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ABSTRACT.

A simple expression is presented that is equivalent to the norm of the LY — L%
embedding of the cone of quasi-concave functions in the case 0 < ¢ < p < co. The
result is extended to more general cones and the case ¢ = 1 is used to prove a
reduction principle which shows that questions of boundedness of operators on these
cones may be reduced to the boundedness of related operators on whole spaces. An
equivalent norm for the dual of the Lorentz space

Fp(v) = {f : (/Ooo(f**)%)l/p < oo}

is also given. The expression is simple and concrete. An application is made to
describe the weights for which the Hardy Littlewood Maximal Function is bounded
on these Lorentz spaces.

1. INTRODUCTION

The behaviour of the collection of non-negative, non-increasing functions in
weighted Lebesgue spaces is well understood. Since [6] and [9] in the early 50’s,
techniques involving properties of monotone functions have been used effectively
to address a wide variety of questions in weighted norm inequalities, interpolation
theory, and function space theory. For a few of the many see [1, 3, 7, 8, 13, 14, 15,
16, 17]. The study of the collection of concave functions has also had its successes.
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See [4, 5, 10, 11] and references there. Concave functions arise naturally in interpo-
lation theory and much of the recent work shows that they are of equal importance
in weighted norm inequalities and function spaces.

Rather than working with the collection of non-increasing, concave functions, it
is common to study the cone of quasi-concave functions. This is the set of non-
negative functions f defined on (0, c0) such that f(x) is non-decreasing and f(z)/z
is non-increasing. Passing between the two collections is routine and the latter is
more convenient for various reasons. The embedding question for this cone is a key
to effectively using properties of concave functions: For which indices p and ¢ and
which weights © and v are the quasi-concave functions in L? also in L%7

Various partial answers to this question are available. The case 0 < p < g < ©
in particular has been simply characterized and in [10, 11] very tight bounds on the
norm of the embedding have been given. For the case 0 < ¢ =1 < p < oo sufficient
conditions which are similar but not identical to the necessary ones were obtained
in [17].

A complete answer to the embedding question was given in [5] but the conditions
given are complicated and difficult to apply. Our object here is to give simple
necessary and sufficient weight conditions that characterize the embedding of the
cone of quasi-concave functions from LP to L1. We also give explicit upper and
lower bounds on the norm of the embedding. This is accomplished in Theorem 2.6
and the embedding question for more general cones is answered in Theorem 2.7. In
Section 3, the results are applied to give a reduction principle for operators acting
on such cones. This shows the equivalence of the boundedness of an operator on
the cone with the boundedness of two related operators on related spaces.

The dual of the Lorentz space I',(v) is characterized in Section 4. Theorem 4.1
gives a simple expression that is equivalent to the norm in the associate space,
the Kothe dual. As an application, in Section 5 we give weight conditions to
characterize the boundedness of the Hardy-Littlewood Maximal Function between
Lorentz spaces.

To study quasi-concave functions we need an operator on non-negative func-
tions whose images are quasi-concave functions. Although the generalized Stieltjes
transformation h — fooo L_h(t)dt is used for this purpose by some authors, we

-+t
will adopt the equivalent operator

hH/O min(1, /t)h(t) dt

which is also popular. The lack of smoothness in the kernel min(1,z/t) will not
bother us. It is important to note that the results we obtain can easily be re-cast
in term of generalized Stieltjes transformations if desired.

The weighted Lebesgue spaces already referred to are defined as follows. If v is a
non-negative, Lebesgue measurable function (a weight) on (0, c0) then the weighted
Lebesgue space LP is the collection of Lebesgue measurable functions f on (0, 00)



CONCAVE FUNCTIONS AND LORENTZ DUALS 3

for which Y
1710 = { (5= 17Po)™". 0<p<oo
p,v —
€SS SUP 4.0 (2)>0} |f(z)|, p=o0

is finite. If v = 1 we drop the weight and write LP and || f||,.

Throughout the paper, products of the form 0 - co are taken to be zero. For
an index p we define p’ by 1/p+ 1/p’ = 1. We say that the expressions C' and
A are equivalent and write C' & A provided there are positive constants k and K
such that kA < C' < KA. The constants depend only on the indices p and q. We
keep track of the constants in the statements of theorems but will often avoid such
details in the proofs, preferring to focus on essential features. In particular the
extended Minkowski inequality for 0 < s < oo,

(1.1) min(L, 2" ) ([ flls + 11 £20ls) < L1+ falls < max(1, 257 H)(|| fills + 1 flls)

will be used repeatedly in the form

(1.2) 11+ falls = ([ f2lls + Il f2ls-

2. HARDY INEQUALITIES AND CONCAVE FUNCTIONS

In this section we give necessary and sufficient conditions on indices p,q and
weights u,v for the cone of quasi-concave functions in L? to be embedded in LI
when 0 < ¢ < p < co. We also give upper and lower bounds for the norm of this
embedding. This result is in Theorem 2.6 while an analogue for more general cones
may be found in Theorem 2.7. See also Theorem 3.1. Corresponding known results
for the case 0 < p < ¢ < oo are stated in Proposition 2.8.

We begin by looking at the embedding into L4 of a smaller cone in L. Known
weighted Hardy inequalities are used to give a weight characterization in this sit-
uation. From there we expand the cone to include all quasi-concave functions and
then use an invariance property of the cone of quasi-concave functions to pass from
Ll to LP.

Let LT denote the collection of non-negative, measurable functions on (0, 00).
We say f € LT is quasi-concave and write f € Q1 provided f(z) is non-decreasing
and f(z)/z is non-increasing. More generally, if o + 3 > 0 we write f € Qg3
provided % f(x) is non-decreasing and =7 f(z) is non-increasing.

As mentioned we begin with weighted Hardy inequalities. Define the Hardy and
dual Hardy operators H, and H? by

H,h(x) =z~ / t*h(t)dt and HPh(z)=2" / t=Ph(t) dt.
0 T
The sum of the two will arise frequently so for a+ 3 > 0 we introduce the operator

(2.1) HPh(z) = Hyh(x) + Hh(z) = /Oo min((t/z)®, (x/t)°)h(t)dt, he L*.
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Since we always suppose that o + 3 > 0, the second form for H? makes it
clear that 2 H?h(x) is non-decreasing and z~° H?h(x) is non-increasing whenever
h € L*. That is, H?L* C Q,. 5. It also makes it easy to check that

(2.2) / (thl)hg = / hl(thg), hl, hy € LT,
0 0

Proposition 2.1. Suppose 0 < ¢ <1 and U,V € LT. IfV is non-increasing and
Cy is the least C for which

([ ([ o)< o ner

then
e’} (1-9)/q
(1—q)~2/ac < (/ Vq/(q”(HOU)Q/(”)U) < Co/(q(1—q)).
0

If V is non-decreasing and C is the least C' for which

([ ([ o) o nere

then

o0 (1-a)/q
(1—q)t-9/0 < (/ Vq/(q—l)(HOU)Q/(l—q)U) < Cuo/(q(1 = q)).
0

Proof. The estimate for Cj is from [16, Theorem 3.3] and the one for Cy, follows
from the first by inversion (z — 1/z) on the half line.

These weighted Hardy inequalities can be combined to give a weight charac-
terization for the boundedness of the Ll — LI embedding of a sub-cone of the
quasi-concave functions. This sub-cone is the image L™ under the map H}. Note

that
> dt

H&h(w):/Ooomin(l,x/t)h(x)dx:/ox/y (e) % dy

is non-decreasing and concave for all h € L. In particular, H}h is quasi-concave.

Theorem 2.2. If0 < q¢<1 andu,v € LT then

(1-a)/q

Il o (7 goya/ta=1) g0, e/ G—0)
(2.3) sup (H{v) (H,u) v
remir+ |1f1 0
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More precisely, if the above equivalence is C = A then m(q)A < C < M(q)A where

(24) m(g) = min(2~",2'79)g(1 — q) and M(q) = max(2"/97",2)(1 — ¢)' /9.

Proof. We prove only the equivalence and leave the careful tracking of constants
to the interested reader. The supremum in (2.3) above is the least constant C' for
which

(2.5) (/OOO(HO ) <C’/ (Hyh)v, helL™.

Since - -
/ (Hyh)v :/ h(HYv)
0 0

the inequality (2.5) may be rewritten as

(/Om(/omh(t)dt—kx/:oh(t)%) (dm) <c/ 1) HOu(t) dt.

By (1.2),
(2.6) C~Cy+Cx

where Cy and C, are the least constants for which

(2.7) (/OOO </Ot h(#) dt)qu(ac) dm) " <y /Ooo WO HOw() dt, he LY,

and

(2.8) (/Ooo (x /;O h(t) %)qu(x) dm)l/q < Ou /Ooo h(t)H v(t)dt, he LT,

hold, respectively. Since H{v is non-increasing, the first part of Proposition 2.1,
with V = HYv and U = u, applied to (2.7) shows that

[ee) (1-q)/q
Co~ (/ (Hgv)q/ml)(Hou)q/(lq)u) ,
0

To estimate C, we replace h(t)/t by h(t) in (2.8) and apply the second part of
Proposition 2.1, with V(t) = tHY(t) and U(x) = z%u(z). Note that tH{v(t) is
non-decreasing. We get

00 (1-q)/q
C ~ (/ (HfU)Q/(q_l)(Hqu)‘I/(l_Q)u> _
0
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Adding the last two estimates and appealing to (2.6) yields

00 (1-q)/q
C ~ </0 (Hgv)q/(q—l)(ng)q/(l—q)u)

which completes the proof.

The connection between the cone of quasi-concave functions and the sub-cone
H}L™ is well understood. The next lemma sets out the features of this relationship
that we require here.

Lemma 2.3. Let f be a quasi-concave function and let f be the least concave
magjorant of f. Then 1f < f < f and f is the pointwise limit of an increasing
sequence of functions in HYL™.

Proof. The definition of quasi-concave in [2, Definition 2.5.6] is slightly stronger
than the one we give here, requiring that f also satisfy f(z) = 0 if and only
if x = 0. However, it is easy to see that only the zero function is lost by this
restriction. Thus, [2 Proposition 2.5. 10] applies and we see that a quasi-concave
function f satisfies 3 f <f< f

Since f is non-negative and concave, we see that a = limg_ ¢ f () and b =
lim, o f(z)/z exist and are non-negative. We may therefore write f(z) =a+
br + g(z) where ¢ is a non-negative, concave function satisfying lim, .o g(z) =
limg oo g(x)/z = 0. If we take hn(t) = anx(o,1/m)(t) then Hghy(z) is a non-
decreasing sequence which converges pointwise to the constant function a as n — oo.
If we take R (t) = btX(n,nt1)(t) then Hih,(x) is a non-decreasing sequence which
converges pointwise to the function bz as n — oo. To complete the proof it remains
to show that ¢ is also the pointwise limit of a non-decreasing sequence of functions

in HYL™T.
The concave function g(z) has a derivative for almost every =z, g( ) is non—
increasing and since lim, o g(z) = lim,—o g(z)/x = 0 we have g(z) = [ ¢’

and lim,_,~ ¢’'(z) = 0. Set

ha(t) = (¢'(t) — g'((n + 1)t/n))/log((n + 1)/n)
and check that

00 dt (n+ly/n dt (n+Ly/n
O R TOE o B
Yy Yy Yy

These averages of ¢’ form a non-decreasing sequence indexed by n which converges
to ¢’(y) for almost every y. It follows that the functions

o= [t
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form a non-decreasing sequence in H} LT which, by the Monotone Convergence
Theorem, converges to

| dw iy =gta).
0
This completes the proof.

With this, Theorem 2.2 extends to the quasi-concave functions.

Corollary 2.4. Suppose 0 < q <1 and u,v € L.

£l ([ ool
sup ot A (/ (Hgv)q/(q—l)(ng)q/(l—q)u)
0

fE€Q0,1 ”fHL’U

More precisely, if the above equivalence is C ~ A then m(q)A < C < 2M(q)A
where m and M are given by (2.4).

Proof. The lower bound requires only the observation that HJLT C Qg,. For
the upper bound we apply Lemma 2.3 to choose a non-decreasing sequence f,, of
functions in H} L™ which converges pointwise to the least concave majorant f of
f. By Theorem 2.2 and the Monotone Convergence Theorem,

/1

g < Flgw = 1 [ fullgu = Tim || fallie = 1l < 20 fl0-
n—oo n—oo

The main advantage of working with Qg ; rather than H} L™ is this simple ob-
servation: Suppose p > 0.
(2.9) If f(x)? = g(«?) then f € Qp if and only if g € Q¢ ;.

This gives us the means of introducing LP-norms into the denominator.

Lemma 2.5. Suppose p,q € (0,00) and u,v € Lt. Then

1/p
sp Mo _ < . uguq/p,v>

f€Qo,1 ||f p,v B g€Qo 1 ||g 1,V

where V- and U are defined by

(2.10) V(zP)da? = v(x)dx and U(zP)dzP = u(z)dx.

Proof. The substitution in (2.9) yields the equivalence. We note that U and V' have
been defined so that a change of variable yields || f||2 , = |lgllq/p,u and [[f|b., =

g

1,v-

Now we are ready to give our estimate of the norm of the LY — LI embedding
of the cone of quasi-concave functions.
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Theorem 2.6. Suppose that 0 < q < p < oo, 1/r = 1/q—1/p, and u,v € LT.
Then

00 1/r
(2.11) sup 1£llg.u ~ (/o (Hgv)—r/p(ng)r/pu) :

f€Q0,1 ||f”p=v

More precisely, if the equivalence is C' =~ A then m(q/p)'/?PA < C < (2M(q/p))*/PA
where m and M are defined by (2.4).

Proof. Lemma 2.5 reduces the proof to an application of Corollary 2.4 with ¢q re-
placed by ¢/p and u and v replaced by the weights U and V from (2.10). That

is,
1/p

[ fllgu N9llg/p.0

sup = sup ——

f€Qo,1 HfHP:U 9€Qo,1 ”gHLV

oo 1/r
~ (/ HYV(t)""/PH), U ) PU(t) dt) :
0

Note that (¢/p)/(1 — q/p) = r/p. We simplify this by making the substitution
t — tP and using (2.10) to obtain

(2.12) ( /O T HOV () D, U () () dt) "

Now we make the substitution 2 — 2P in the integral forms of HYV and H?, U

a/p
and use (2.10) again to get

HOV (1) = /0 " i/, 1)V (2) da

= /000 min((z/t)?, 1)v(z) dx = H,?U(t)
and

HC, U(tP) = /O h min((z/t?)?, 1)U (z) dx

a/p

Replacing these in (2.12) completes the proof of equivalence and we omit the track-
ing of constants.

Theorem 2.6 is readily extended to a result for more general cones than the quasi-
concave functions. Recall that 2, g is the collection of non-negative functions f
such that z® f(z) is non-decreasing and #=” f(x) is non-increasing.
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Theorem 2.7. Suppose that 0 < g <p < oo, 1/r =1/q—1/p, and u,v € L*. If
a+ B3>0 and H'LY CF CQ, 3 then

W llae o (% googy-rio(gaoayiog)
(2.13) sup Pt~ i (H}5v) /p(Hgﬂu) /Py, .

feF ||f Dy

More precisely, if the above equivalence is C' =~ A then (1/2)m(q/p)'/?PA < C <
(2M (q/p))"/? A where m and M are defined by (2.4).

Proof. Set p=1/(a+ ) and for each f € F define g5 by
gg(x) = f(a”).

Set Fo.1 = {gs : f € F} and note that for each f € F, g¢(x) is non-decreasing and
gf(z)/x is non-decreasing. Thus Fy1 C Q1. Also, if f = HPh for some h € Lt
then the change of variable ¢t — t* yields

gf(z) = /000 min(1, z/t)[t*P h(t?)pt? ] dt

SO gf € H&L+ Thus H8L+ - F()J - QO,1~
The change of variable x — x” shows that
[fllp.0 = Ngsllp.v and [ fllgu = llgslle.v
where
V(z) = 2 P*u(zP)pxP~t and U(x) = 2~ 9%u(z”)pz "

We have
aup Wl _ o sl ol

fE}— HfHPU g€Fo 1 HgHILV g€Qo,1 HgHP:V

~

where the last equivalence relies on Lemma 2.3. Thus, by Theorem 2.6, we have

I£1 > Y
Sup 1o A (/ (HSV)—r/P(HgU)T/pU) :
0

feF Hf Dy

The definitions of U and V above and the changes of variable z — z'/# followed
by t — t/? show that

HYV(t'/7) =t~ P*HYSu(t),
HOU(tl/p) t™9*H 5 u(t), and so

( / HOV(8) /P HOU()"/7U (1) dt) v

1/r
0 1 —r 0 1 T —qo
= (/0 HOV (£ Py~ P HOU (£ P)r /Py =ao(t) dt)

oo 1/r
:( /0 Hggv(t)_T/pﬂggu(t)r/pu(t)dt) |

sup
feF Hpr v
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This completes the proof.

Next we present a statement of the corresponding result in the case 0 < p < ¢ <
oo. This result is taken from [10, Theorem 3] and formulated in our notation to
facilitate comparision with Theorem 2.7.

Proposition 2.8. Suppose that 0 < p < ¢ < oo and u,v € L™. If a+ 3 > 0 and
HPLT CF CQup then

1l .
sup — ~sup|H sv(t PIE9%, (£)]1/4
rer [[fllpw t>0[ P (*)] [ ap ®)]

More precisely, if the above equivalence is C = A then A < C < 2A.

3. A REDUCTION PRINCIPLE FOR OPERATORS ACTING ON CONES

An operator may be unbounded as a map from L? to LI and yet still map a
cone in LY boundedly into L. Theorem 3.2 gives a result that reduces questions
of boundedness on the cones 1, 3 to boundedness of related operators between
whole spaces. We begin by working with the weight condition in (2.13) to give an
equivalent expression in a less compact but more convenient form.

To avoid introducing additional notation, we use the expression =% in several
places as a substitute for the power function f defined by f(z) = 2=%. The same
applies to the expression z”.

(e

Theorem 3.1. Suppose that 0 < q <p < oo, 1/r =1/q—1/p, and u,v € L*. If
a+B>0and H’LT C F C Qa3 then

1/r _
1/l dg/ 2= g

sup / H®u(t)™ TH Y0 (t) ™/ T H g0 (t) — + 1
rer 1fllpw (0 »e P 2= pv
> A\ g
- / H,pu(t)/TH S (t) "/ THPy(t) _) + .

(0 " w0 t e

More precisely, if the above equivalence is C =~ A then

C < 2%/9max(1,r(a+ )T A, and
9—1/p—3 min(21/r71/p’ 21/p*1/7“)(%)1/p(q)1/q min(1, r(a + ﬁ))l/TA <C.

T

Proof. By the Monotone Convergence Theorem it is enough to establish the theo-
rem in the case that u is compactly supported in (0, 00). Under this assumption we
apply Theorem 2.7, break the right hand side of (2.13) into two pieces and integrate
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by parts in each. Since H_Ju = H%u + Hypu we have

5 ||f 1 lg,u ~ (Hpav)—r/p(anu)r/pu 1/r
e [ Flpw np a9
0o 1/r
(3.1) ~ < / (Hggv)—r/p(ﬂqauy/pu>
0
00 1/r
(3.2) + ( /0 (Hggv)r/p(ﬂq,gu)r/pu) .

For (3.1) first check that

(_2) C‘; (t 9/ oyt ))r/q = (t_anqau(t))T/p t~9%(t) and
—r/

d —pQ « _T/p —po (63 9 —po—
~ (t p Hﬁﬁv(t)> — r(a+ B) (t P Hgﬂv(t)> POV su(t).

Then

/ HPS ()P B u(t)/Pu(t) dt

_ /O (e mrgw ())_T/ " (e o ()P (1) dt

R « r/ —pa « /el
- (t 9 174 u(t)) e (t p Hé%v(t)) .
0o i, —r/q
+q(a+ﬁ)/ (o H () (PR T Hypu() dt
0
P Tu e a dt
= LT gt 9) [ 0 HE ) Hysolt)
rle=alp, : :

The limit of

—r/p

(=1 Hu(t))" (t_paﬂﬁgv(t)>

00 de \ "1 00 —r/p
= (/ u(x) —) (/ min(zPPtPOH0) =Py, (1) d:zs>
t e 0

as t — oo is zero because u is compactly supported and the limit as ¢ — 0 is
|z~ 5./ llz=|l; , by the Monotone Convergence Theorem.
For (3 2) a snmlar argument shows that

/ HPS ()77 Hogu(t)/Pu(t) dt

at iR / Hogu(t) /4 HPS ()" /1P 1) &
r ||x ||p,v 0 t
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Substituting the results of these two calculations into (3.1) and (3.2) and applying
(1.2) completes the proof of equivalence. As usual, we omit the tedious tracking of
constants.

Now we present our reduction principle. We suppose that 7' is an integral oper-
ator with non-negative kernel, that is,

17@%=Awf@%@wﬁm

for some non-negative k.

Theorem 3.2. Suppose that 1 <p < oo, 1< s<oo, andv,w € LT. Ifa+ >0
and HgLJr CF CQyp then

T:FNLY — L3,
if and only if
(3.3) TH,: LY — L,
(3.4) THP: [P — L,
(3.5) if e~ € LY then T(x™%) € L;,, and
(3.6) if 2% € LP then T(2P) € LS.
Here vy and vo are defined by
vi(t) = tp_nggv(t)pHpgv(t)l_p and vy (t) = tp_nggv(t)pHpav(t)l_p.

Moreover, if C' is the norm of the embedding T : F N LY — L3 and

s,w

P 127 |,

TH, s TH?P
de sup 1 THaS s ITHPS

sw 1Tz s | IT(z")
rert N fllpo e+ S

lz=e]

p,v2

then C ~ A with constants depending only on p, q, o, and (3.
Proof. The adjoint operator T is given by

T'g(x) = /O N k(x,y)g(y) dy

so that

/OOO(Tf)g = /OOO f(T'g), f.gelL™.

We also have (H,) = H® and (H”) = Hg. It follows that (TH,) = H*T'
and (THP) = HgT'. Also, the dual spaces of L3, L? , and L?_ with respect to

v1?
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’ /
Lebesgue measure on (0, o) are the spaces L°, _,, L”
w v

s and LP ll_p,, respectively.
Uz
Thus (3.3) and (3.4) are equivalent to

(3.7) HOT' LY,y — IV,

(3.8) HeT': L%, ., — L, .
Vo

Now we set up an application of Theorem 3.1. The boundedness of T': FNLY —
L3, is expressed by the finiteness of

(3.9) Sup%: sup fooo(Tf)g — s fooof(T’g)
rer WMlow — sergers Iflpolldlls v sergens 1flpollgly wi-

p,v

Theorem 3.1 with u = T"g, ¢ = 1 and r = p’ shows that (3.9) is equivalent to

™ a0 FP ()~ " e
sup H*T"g(t)" Hygo(t)™" Hpgo(t) — +—=
0

g€L+ t ||$_a| p,v

1 /
Y g |y
t) T | 1

+ (/ HgT'g(t)p/H;:gv(t)*p/Hpav(t)
0
Since ||z ||1,rg = [, T(z7*)g and [|&”||1,77g = [,~ T(2”)g this last expression is
finite if and only if (3.7), (3.8), (3.5), and (3.6) all hold.

The reduction principle above easily extends to operators from 7 N LY — Y for
a general Banach Function Space Y. It is simply a matter of replacing Lj by Y
and Lil_s, by the associate space Y’ in the proof above.

4. LORENTZ SPACES

The Lorentz space I', x(v) is defined to be the collection of A-measurable func-
tions such that

[fllr, s ) = 17 Mo < o0

Here f**(z) = 1 fom f* and f* is the non-increasing rearrangement of f with re-
spect to the measure A\. Refer to [2] for definitions and basic results regarding
rearrangements and rearrangement-invariant spaces. We will assume that A is a
resonant measure space, that is, that A is totally o-finite and either non-atomic or
completely atomic with all atoms having equal measure. In this case I') z(v) is a
rearrangement-invariant Banach Function Space provided p > 1 and v satisfies

t o d
(4.1) O</ v(m)dm—l—tp/ v(x)—i < o0, for0<y< oo
0 t

T
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The associate space, I', x(v)’, consisting of all A-measurable functions g for which

lolle, oy = sup LTI o
P FETH A (v) ||f||Fp,A(U)

is also a rearrangement-invariant Banach Function Space. In many cases the asso-
ciate space may be identified with the usual Banach space dual. Precise conditions
for this to occur may be found in [2].

When A is Lebesgue measure on the half line we drop the measure and write
I',(v) and T'y(v)’ for the Lorentz space and its associate space.

Our objective here is to give a simple expression which is equivalent to the
associate norm |[|g|r, , (v)-

In [5, Theorem 3.1], under the modest assumptions that [~ v(z)dz = oo and
fooo v(x)dzr/xP = oo, a weight w is constructed so that I'y(v)" = I') (w), with equiv-
alent norms. Also, in [4] and upcoming work by A. Gogatishvili and R. Kerman,
a simple formula for such a w is given. Our equivalent norm for I'y(v)’ is closely
related but breaks [|g||r, () into two parts corresponding to the size, g*, and the
smoothness ¢** — g* of g. Note that the last two terms in (4.2) below are only
present in the excluded cases, when fooo v(z)dr < oo or fooo v(z)dz /2P < oo.

Theorem 4.1. Suppose 1 < p < 00, (S,\) is a resonant measure space, and v
satisfies (3.1). If g is a A-measurable function on S then

(42)  lglrynir ® 19l + 197 = 9 o + Vollg® e + Vicllg® s
where
vo(t) = n (t_/o v(:c)da:—i—/t v(a:)x—x> t_p/o v(x) dz,

~+ | =

(tlp/()tv(:z:)da:—i—/toov(x)i—f)_p /toov(x)i—f,
= ([T a) T mave= ([Tewa)

The constants in the equivalence (4.2) depend only on p.

Remark. Tt is not difficult to see that Vj is non-zero if and only if L} C T', z(v)
and V is non-zero if and only if L3® C I') y(v). This explains the appearance of
the terms involving ||g*||c and ||¢*||1 and shows that, despite their appearance as
technical byproducts of integration by parts in Theorem 3.1, they are an essential
feature of the theory.

Proof. Proving Theorem 4.1 will occupy us for the rest of this section. There are
four steps in the proof:
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Reduction to the case that X is Lebesgue measure on (0, c0).

Proof in the case that ¢g* is an integral.

Proof in the case that the associate norm of g is finite.

Elimination of the remaining case.

The first step is readily accomplished by appealing to the Luxemburg Represen-
tation Theorem. Observe that I',(v) represents the norm I', x(v) in the sense of 2,
Theorem 2.4.10]. That is,

= oo b =

[fllr, sy = 1770 @) for all f&Tpx(v).

It follows that the associate norm is represented in the same way so

lglir, »@w)y = [lg"[Ir, () forall g € IO

In view of this is it enough to prove Theorem 4.1 in the case that A is Lebesgue
measure on (0, co).
The second step is to prove the theorem in the case that ¢g* is an integral,

specifically that
*° dx
* t — _
0= [ uw

for some u € LT. In this case we have

o0 )
Hng—‘p(’l})/ = sup M = sup ‘/;)—

rer, ) I fllry@) e+ £

p,v
OO0 pyx 00
Jo [fu Jo Fu
= sup “———— = sup
feLt+ Hf**|p,v FeF HFHP,U

where F = {f** : f € L"}. Since zf**(z) = [ f* is non-decreasing and f**(z)
is non-increasing we see that F C {21 9. On the other hand, let h € Lt and set
fly) = fyoo h to see that

HOR(2) :/OOO min(t/z, 1)h(t) dt = © /0 /OO h(t) dtdy = ().

T

It follows that HYL™ C F C ¢ so we may apply Theorem 3.1 with ¢ =1, r = p/,
a=1,and =0 to get

1u

[ [P0

o0 o d\" |1
+ Hou(t)? Hfv(t)™P HPv(t) — + —
0 t ],

dt)l/p/ s

ol ([ #ut0? o) 7 o) )+
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The terms above involving w can all be written in terms of g*.

b = / u(@) % = 57(0) = 197 |-
0 €T

||1|rl,u=/ u(x)da:zf / u(m)—dtz/ g* () dt = 191
0 0 t x 0

H'u(t) = t/t u(x) dr _ tg*(t).

T

[z

These substitutions give the desired result in the case that ¢g* is an integral. The
second step is complete.

We now pass to the third step and assume that ||g[|r, () < co. The first thing
to establish is that lim;_. g*(t) = 0. For each positive integer n set f, = Zx(o.n)
and note that f*(¢t) = min(1/n,1/t). By (4.1) and the Dominated Convergence
Theorem, || fy|r, ) — 0 as n — oo. Since g has finite I',(v)"-norm we see that
% On g* = fooo frg* also tends to zero as n — oo. Because ¢g* is monotone this
implies that lim; .., ¢*(t) = 0 as desired.

Now for v > 1 define

* * o dx
w0 (#) = (6°(@) — ")) og(r) and g,(0) = [ (o)
t
Note that g5 = g,. The results of Step 2 apply so we have
(44)  lgyllr, @ = 1951l we + 11957 = G llprwe + Vollgylloe + Vaollgyll1-

Using the fact that lim;_. g*(t) = 0 we can express g, as a moving average of g*:

50) = s [ 9@ =g 0) 5 = /g<>d—// o

It follows that for each ¢, g-(t) is non-decreasing as 7 decreases to 1 and that g, (t)
converges to g*(t) for almost every t.
By the Monotone Convergence Theorem, we have

in (113110 + Vollg3 e + Vacllg3l1e) = 118" vy + Vollg"lloe + Vicllg” 1.
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Because I'(v)’ is a Banach Function Space we also have
lim 5= * 5= ’.
lin {lg- v, ) = llg”llr, 0y = lgllr, )
In order to conclude that (4.2) holds we still need to show that
(4.5) lim |57 = 51l vee =19 = 97 o7 v

It is evident that the pointwise limit of g3* — g7 is ¢g** — ¢*. By the Dominated
Convergence Theorem, (4.5) will follow once we show that 2log(2)(g5* — g3) is in
Lg;o and dominates g3* — g for 1 < < 2. Since g5 < g* and [|g*||p, (v)r < o0 we
have ||g5]|r, v) < oo because I',(v)" is a Banach Function Space. In view of (4.4)
this implies that ||g5* — g5/, .v.. < 00 and hence 2log(2)(g3* — g5) is in L?lj;o

To see that 21log(2)(g5™ — g5) dominates g3* — g7 we calculate as follows:

log(7)(g5"(t) — g5(1))

e dx

l// 0T [ @
v de 1 [ t dx vt dx
=- [ g'(x dy—+—/ g*x/ dy——/ 9" (x) —
7 <>LM s e wT [ e@]

=u—uw¢ww~5[V¢WMx

~t
~a-1m (- ).

If1 <y <2then 1—1/v <log(y). Also, for each ¢ the moving average L vt g*

—t Jt
is a non-increasing function of . Thus

1—-1/y 1 7t
50~ 550 =5 (0 - o [T
1 2t
Sg**(t)—m g

= 2log(2)(g2"(t) — 92(t))

This completes Step 3, showing that (4.2) holds whenever its left hand side is finite.

If both sides are infinite then (4.2) holds trivially. Step 4 of the proof is to
eliminate the remaining case by showing that if the right hand side of (4.2) is finite
then so is the left hand side. For each positive integer n, define g, = min(nx o), 9*)
and note that g; = g,. The sequence g, is non-decreasing and converges pointwise
to g* as n — 00 so g, — ¢ in the Banach Function Space I',(v)’. To show that
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9llr, vy < oo we show that the norms [|g,[|r, () are bounded independently of n.
To do this we note that (4.1) implies that

gnllr, ) < [InXx0mlIr, @)y < oo

so the results of Step 3 apply and we have

”gnHFp(v)’ ~ Hg:Hp’,vo + ng* - QZH;D’,UOO + VO”Q:HOO + VOOHQ;:HL

Again it is easy to handle three of the terms. Since g < g* we have ||g} |0, <
19" 157 w05 llgnlloe < 1197 [loos and [[gr[l1 < |lg¥|l1. Therefore, the sum of these three
terms is bounded independently of n by the right hand side of (4.2) which is assumed
to be finite.

The fourth term, [|g;* — g2 ||, v.. , is also bounded by a multiple of the right hand
side of (4.2) but a little more work is required to demonstrate this. The function g;;
is non-increasing and bounded by n. Therefore it takes the value n on an interval
of the form (0,t,) for some ¢, > 0. When 0 < ¢t < t,, we have ¢g:*(t) — g;:(t) = 0.
When t,, < t < n we have ¢g**(t) — gi: (t) = g-*(t) — g*(t) < ¢g**(t) — g*(t). When
t > n we have

50 -g =g 0= [ o<y [ o =T
0 0
Thus

o0 at\ "
19" = gnllpwe < g™ = g% lpr woe + 197" (1) (/ Voo (t) t7>
n

and our object is to show that the last two summands are bounded by the right
hand side of (4.2). The first is trivially so and we write the second as

19 a0 o) ([T 2) " g ([T )

Observe that t(g**(t) — g*(t)) = fg 9*(y) — g*(t) dy is non-decreasing so

i g (et 2)

< (/noo(g**(t) — 9" ()" veo(?) dt) " < g™ = 9" llp e



CONCAVE FUNCTIONS AND LORENTZ DUALS 19

The second term in (4.6) requires some integration using (4.3).

7100

e dt nt’ t > dz\' "
n? /n Voo (1) i (/0 v(x) dx+tp/t v(x) ﬁ)
1/1 m © o\
v (ﬁ/o v(z)dx +/n v(z) ﬁ)

n 1 oo dx l_pl
= t)dt + — —
[ wwars 2 ([T )
Therefore,

ng* (n) (/noovoo(t)td%y/p/
- </ @ wie)de+ ol ([ ote) jﬁ)) "

, 1 , , 1/p/
*||D * P
< (Hg I+ 2 )

Which is bounded by (a multiple of) the right hand side of (4.2). This completes
Step 4 and the proof of Theorem 4.1.

We remark that the term ||g** — g*||,/ v, in (4.2) may be replaced by

sup |27 = h¥{|pr v -
h*Sg*

Although this new term may be substantially larger than ||g** —g* ||,/ v.. for example
when ¢g* is constant, the equivalence (4.2) is not affected due to the presence of the
other terms. Indeed, the proof of Theorem 4.1 is simpler with the new term in
place.

5. THE HARDY-LITTLEWOOD MAXIMAL FUNCTION

The reduction principle in Theorem 3.2 can be used to give criteria to deter-
mine whether or not the Hardy-Littlewood Maximal Function is bounded between
Lorentz spaces. If f is a locally integrable function on R™ we define M f to be

1
M (@) = swp /Q 1 dan

where the supremum is taken over all cubes () containing x whose sides are parallel
to the axes. Here pu,, denote Lebesgue measure on R"™.
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Theorem 5.1. Suppose p,q € (1,00) and u,v € L. Define V by

V) = /Otv(ac)dx-l—/toov(x)d—x

T xP’

Then M : T, ., (v) — Tq u, (w) if and only if: Either 1 <p < g < oo, and all of

sup / ) %) B ([ ostwrorvr—%) "
sup / losta/n)u(o) 5 vy
s ([ ) " ([ v v )

are finite; or 1 < g <p<oo, 1/r=1/q—1/p, and all of

/°° dx
0

00 r/q
[ tosta/iymto) 55 ) V) a-v))

(
/OOO (/yoo u(z) i_”q?)r/q (p/ /Oy V-7 % B V(y)lp,)r/q’ d;py;—w,
(

and

&

are finite.

Proof. We cite [2, Theorem 3.8] for the well known equivalence (M f)* ~ f**. It
implies that M : T, (v) — I'y 4, () if and only if

sup (fooo (% fox f**)q u(x) dm)l/q

- /p < 0.
feLt (fo~ (F=*)rv)

That is,

(5.1) T:FNLP — LY
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where T is the operator TF(z) = 1 [ F and F = {f**: f € L"}. As we observed

in Part 2 of the proof of Theorem 4.1, H)L*T C F C Q21,0. Thus, we can apply
Theorem 3.2 with a =1, § =0, and L = LI to see that (5.1) holds if and only if

(5.2) TH;:LP — LY,
(5.3) TH®:LP — LY,
if v71 € LP then T(z™') € LY

4, and
if 1 € LP then T'(1) € L1.

Since T'(z71) = oo and T'(1) = 1 the latter two conditions reduce to

> d
(5.4) u=0or / v(x) o _ oo, and
0 P
(5.5) / v<oo:>/ u < 00,
0 0

The conditions (5.2) and (5.3) reduce to weighted norm inequalities for which nec-
essary and sufficient conditions are known. Our task now is to simplify the known
conditions using the definitions of v; and vy from Theorem 3.2. We have

o (t) = 71 (/Otv(a:) de + 17 /too o() i—f)p (/Otv(w) dx)l_p and
vo(t) = tP~1 (/Otv(x) dz + 1P /too v(x) i—f)p (tf’ /toofu(x) i—f)l_p.

In terms of V' these become

(5.6) pt? vy ()P = vuyp’%(—x/(t)) and
(5.7 pus(t) 7 = V(1) SV (1),

The operator in (5.2) is

1 1 [Y 1 [*
THlf(a:):E/O ;/0 tf(t)dtdyz;/o log(z/t)tf(t) dt

so, with g(t) = tf(t), we see that (5.2) holds if and only if the inequality

55 ([T ([ resmara) e ) <o ([T arnm®)”
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holds for some C' > 0 and all g € L". By [18, Theorems 1 and 2], (5.8) holds if and
only if: Either 1 < p < ¢ < o0,

(5.9) /
?leiI()) (/yoo u(z) Z—f) B (/Oy(log(y/t))p/tp/w(t)l_p/ dt) v < oo, and
(5.10) 21;;0) (/yoo(log(x/y))qu(x) Z_:;:) 1/q (/Oy vy ()7 dt) 1/p’ .

orl<g<p<oo,1l/r=1/q—1/p,

(5.11)

L5 sy oy a) a2 <o, o
(5.12)

/Om(/yo?log(x/y))%(x) Z—i)r/q(/}p’vl(t)lp’ dt) T/Zp’vl<y)1p/dy .

The operator in (5.3) is

THOf(a:):i/oz/yoof(t)dtdy:i/oxtf(t)dtjt/:of(t)dt,

a sum of two Hardy operators. Thus (5.3) holds if and only if the two weighted
Hardy inequalities

(/ooo (/O” " dt)qu(x) qu =C </ooo g(t)Pva(t) %)1”’
(/OOO (/:) f@) dt)qu(as) daz)l/q <C (/OOO 0P dt) 1/p

hold for some constant C > 0 and all ¢ € LT and f € L™ respectively. The
conditions (see [12]) under which these hold are: Either 1 < p < ¢ < oo,

oo dae\ V4 y o\ WP
(5.13) sup (/ u(z) —) (/ tP g (t)1 7P dt) < 00, and
y>0 Yy x4 0

G) s ( /0 () dx) v ( /y ()1 dt) R

and
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orl<g<p<oo,1/r=1/q—1/p,
(5.15)

00 oo de\ "1 y N ,
/ (/ u(x) E) </ tP g ()P dt> y? va(y)' 7P dy < oo, and
0 Yy 0

(5.16)

/OOO (/Oy u(z) dx) " </yoo ve () dt) " u(y) dy < co.

Using the properties (5.4) and (5.5) and the substitutions (5.6) and (5.7) to
eliminate vy and vq, (5.9), (5.10), (5.13), and (5.14) can be simplified to yield the
four weight conditions given in the case 1 < p < g < oco. Similarly, (5.11), (5.12),
(5.15), and (5.16) simplify to yield the four weight conditions given in the case
1<g<p<oo.

We have shown that the weight conditions given in the statement of the theorem,
together with (5.4) and (5.5), are necessary and sufficient for the boundedness of
M. All that remains is to show that (5.4) and (5.5) are consequences of the weight
conditions.

Write V(t) = [, max(t, z) Pv(z) dz to see that V(t) < V(0) = [;~ v(z) dx/aP.
If V(0) < oo then for any y > 0,

Y '—1 -1 dt '—1 Y -1 dt
[ rosturer v = vyt ot/ S =
0 0
In view of this, the first weight condition in either the case 1 < p < ¢ < 0o or the
case 1 < g < p < oo can hold only if u is almost everywhere 0. Thus (5.4) holds.
If [[v < oo it follows that y?V (y) is bounded above and hence the fourth
weight condition in either the case 1 < p < g < coor thecase 1 < g < p < o0
would fail unless fooo u < 0o. Thus (5.5) also holds. This completes the proof.

We would like to thank the referee for pointing out that the weight conditions
(5.4) and (5.5) follow from the others in Theorem 5.1.

Since (M f)* ~ f** the boundedness of M : I', , (v) — Ay, (u) reduces to a
straightforward application of Theorems 2.7 and 2.8 with @« =1 and g = 0. Here

Agp, (W) ={F = [ lgu < 00}

Theorem 5.2. Let p,q € (1,00) and u,v € LT. Then M : T}, ., (v) — Ag p,, (w) if
and only if: Fither 1 < p < q < oo and

o ([t son [u )" ([Metwrar e [Tom &)

is finite; or 1 < qg<p<oo, 1/r=1/¢q—1/p, and

/O oo( /0 u(z) dz + o /y u(a) i—f) r/p( /0 o) do+ g7 /y () Z_:) i

18 finite.
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