BEST BOUNDS FOR THE DUAL HARDY OPERATOR MINUS
IDENTITY ON DECREASING FUNCTIONS

ACHRAF BEN SAID* AND GORD SINNAMON**

ABSTRACT. The distance from the identity operator I to H*, the dual of the
Hardy averaging operator, is studied on the cone of nonnegative, nonincreasing
functions in Lebesgue space. The exact value is obtained. Optimal lower bounds
are also given for difference, H* — I, of these two operators acting on the same
cone. A positive answer is given to a conjecture made in “The norm of Hardy-type
oscillation operators in the discrete and continuous settings” by A. Ben Said, S.
Boza, and J. Soria. Preprint, 2024. In addition, a direct comparison, with optimal
constants, is given between the operators H — I and H* — I acting on the cone.

1. INTRODUCTION

The classical Hardy averaging operator H and its dual operator H* are given by

i@ =1 [ s aa m@= [ rng

They are bounded operators on LP = LP(0,00) when 1 < p < oo, but are not
bounded below. Indeed, neither is bounded below even when restricted to nonneg-
ative functions in LP. However, on nonnegative functions, the norms ||H f||, and
|H*f]|, are equivalent to each other. Kolyada, in [9], completed the investigation
begun in [13] and [4] on the optimal constants for this equivalence. A key idea in
this work connects it with finding optimal upper and lower bounds for the operator
H — I restricted to nonnegative, nonincreasing functions.

Theorem 1.1 ([9]). Let 1 < p < oo and let f be a nonnegative, nonincreasing
function. Then

(=11 fllp < IH = Dfllpy < 0= D7 1 fllps (1)
if1<p<2, and

(0 =D Sl < WH = Dfllp < (0 =171 f . (2)
if2 < p < oco. The constants p—1 and (p—1)"/? in (1) and (2) are the best possible.

The right-hand inequalities in (1) and (2) show that the distance from H to I,
operating on the cone of nonnegative, nonincreasing functions in L?, is (p — 1)~!
when 1 < p <2andis (p—1)""? when 2 < p < .
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The operator H — [ arises naturally in other, widely separated contexts, for ex-
ample, the complex Beurling-Ahlfors transform reduces to H — I when restricted to
radial functions, see [1] and [11]. When p = 2, H — I is a Hilbert space isometry
that is unitarily equivalent to the unilateral shift, see [7]. It has been linked to the
Laguerre polynomials in [13]. In the theory of interpolation of operators, it acts
on rearrangements of functions (nonnegative, nonincreasing functions) to give an
equivalent norm in Lorentz spaces, see [2, page 384].

Recent work on H —I and its discrete analogue may be found in [5, 10, 8, 12, 6] but
systematic investigation of its dual operator H* — I is only beginning. The authors
of [3] proved that the distance from H* to I, operating on the cone of nonnegative,
nonincreasing functions in LP, is p — 1 when p > 2 and is 2/e when p = 1. They

also conjectured that when 1 < p < 2, the distance is C’;/ P where

1
0

That is, they conjectured that for all nonnegative, nonincreasing functions f,

I = Dflly < CP 1L

1
p
(H* — I)X(o,n(x)‘ dr = / |1+ Inz|P dx. (3)
0

and Cg/ ?'is the smallest constant for which this holds.

In the present article, this conjecture is verified and optimal lower bounds for
H* — I are established. For easy comparison, results are presented in the form of
Theorem 1.1. Our main result is the following theorem.

Theorem 1.2. Let 1 < p < o0o. If f is nonnegative and nonincreasing, then

(0= DIfllp < IH =D fll, < CN (4)
if 1 <p<2and

CoP Il < ICH* = Dflly < (0 = DI f Nl (5)
if 2 < p < oo. The constants p— 1 and Cy'* are optimal in both (4) and (5).

The case p = 1 of (4) and the second inequality in (5) are included here for
the convenience of the reader. Both were proved in [3], including optimality of the
constants C7 = 2/e and p — 1. We do not reproduce the proofs here. The remaining
three inequalities, in the case p > 1, are proved in Theorems 2.2 and 2.4 below.

Some consequences of the main results are given in Corollary 2.5, which shows
that the results of Theorem 1.2 remain optimal on a smaller cone, and in Corollary
2.6, which gives optimal constants for inequalities relating H — I and H* — I on the
original cone of nonnegative, nonincreasing functions.

The final section of the paper is concerned with properties of the constant C),
considered as a function of p.

Remark 1.3. If f is a nonnegative, measurable function on (0, 00) that takes the
value oo on a set of measure zero, then f, Hf, H*f, (H —I)f and (H* — I)f are
well-defined but may take the value oo on a set of positive measure. However, if f
is allowed to take the value co on a set of positive measure, (H —I)f and (H*—1)f
may not be well-defined because co — co may occur. This is why we must restrict
the domain of the operator (H* — I)H* encountered in Corollary 2.5.
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2. MAIN RESULTS

We begin by introducing a family of test functions that will be used in Theorem
2.2 and Corollaries 2.5 and 2.6.

Lemma 2.1. Let p > 1, g,(x) = %x_l/qx(lvoo)(x) and f, = H*gy for 1 < q < p.
Then gq, fq, fq — 94 € LP are nonnegative, fq, fq — g, are nonincreasing,

H* — T H*Q _H*
i M= Dflly _ 1G22 = gy “
awr [ fqllp 4=~ 19l
and
x . _ 2
i IO = D=0l M =Dy (0 o

im —
g—p= ||(H — I)(fq - gq)”p P~ ngHp

Proof. Observe that 0 < g, € LP and set ¢ = ¢»~V/P(p — q)'/P so that ¢||g,||, = 1.
Fix a polynomial U. Let V' be the polynomial satisfying V' (z)z = U(z+p) — U (p).
An easy calculation shows that (H* — ql)g, = X(0,1) and it follows that
U(H")gq — Ulpl)gg = V(H* = pI)(H" = pI)gy = V(H" = pI)(X(0,) + (¢ = P)gq)-
Since H* is bounded on L?, sois V(H* — pI). Let N denote its operator norm. By
the triangle inequality and the calculation ||x )|, = 1,

T EH)gqll, = 1T @)gqll] < IV EH" =pD) (X0, + (@ = P)gg)llp < N1+ (0~ )l 9qll,)-
Multiplying through by ¢ and using €||g,||, = 1 yields
elU(H*)gqll, = [U@)]] <eN+N(p—q) =0
as ¢ — p~. (Clearly, ¢ — 0 as ¢ — p~.) We conclude that
lim e||U(H")g,ll = [U(p)|- (8)
q—p

It is easy to see that f; = x(0,1) + 99 and fg — g4 = X(0,1) + (¢ — 1)g4 are nonnegative
and nonincreasing. The definition of f, and the identity (H — I)(H* — I) = I prove
the first equations in both (6) and (7). Choose appropriate polynomials U in (8) to
verify the second equations in (6) and (7). This completes the proof. O

A known result for H — I is the key to proving the first inequality in (4).
Theorem 2.2. Let 1 < p < 2 and let f be a nonnegative, nonincreasing function.
Then

= DIlflly < I(H” = D fllp- (9)
The constant p — 1 in (9) is optimal.

Proof. The inequality

I(H = Dglly < (0= 1) lgllp. g€ L, (10)
appears as [1, Theorem 4.1]. For other proofs of (10), see [11] and those cited in its
introduction. An elementary proof appears in [10, Corollary 5].

If (H*—1)f ¢ LP, inequality (9) holds trivially. If (H*—1)f € LP, then inequality
(10), with g = (H* — I)f, and the identity (H — I)(H* — I) = I show that f € L?
and

(0= VIl = (o — DICH = DH = Dfll, < |(H" = D,

as required.
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Equation (6) of Lemma 2.1 shows that if p — 1 were replaced by a larger constant,
then inequality (9) would fail for some nonnegative, nonincreasing function f,. So
p — 1 is optimal in (9). O

The second inequality in (4) and the first inequality in (5) will be handled together.
The next lemma isolates a technical portion of the proof of Theorem 2.4.

We use the differentiation formula <|z|? = ¢|z|9722 in the proof. It is valid for all
nonzero z and all real g. Note that if ¢ > 1, the right-hand side extends continuously
to z =0.

Lemma 2.3. Letu >0 and 0 <t <1. Forr >0, set

h(r) = e’”/ 11+ InzPde.
0

If 1 <p <2, then

h(tPu) < (1 — t)h(0) + th(u).
If p > 2, then

h(t/Pu) > (1 — t)h(0) + th(u).

Proof. To cover both cases, we write “<*” to mean “<” when 1 < p < 2 and to
mean “>” when p > 2.
We will use h(r) in a different form. Substitute x = e™¥ to obtain

h(r) = e’”/ ly — 1|Pe™Y dy.

Now fix u > 0 and let 7(t) = t"/Pu. We will write r, ', and 7’ instead of r(t),
r'(t), and r”(t). Observe that rr = (1 — p)(r')>.
Since

d - B B B
d—y(ly—lV’e Y =ply— 1Py —1e ¥ — |y — 1|Pe?

is continuous, we may integrate both sides and simplify to get
pe [y = 1P = ey = () — I - 17 (1)

Also, since |y — 1|[P72(y — 1)e™¥ extends to be continuous at y = 1 and its derivative,

oy =12y = e

=(p=2)ly -1y — D%+ |y -1 —Jy = 1 (y — e
=(p-Dly =17 — [y = 1"(y — D)e?,
is continuous except at ¥y = 1 we may integrate both sides and simplify to get

(p—l)e’"/ |y—1\“eydy—e’"/ ly—1P*(y—1)e ¥ dy—|r—1/P72(r—1). (12)

Next, we compute two derivatives of h(r) with respect to t. By (11),

%h(r) = (h(r) = [r = 117" = (pe’ [0 [y =112y = Ve dy ).
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By (12), and the observation r"r = (1 — p)(r')?,

j—;h(r) =p(er /roo ly =172y = e dy — I = 1772 = 1)) ()2

(o [ -1 - Devay)
~Pp- 1)er(r’)2<T/ ly — 1P %e Y dy — / ly — 1P 2(y — 1)e " dy).

/r 'S I8
Now let

9(s) = S/ ly —1P%e v dy — / ly —1P~2(y — 1)e Y dy.
Taking 7 = 0 in (11) shows
90) == [y =1y - Ve dy = 11 - h(O),
0

But Hoélder’s inequality and a bit of calculus shows that

/2
h(0) 1/”— / |1+1nx|pdx / |1+lnx|2dx> =1,
so 0 <*¢(0). In particular, if p = 2, then g(0) =
Clearly,
lim ly — 1P72(y — 1)e ¥ dy = 0.
S§—00

Also, by 'Hospital’s rule
N e L N T
lim = lim

§—00 s—1 $—00 —52

=0.

Thus, g(s) — 0 as s — oc.
Ifs#1,

g(s) = / ly— 172 dy—|s — 172 and g(s) = (p—2)(1 — s)|s — 1P~

Ifp=2 ¢(s)=0and g(s) =¢(0) =0. If 1 <p <2, gis concave on (0,1) and
convex on (1,00). It follows that g decreases to zero on (1, 00), that g(1) > 0, that
¢ has no local minimum in (0,1) and that ¢ > 0 on (0,1). If p > 2, g is convex

n (0,1) and concave on (1,00). It follows that ¢ increases to zero on (1,00), that
g(1) < 0, that ¢ has no local maximum on (0, 1) and that ¢ <0 on (0,1). We have
shown that 0 <*¢(s) for 0 < s < 0o and, taking s = r, that 0 <* dt2h( T).

We conclude that h(r) is a convex function of ¢ on [0, 1] when 1 < p < 2 and h(r)
is a concave function of ¢ on [0, 1] when p > 2. When ¢t = 0, »r = 0 and when ¢t = 1,
r = u. Thus, for any t € [0,1] we have h(t'/Pu) = h(r) <* (1 — t)h(0) + th(u) as
required. 0

Theorem 2.4. Let f be a nonnegative, nonincreasing function. If 1 < p < 2, then
ICH™ = D) fIl; < Gl f1I5-

If p > 2, then
I(H* = D)fI[; = Gl

In both cases, C, is the optimal constant for which the inequality holds.
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Proof. To cover both cases, we write “<*” to mean “<” when 1 < p < 2 and to
mean “>" when p > 2. Taking f = x(,1) reduces both inequalities above to equality,
which will show that the constant C), is optimal once we prove that both inequalities
hold. As in Lemma 2.3, let

—-r

h(r) = e"/ 11+ InzPde.
0

Observe that h(0) = C,,.

As mentioned earlier, the operator H* — I is bounded above and below on L?.
Thus, it suffices to prove the theorem for simple functions f of the following form:
Letap=0<a; <---<ay <oo,by >--->by >0=byy and set d,, = Ina, for
n=0,...,N,s0dy=—00 <d; <---<dy. Define

N
f= Z bnX (an-1,an]-
n=1

For convenience set

v

Since (H* —1I)f is supported on (0, ap],

N
I(H* = Df[IE =" A,
n=1

——f )

Ifa,1 <z <a,, then

R oo dt
/ f __f ) / bn_+/ bn+1_+"'+/ bN__bn
® t an t an_, t

= bn(dn - 1111’) + bn+1(dn+1 - dn) + e+ bN<dN - dN—l) - bn
=0,(S, — 1 —1Inx),

where 5, is chosen so that

N
bnSn = budy + Y br(di — di_1).

k=n+1
Observe that b, (S,—d,) = by11(Spi1—dy,) forn =1,..., N—1and by(Sy—dy) = 0.
Let Inz =Inx — S, to get

A an edn—5n
?: = /an 1 1S, — 1 —InaPdr = e /edn_1sn 11+ Inz2|Pdz
= a,h(S, — dy) — an_1h(S, — dy—1)
= anh((bns1/bn)(Sni1 — dn)) = an-1h(Sp — dn1).
Taking t = (by41/bn)? and u = S, 41 — d,, in Lemma 2.3, we have
anh{(Bs/60) (Snss — dn)) < n(1 = (s [50)")C + tn (brss bu)Ph( S — ).
Multiplying through by b2, we get
A < 0l = B )Cp + s tah(Snss — dn) — B 1h(Ss — du 1))
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When we sum over n, the bracketed terms telescope to zero, so

N N N 00
Z A, S*Cp Zan(bﬁ - bz—kl) = Op Z bzrjz(an - an—l) = Cp/ f(t)p dt = CPHf”g'
n=1 n=1 n=1 0

This completes the proof. 0

Let g be a nonnegative, measurable function on (0,00). Then

3 g(a) = H(g)(w) = [ ns/x)g(s)

s
The following result shows that if 1 < p < oo, then for all such g > 0 for which
(H** — H*)g is defined, the LP-norms of (H** — H*)g and H*g are equivalent.

Corollary 2.5. Let 1 < p < oo and let g be a nonnegative, measurable function
such that H*g(x) < oo for all x > 0. Then,

(0= DIH gll, < [I(H = H*)gll, < C,/||H* g, (13)
if 1< p<2, and
Gy |H gll, < |I(H™* = H")gllp < (0 — DI H*gll, (14)

if 2 <p <oo. The constants p— 1 and C’;/p are optimal in both (13) and (14).

Proof. Set f = H*g and observe that f is nonnegative and nonincreasing. Since
(H** — H*)g = (H* — I)f, Theorem 1.2 shows that inequalities (13) and (14) both
hold.

Equation (6) of Lemma 2.1 shows that if p — 1 were replaced by larger constant
in inequality (13) or by a smaller constant in inequality (14), then that inequality
would fail for some nonnegative function g, for which H*g,(z) < oo for all x > 0.
This shows p — 1 is optimal in both (13) and (14).

It remains to show that the constant C’;/ P is optimal in both (13) and (14). Let
k-(s) = (s/€)x-e1)(s). Then H*k.(t) = min(1, (1 —¢)/e)x(0,1)(t). A simple sketch
shows that as € goes to zero, the piecewise linear functions H*k. increase pointwise
to X(0,1)- The monotone convergence theorem implies that H*k. converges to x(o)
in LP. But H* and H* — I are continuous maps on LP, so we have

Mkl = vl =1 and (2 = Hkcllp — (= Dxoully = /7.

It follows that C;/ P"is the smallest constant for which (13) holds and the largest
constant for which (14) holds. This completes the proof. O

Combining Theorems 1.2 with 1.1 gives the best constants in inequalities that
relate H* — I and H — I for decreasing functions.

Corollary 2.6. Let 1 < p < oo and let f be a nonnegative, nonincreasing function.
Then

(0= DH = Dfllp < I(H = Dfll, < G0 = V)VPII(H = D) fl,, (15)
if 1 <p<2, and
Gy (p = DYPI(H = Dfllp < IH = Dflly < (0= D(H = D) fllp, (16)

if 2 < p < oo. The constants C;/p(p— D)YP and (p—1)? are the best possible in both
(15) and (16).
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Proof. First suppose 1 < p < 2. Using (4) of Theorem 1.2 and (1) of Theorem 1.1
we get
(p=D(H = Dfll, < (0= DIfllp < I(H* = DSl
and
I(H* = D) fll, < CIfll, < CP (o = DYPI(H = D,

to give (15). Next we suppose 2 < p < oo. Using (5) of Theorem 1.2 and (2) of
Theorem 1.1 we get

C/*(p = D)YPII(H = Dfll, < G fllp < IH = DS,

and
I = D flly < (0= DI fllp < (0= V?N(H = 1) fl,
to give (16).
To see that the constant Cp/?(p — 1)/7 is optimal, take f = X(0.1). We get

I(H* = I)f|, = Cp/” from (3). Also,

(H—1)f(z) = i/o X(0,1)(t) dt = x(,1)(2) = éX(l,oo) (x)
S0

Iz =0ty = ([ o ae) " = -

It follows that no smaller constant is possible in the second inequality of (15) and
no larger constant is possible in the first inequality of (16).

For optimality of the constant (p — 1)?, we apply Lemma 2.1, taking f to be
fqs — 94- Equation (7) shows that no larger constant will satisfy the first inequality
in (15) and no smaller constant will satisfy the second inequality in (16). O

3. BEHAVIOR OF THE OPTIMAL CONSTANTS
Recall that )
C, = / |1+ Inxz|? de.
0

Both €, and C;/ P appear above as best constants. Here they are considered as

functions of p. We list some easily obtained properties of C), and C;/ P

(a) The integral defining C,, converges for 0 < p < oo.

(b) A bit of calculus shows that C; = 2/e and Cy = 1.

(c) C’;/p is a strictly increasing function of p for 0 < p < o0: If 0 < p < ¢ < o0,
then Hoélder’s inequality with indices ¢/p and ¢/(q — p) implies

x) (¢—p)/(pq) _ C’;/q.

1 1/p 1 1/q 1
cup = (/ 1+ mafrds) " < (/ 1+ Inaltdr) (/ d
0 0 0

Since |1 + Inz| is not constant, the inequality is strict.
(d) Well-known Holder’s inequality arguments, much like the one above, show that
In(C,) and ln(Cf/p) are convex functions of p on (0, 00).

(e) C, is a strictly increasing function of p for 2 < p < oo: If 2 < p < ¢, then
Cy/" > Cy* =150 C, > 1 and we have C, < C&/P. This shows

C, < Cg/q < (Cg/p)p/q = C,.
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(f) C, is not an increasing function of p for 0 < p < 1: If 0 < p < 1, the inequality
N+hzP <(1+hz/+1)P <|1+lnzl+1,
together with the dominated convergence theorem, shows that lim, o+ C, = 1.
But € =2/e < 1.

(2) C’l/p does not tend to zero as p — 0: By I'Hospital’s rule and a dominated
convergence argument similar to the one in the previous item,

1
1 I+InzPn([l1+Inz|)d !
lim M: lim Jo | ?I| ( nel)de :/ In(|1 4+ Inz|) dx
p—=0t P p—0+ Jo 11+ Inzlpdz 0

Thus,

1
lim Cl/p = exp (/ In(]1+ lnx])d:c).
0

p—0+
(h) C, is a strictly increasing function of p for 1 < p < 2. This is included in the
next proposition.

Proposition 3.1. For p > 1, C, is a strictly increasing function of p.

Proof. Let p > 0. For each positive base b # 1, the exponential function p — b is
strictly convex. It follows that if 0 < pg < p1, 0 < 6 < 1, and p = (1 — 0)poy + Op1,
then 0P < (1—0)b*+0bP*. Taking b = |1+Inz| and integrating with respect to x, we
get Cp, < (1—6)C,, +60C,,. That is, C, is a strictly convex function for 0 < p < oo.
(Because logarithmic convexity implies convexity, this follows from item (d), above,
but we prefer the direct argument.) In particular, %C’p is strictly increasing for
0 < p < oo. Therefore, to show that C), is strictly increasing for 1 < p < oo, it
suffices to show that %C’p > 0 when p = 1.

For this, we split the integral defining C), into two parts, letting y = —1 —Inz in
the first and letting y = 1 + Inz in the second. So

1/e 1 o 1
Cp = / (=1 —Inx)"dx + / (1+Inzx)Pde = / yPe Y dy +/ yPev dy.
0 1/e 0 0

Recognizing the first term as a gamma function and expressing the second as a
power series, we get

=1 [t =1 1
Cp:F(p+1)+Zﬁ/ yk+pdy:F(p+1)+Zym.
k=0 = 0 k=0 p

Differentiating the uniformly convergent sum term by term yields

d =1 1
—C,=Tp+1)=> ————
=T+l %k!(mpﬂ)?

Taking p = 1 in the first term we use the formula I"(2) = 1—+. Here 7 is the Euler-
Mascheroni constant, which is known to have approximate value 0.5772156649. . ..
Thus I7(2) > 1 — 0.578 = 0.421.

Taking p =1 in the second term, we have

Z 1+ + : 1+1+e—(1+1+1+1)
k'k+2 <(k+2)] 479 26/

A calculation shows this is less than 0.42 and we obtain %Cp > 0.421 — 042 > 0
when p = 1. This completes the proof. O
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