space X

o If ||fllz = || f}]|x/ for a u.r.i. space X then Z € Int((D>°)", L>)

e Z € Int((D>)", L*>°) and has the Fatou property if and only if Z = D(X)’,
with identical norms, for some u.r.i. space X with the Fatou property

Answers To All The Exercises.

To find an r.i. space whose dual is not r.i., let J, denote the measure consisting
of a single atom of mass 1 at  and set A = 01 +2d2+363. Identify the A-measurable
function f with (f(1), f(2), f(3)) € R? and let X be the weighted L' space with
norm ||(a, b, ¢)||x = |a|+3|b|+4|c|. If two elements of this space are equimeasurable,
say (a,b,c)* = (d,e, f)* (with a,b,c,d,e, f > 0,) then an easy argument shows that
either (a,b,c) = (d,e, f) or else a = b = f, and ¢ = d = e. In the first case the
norms are trivially equal and in the second case,

I(a,b,0)[lx =a+3b+4c=4a+4d=d+3e+4f = |(de, f)|x-

This shows that X is a rearrangement invariant space. (Of course, as we may readily
verify by looking at (0,0,1) and (3,0,0), X is a not a universally rearrangement
invariant space.)

The norm in X’ is the norm in a weighted L space,

rla -+ 2lslb + 3lc s
r,8,t)||x = su = max(|7|, £|5|, 3|t|)-
5.l = sup HEEZEETAC — o, 31, 1)
To see that X’ is not r.i. observe that (1,1,2)* = (2,2,1)* but

3
10, 12) 0 = 5 #2 = 12,2, Dl
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