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ABSTRACT. An exact expression for the down norm is given in terms of the level
function on all rearrangement invariant spaces and a useful approximate expression
is given for the down norm on all rearrangement invariant spaces whose upper Boyd
index is not one.

1. INTRODUCTION

Let A be a measure on R and take X to be a rearrangement invariant space of
A-measurable functions. We define the down norm of a A-measurable function f to
be

(1.1) | fllx, = sup {/ |flgdX : g > 0, g non-increasing, ||g|| x» < 1} .
R

Had we taken the supremum over all ¢ in the unit ball of X', the associate space
of the Banach function space X, we would have recovered the norm of f in X so it
is immediate that

1fllx1 < [[fllx-
The significance of the down norm is that the inequality
(12) [ raix<iiflslols:
R

holds for all f and all non-negative, non-increasing functions g. Since the down
norm of f is smaller than the norm of f in X this estimate uses the monotonicity
hypothesis on g to improve the usual estimate
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To use inequality (1.2) effectively it is necessary to understand the down norm.
In the case that X is Lebesgue space this has been done in two ways. Halperin [6]
and Lorentz [9] gave an exact expression for the down norm when ) is a non-negative
weight function times Lebesgue measure. Given a function f they constructed a
related function f°, called the level function of f, and showed that the down norm is
precisely the norm of f° in X. In [13], the level function construction was extended
to general (regular) measures on R, the down norm was shown to define a Banach
space and the dual space was also constructed.

The second approach to understanding the down norm, given in [12] for weighted
Lebesgue spaces, was to give an equivalent norm in a more tractable form. The
norm in X of a certain averaging operator applied to f was shown to be equivalent
to the down norm of f. The loss of exactness is more than made up for because
the averaging operator is linear. This approach was extended to Orlicz spaces with
weights in [8] where the down norm in sequence spaces was also considered.

Our object is to look at both of these approaches in the more general setting
of rearrangement invariant spaces. As often happens when theorems are examined
in their natural generality, the proofs reduce to their essential features and greater
understanding is gained. We will see how the averaging operator involved in the
results of [12] and [8] arises naturally from the level function construction and
how the finiteness of \(R) affects that operator. We will also see why the level
function approach to the down norm remains valid in all rearrangement invariant
spaces while a restriction is required for the other approach to be valid. In [12]
the restriction was that the Lebesgue index be greater than one and in [8] a Aj
condition was imposed on the N-functions defining the Orlicz spaces.

For definitions and notation involving Banach function spaces and rearrangement
invariant spaces we refer to [1]. We adopt the convention that 0 - co = oco/oc0 = 0.
If A and B are expressions involving f, we write A =~ B to mean that there exists
a positive constant C, not depending on f, such that C~'A < B < CA. The range
of integration of an integral given with limits is taken to be the closed interval so

that , )
/fd/\: fd\ but / fd)\:/ FdA.
a [a,b] —00 (—o0,b]

2. THE DowN NORM

Let X be a rearrangement invariant space over the measure space (R, \). For
the down norm to be interesting some restrictions on A are in order. Since we want
non-negative, non-increasing functions to be A-measurable we assume that sets of
the form (—oo,z] and (—oo,z) are A-measurable which means that all Borel sets
are A\-measurable. To ensure that the space X’ actually contains non-trivial non-
negative, non-increasing functions we assume that for each z, A\(—oo, z] < oo. For
technical reasons the measure A in [13] was assumed to be regular and since we wish
to apply those results we make the same assumption here. Finally, in working with
rearrangement invariant spaces it is usual to assume that the underlying measure
space is resonant [1, Definition 11.2.3 and Theorem I1.2.7] so that, among other
things, the associate space will also be rearrangement invariant. For these reasons
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we assume henceforth that

51 A is a regular Borel measure on R, A\(—o0,z] < oo for all x € R, and
(2.1) A is nonatomic or else completely atomic with all atoms having measure 1.

With these assumptions on the measure A we can show that X|, the collection
of functions f satisfying || f||x; < oo, is a normed vector space: It is easy to see
that X| is a vector space containing X and it is clear from (1.1) that || - || x| is non-
negative, homogeneous, and satisfies the triangle inequality. It remains to show
that only the zero function has zero norm in X|. For each x € R, A\(—00, x| < oo so
X(—c0,z] € X’ and hence, if || f|| x| =0 we have [*__ fdX =0 for each z. It follows
that f = 0 A-almost everywhere and we have shown that || - || x; is a norm. In fact,
X| is a Banach space as we show in Theorem 5.3.

In most applications, the measure A is weighted Lebesgue measure on the half
line, d\(z) = w(z) dr with w a non-negative, locally integrable function on [0, c0).
The case that )\ is counting measure on the positive integers also arises. The
rearrangement invariant spaces for the latter measure include [P and Orlicz sequence
spaces while those for the former measure are weighted Lebesgue spaces, Orlicz
spaces, Lorentz spaces and others. We hasten to point out that while the weighted
Lebesgue space LP [0, 00) is not rearrangement invariant with respect to Lebesgue
measure unless w = 1, it is rearrangement invariant with respect to the measure
w(x) dz.

We plan to use the level function to relate the norm in the space X| to the
norm on the original space X. The next proposition introduces the level function
as constructed in [13]. For convenience we define B to be the collection of -
measurable functions on R which are bounded and supported in a set of the form
(—o0, M] for some M € R.

Proposition 2.1. Suppose A satisfies (2.1) and f € B. Then there is a non-
negative, non-increasing function f° € B, called the level function of f with respect
to A, and having the following properties.
(a) There exists a finite or countable collection of disjoint intervals I; of finite, non-
zero X\ measure such that f = f° A-almost everywhere on E = R\ U;I; and for
each 1,

P = L) [ 1

for A-almost every x € I;.
(b) If g is non-negative and non-increasing then

[ iflair< [ rogan

(c) If f1, f2 € B and |f1| < |f2| then f? < f5.

Proof. The structure of the level function of f is given in [13, Theorem 4.4, Defini-
tion 4.6, Corollary 4.8 and Theorem 4.9]. There it is shown that f° is non-negative



4 GORD SINNAMON

and non-increasing and that (a) holds. It is not assumed in [13] that f is supported
on (—oo, M| so the possibility of a level interval of infinite A measure is considered
there. An easy argument shows that if f is supported on (—oo, M] then all the level
intervals I; are contained in (—oo, M| and hence are of finite A measure. Clearly
we may discard those of zero A-measure.

Part (b) is given in [13, Theorem 4.11] and (c) is proved in [13, Theorem 5.2].

The main result of this section is given in the next theorem for f € B and in
Corollary 2.4 for general f.

Theorem 2.2. Suppose \ satisfies (2.1), X is a rearrangement invariant space
over (R,\), f € B, and f° is the level function of f with respect to \. Then

[flxe = 17l x-
Proof. We use the level intervals of f to define the operator Ay.

1
Aph=hxg+ Y _ (A—I/I hdA) X1,

Note that Ay is self-adjoint, that is [ (Asg)hd\ = [g g(Afh)dX for appropriate
g and h. Also note that by [1, Theorem I1.4.8] A is a contraction on any re-
arrangement invariant space, in particular ||Ash|x: < [|h||x/ for h € X'. It is
clear from the definition that A¢|f| = f° and since the sets I; are intervals, A¢h is
non-negative and non-increasing whenever h is.

If g is non-negative and non-increasing and ||g||x- < 1 then by Proposition 2.1(b),

/ flgd < / Fogdr < [1£llx
R R

so we have || f||x; < | f°|lx. Now we prove the reverse inequality. A simple limiting
argument shows that

17°]lx = sup / ohdx
R

where the supremum is taken over non-negative functions h € B satisfying ||h||x/ <
1. For such an h, since f° is non-negative and non-increasing, we have

/Rfohd)\g/Rfohod)\:/R(Af|f|)(Ahh)d>\:/R|f|(Af(Ahh))d)\.

Set g = Af(Aph). Since Aph = h° is non-negative and non-increasing we see that
g is non-negative and non-increasing. Moreover, ||g||x’ < ||h|xs < 1 since both Ay
and Aj, are contractions on X’. We conclude that

1£°llx < sup { [ 15192+ 9 2 0.9 nowincreasing, g x: < 1} — £l
R

This completes the proof.

To extend the definition of the level function from f € B to all A-measurable
functions f we use Proposition 2.1(c).
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Definition 2.3. If f is a A-measurable function let f, = min(|f|,n)X(—cc,n] and
set f© =lim, . fr-

Clearly f, € B for each n so f° is defined. By Proposition 2.1(c), {f°} is a
non-decreasing sequence so the limit in Definition 2.3 always exists as a function
which takes values in [0, 00]. Moreover, if f € B then f,, = f for sufficiently large
n so the new definition of f° agrees with the original one.

It is immediate that, with this definition of the level function, Proposition 2.1(c)
remains valid for arbitrary functions. An application of the Monotone Convergence
Theorem shows that Part (b) also extends. Part (a) does not hold for arbitrary
functions because the rightmost level interval may have infinite A measure. To what
extent the structure of f© for an arbitrary function can be described in terms of
level intervals is not clear.

The sequence f,, = min(|f|,7)X(—oc,n] in Definition 2.3 is chosen for convenience,
in Section 5 we show that the definition of f© is independent of the approximating
sequence.

Corollary 2.4. Suppose X satisfies (2.1) and X is a rearrangement invariant space
over (R, \). If f € X| then f° is finite A\-almost everywhere, belongs to X, and

LA = 1l

Proof. Since f, = min(|f],n)X(—c,n] is @ non-decreasing sequence, Proposition
2.1(c) shows that f° is also. The Fatou property of the Banach function space X,
Theorem 2.2, and the observation that f,, < |f| show that

1£2lx = T [72lx = Jim [ fullxi < 1l

Now [1, Lemma I.1.5(i) and Theorem I1.1.4] show that f© € X and is therefore finite
A-almost everywhere.

For each non-negative, non-increasing function g with ||g||x. < 1 we have, by
the Monotone Convergence Theorem and Proposition 2.1(b),

/|f|gdA= lim / frgdh < lim / fogdx < tim [f2llx = [ £°lx.

Taking the supremum over all such g yields |f]lx; < [|f°llx and completes the
proof.

3. AN EQUIVALENT NORM

Expressing the down norm of a function f in terms of the level function of f,
although exact, has a major drawback. The map f — f© is not linear, in fact,
it is not even sublinear. In the Lebesgue space case it was shown in [12] that
the space X| has an equivalent norm which can be expressed in terms of a linear
averaging operator applied to f. The same averaging operator was shown to work
in Orlicz spaces in [8]. The linearity of this averaging operator leads to a duality
principle which reduces weighted inequalities for a general operator considered over
monotone functions to weighted inequalities for a modified operator considered
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over all functions. In this section we show that the equivalent norm and the duality
principle remain valid for a wide range of rearrangement invariant spaces. Since
the techniques involved are quite different this also provides new proofs of some
results of [12] and [8].

Since A satisfies (2.1), its cumulative distribution function is finite on R. Let
Alz) = ffoo d\ for x € [—o00, 0] and define the averaging operator P by

Pﬂ@:A@r{[;fw+A@y4[wa.

By our convention the second term is absent, regardless of f, when A(o0) = co.

Theorem 3.1. Suppose \ satisfies (2.1) and X is a rearrangement invariant space
over (R, ). Then |fllx, = [|[Pfllx for all f > 0 if and only if P : X — X s
bounded.

Proof. Suppose first that ||f|x; ~ ||[Pf||x for all f > 0. Then there exists a
constant C such that for any f € X,

IPfllx < Cllfllx) < Cliflx

so P: X — X is bounded.

Conversely, suppose that P : X — X is bounded and hence continuous. Then
there exists a constant C such that |Pf||x < C| f||x forall f € X. If f > 0 then set
fn = min(f,n)X(—c0,n so that f° is the pointwise limit of the increasing sequence
{f2}. By Proposition 2.1(b) with g = X(_s0,z) We have [*_ f,d\ < [T fod) for
each n and each z € R. Thus

IPfullx < IP(f)llx < CllfAlx

and so, using the Monotone Convergence Theorem and the Fatou property of X,
we have

IPfllx <Clfollx = Cliflix-

On the other hand, since f; is non-negative and non-increasing, f> < P(f;) and
hence

1l = 17°0x = Jim £ < T [P(F2)]1x.

To complete the proof it will suffice to prove the following lemma since then we will
have

|llxy <3 lim [|Pfallx = 3|Pf]x.

Lemma 3.2. Suppose A satisfies (2.1) and X is a rearrangement invariant space
over (R, \). Then for any non-negative f € B we have |P(f°)||x < 3||Pf] x-

Proof. We show that | P(f°) — Pf||x < 2||Pf||x, from which the result is immedi-
ate. For this argument we need a few details from [13, Definition 4.6] in addition
to those presented in Proposition 2.1. With I; and E as in Proposition 2.1, if we
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define a; and b; by (a;,b;) C I; C [a;,b;] then we have the following: The point
x € F if and only if

/ deA:/ fd\ and / deA:/ Fdn.
(—o0,z) (—o0,z) (—o0,x] (—o0,z]

The point x is interior to one of the intervals I; if and only if

/ fod)\>/ fdXx and / fod)\>/ fdA.
(—o0,x) (—o0,x) (—o0,x] (—o0,z]

The left endpoint, a; € I; if and only if

/ FOdN > / Fd.
(70070'1'] (7oo7ai]

The right endpoint, b; € I; if and only if

/ FodN > / Fd.
(_Oorbi) (_Oovbi)

It follows that

P - P =A@ ([ o [ ra) e

—0

— A —1 o o ‘

> AW ( /m(_owf ax /Im(_m’x}fdg (@)
Alz) ! © . .

<32AW /I 7o dis, (2)

im(—OO,SC]

The second equality above is easy to prove in two cases depending on whether
a; € I; or not.
We use Proposition 2.1(a) to continue the calculation.

© — T )~ ! - (x
P = P1) < 3 AW /w_m] 0\ ( /I dA) /Iifdm( )
= Z A =00, 2] PN N (—o0, 2)AL) ™Y [ fdixy, ().

Now we use the obvious inequality
AI; N (=00, 2])A(L; U (—o0, x]) < A(—00, 2]\ (1)

to get

B PUE) = PH@) < T U (e [ i)
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Note that for x € I;, I; U (—oo, x] does not depend on z. It is either (—oo,b;) or
(—00, b;] depending on whether or not b; is in I;. Set B; = A(I; U (—o0, z]).
Define 7y and Z; by

To={i:2B; < A(oo)} and I; ={i:2B; > A(c0)}.

For each i € Z; choose ¢; € R such that A(c;) = 2B;. This is possible if A is non-
atomic because A is continuous in that case. It is also possible if A consists of equal
atoms because the condition A\(—oo, z] < oo ensures that the atoms do not cluster.
The reason for choosing such a ¢; is so that the set I] = (—o0,¢;] \ (I; U (—0o0, x])
has A-measure B; for each z € I;.

For each i € 7y set I/ = I;. We claim that

2 rava| <[ i

This is a familiar calculation in rearrangement invariant spaces which follows from
Lemma 3.3 below. Now, if i € Zy and = € I] then = < ¢; so 2B; = A(¢;) > A(x). It
follows that

> B; /fd)\xp( ) < 2A(z Z/fd)\xp ) < 2A(z)” / fdx

i€Zo i€Zoy 0

52 ‘

since the intervals I; are disjoint. If ¢ € Zy then I/ = I; and 2B; > A(o0) so, once
again using disjointness, we have

> By /fd)\xp ) < 2A(c0 /fd)\
1,611

Combining these last two estimates with (3.1) and (3.2) yields the desired inequality

I1P(f°) = Pfllx <2[[Pflx

and completes the proof.

Lemma 3.3. Suppose A satisfies (2.1), X is a rearrangement invariant space over
(R, \), and for each i in a countable set T there are subsets I; and I] of R satisfying
ML) = A(I]) < oo. If the sets I; are pairwise disjoint then

Proof. There is no loss of generality in assuming that all the A; are positive and that
each I; has positive \-measure. First suppose that the index set 7 is finite, having n

iX1I; ZXI:

for all A; > 0.
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elements. In this case we may re-order if necessary so that A; > A > --- > A, > 0.

Let " "
f= Aixu, 9= A,
=1 =1

and define tg,t1,...,t, by

J

J
to=0; t;=> ML)=Y M), j=1,...,n.

i=1 =1

Note that t; > t;_; for each j. Asin [1, Example II.1.6a] we have

fr= ZAiX[ti,l,ti)-
i=1

Here f* denotes the non-increasing rearrangement of f with respect to A, [1, Defi-
nition II.1.5].

Fix j and set g; = Zzzl A;ixr;. Since the A; are positive, g; < g and hence
g; < g by [1, Prop IL.1.7]. The formula for f* yields

t; J J
/o f :;Ai(ti_ti—l):ZA@')\(Ii):/jod)\.

i=1
Now g; and g; are equimeasurable and g; is supported in a set whose A measure is
no greater than ¢; so we have

t; tj
/gjdA=/ g}‘é/ g
R 0 0

Thus f(fj fr < fgj g* for each j. If 0 < t < t, then we can choose j so that
tj—1 <t < t;. For this j, using the formula for f* to exploit the fact that f* is
constant on (t;_1,t;), we get

L
/f t—tj1/ f t—tj1/f
ti—t [l t—t;
< U / 7+ i— 1/ 7" </
ti —tj-1Jo ;

where the last inequality is justified because g* is non-increasing and hence fg g
is a concave function. Both f* and ¢* vanish on (¢,,00) so, for t > t,, f(f f* =
Jo" < fg" gt = f(f g*, and we have established

/Otf*é/otg

for all ¢ > 0. By [1, Corollary I1.4.7] this implies that | f||x < ||g||x, which
completes the proof in the finite index set case. The case of infinite Z follows easily
using the Fatou property of the space X.
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4. BoyD INDICES

The purpose of this section is to show that the equivalent norm on the space X|,
given in Theorem 3.1, is valid for a large class of rearrangement invariant spaces.
Specifically, we show that it holds precisely when the upper Boyd index of the space
is not 1. For a definition of the Boyd indices of a rearrangement invariant space
which includes the case that A is purely atomic see [2]. We follow [1] in denoting
the upper Boyd index of X by ax. Note that for every space X, 0 < ax < 1.

We relate the Boyd index of X to the boundedness of P on X in two cases, when
the measure A is purely atomic and when it is non-atomic.

Lemma 4.1. Suppose that X\ is a purely atomic measure satisfying (2.1) and X
is a rearrangement invariant space over (R,\). Then P : X — X if and only if
ax < 1.

Proof. We begin by applying the Luxemburg representation theorem, [13, Theorem
4.10] to assert the existence of a rearrangement invariant space X over R, the half
line with Lebesgue measure, such that

1fllx = 11/l %

for all f € X.
In the proof of [2, Theorem 1], D. Boyd shows that ax < 1 if and only if there
exists a C' > 0 such that

(4.1) 1Pl <Clf Nz, feX

Here P is the step function whose value on (k — 1,k) is % fok @. It remains to
show that (4.1) is equivalent to P : X — X.

Let a1, as,as, ... be the atoms of A arranged in increasing order. This is possible
since the hypothesis A(—o0,z] < oo ensures that there are at most finitely many
atoms to the left of any given real number.

Suppose first that (4.1) holds for some C' > 0 and fix f € X. Define the sequence
{fi} by fj = |f(a;)| and let {f;} be the same sequence arranged in non-increasing
order. The non-increasing rearrangement f* of f is a step function whose value on
(j —1,7)is fj for j =1,2,.... Thus the value of P\ f* on (k —1,k) is %Z?Zl 5

Since A(ay) is the number of atoms of A which are less than or equal to aj and
the a;’s are in order we have A(ay) = k. Therefore

a

— 00

k k
L[ 1 1N .,
P <M@) ™ [ Iflaa =Y Y00
j=1 j=1
Since the sequence {% Z?Zl Ii } is already in non-increasing order, if we arrange
the terms of the sequence {Pf(ax)} in non-increasing order the result will remain
termwise less than or equal to {4 Z?Zl fi}. Thus (Pf)* is a step function whose
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value on (k — 1,k) is less than or equal to %Z?:l f}. We conclude that (Pf)* <
P, f* and we obtain

IPfllx =Pz <[[Pfllx <ClIf % =Clflx

so P: X — X.

To prove the converse suppose that P : X — X, that is, suppose that there
exists a constant C such that |Pg||x < Cllg||x for all g € X. Fix f € X, define
{fj} and {f;} as above, and define g by g(a;) = f;. This defines g on a set of
full A measure and since evidently f* = ¢g* we see that ¢ € X. Now Pg is a
non-increasing function so (Pg)* is a step function whose value on (k — 1,k) is

Pg(ax) = %Z?Zl g(a;) = %2521 fi. That is, (Pg)* = P1f*. We have
1P f* Iz = [(P9)*llx = [IPgllx < Cllgllx =Cllg*llx = Cllf*ll %

This completes the proof.

Lemma 4.2. Suppose that \ is a non-atomic measure satisfying (2.1) and ¢ is a
non-increasing, right continuous function. Then

(4.2) (0 A)" = X[0,A(00))-

Here A(z) = [ d\.
Proof. Since the right hand side of (4.2) is non-increasing and right continuous it
is enough to show that it is equimeasurable with ¢ o A, that is, for each v > 0

Mz e R:polx) > 7} =[{t €[0,A(c0)) : p(t) > 7}.

The right hand side is the Lebesgue measure of a set of the form [0, s) for some
s € [0, A(c0)] so we wish to show that

(4.3) AAT([0,8)) = s, s € [0,A(c0)].

It is clear that (4.3) holds for s = 0 and s = A(c0) and since A is non-atomic, every
s € (0, A(c0)) may be expressed as s = A(y) for some y € R.

Since (—oo,y] € ATY([0,A(y)]) we have A(y) < A(A~1([0,A(y)]) and since
A0, A(y)]) = SupA(x)SA(y)(—oo,x] we have

AATH[0, A < sup Alz) < A(y).
Az)<A(y)

It follows that A(A71([0,s])) = s. It is easy to see that A\(A~1({s})) = 0 for all s
so we have (4.3) as required. This completes the proof.
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Lemma 4.3. If A is a non-atomic measure satisfying (2.1) then P : X — X if and
only if ax < 1.

Proof. We begin by applying the Luxemburg representation theorem, [13, Theorem
4.10] to assert the existence of a rearrangement invariant space X over R, the half
line with Lebesgue measure, such that

1fllx = 11/l %

for all f € X.
In the proof of [2, Theorem 1], D. Boyd shows that ax < 1 if and only if there
exists a C' > 0 such that

(4.4) I1PLflx <ClIf7llx, feX.

Here Py is defined by Pio(t) = X[o,A(00)) (£)! fot ©. It remains to show that (4.4)
is equivalent to P : X — X.
Define the operator p by

pf@) =A@ [ " fFax

so that Pf(x) = pf(x) 4+ pf(oc). Note that if A is an infinite measure then P = p.
If X is a finite measure then the second term in P is always bounded on X because
by duality we have

Ipf(o0)llx = lITllx ’A(OO)_l/_ fdk‘ < Afoo) Ml 1L xe Il £l x

Over a finite measure space the constant function 1 is in every rearrangement
invariant space. This shows that P : X — X if and only if p : X — X so from now
on we restrict our attention to the operator p.

Fix y € R and choose y; minimal such that A(y;) = A(y). Since A is non-atomic
and A(y1,y] = 0, the functions x(_ooy) and X(—oo,y,) agree A-almost everywhere.
The choice of y; ensures that X (_o y,) = X[0,A(y)) © A SO We have

(X(=o00,))" = (X(=00,51))" = (X[0,a(9)) © N)™ = X[0,A(»))

by Lemma 4.2. Now we use [1, Theorem I1.2.2] to get

Y ) oo A(y)
/ Fdx— / Xy AN < / P (X)) = / 5.

That is, A(y)pf(y) < A(y)Pi(f*)(A(y)). Since this holds for all y € R we have
pf < Pi(f*) o A. Now we use [1, Proposition I1.1.7] and apply Lemma 4.2 for a
second time to get

Pf)" < ((Pf) o A)* = Pu(f7).
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Suppose now that (4.4) holds. For each f € X

Ipfllx =l Il < 1Pfllx < Cllfllx = Cllfllx-

Thus p: X — X.

It is an easy exercise to show that {z € R: A(x) < A(y)} = (—o0,y) for A-almost
every y € R. For such a y and a fixed f € X set ¢ = f*X[0,A(y))- Applying Lemma
4.2 once again we have

AP oA = [ R / R / T(pony

= [eentr=[" ronan=awp(r o))

— o0

Thus (P f*) o A and p(f* o A) are equal, considered as A\-measurable functions.
Now suppose that p : X — X is bounded, that is, suppose that there exists a

constant C' such that ||pf|lx < C| f|lx for all f € X. Fix f € X. Both f* and

P f* are non-increasing and right continuous so we may apply Lemma 4.2 twice to

get (f* o A)* = f*X[o,a(c0)) and ((P1f*) o A)* = P1f*X[0,A(c0))- Since both f* and

Py f* are supported in [0, A(c0)) we have (f*oA)* = f* and ((P1f*)oA)* = P, f*.
With these observations we get

1PLf" % = I((PLf™) o Al g = 1P f™) o Allx = [lp(f" o Al x
SOIf o Ax =Cll(f" o A)llx = Clif %

This shows that (4.4) holds and completes the proof.

Combining Corollary 2.4, Theorem 3.1, Lemma 4.1, and Lemma 4.3 yields

Theorem 4.4. Suppose \ satisfies (2.1) and X is a rearrangement invariant space
over (R, \). Then || f|lx; = ||f°|lx and the following are equivalent

(@) Iflx1 ~ |Pfllx for f € XI,

(b) P:X — X is a bounded operator, and

(C) ax < 1.

We now present the duality principle mentioned earlier.

Theorem 4.5. Suppose \ satisfies (2.1) and X is a rearrangement invariant space
over (R, \) such that ax < 1. Suppose also that' Y is a Banach function space over
the measure space (M, 1) and that T and T* are operators on p and X\ measurable
functions respectively such that

[ @ngar=[ s g

for all f € Y and all non-negative, non-increasing g € X'. Then there exists a
constant C1 such that

(4.5) IPT fllx < Cillflly
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for all f €Y if and only if there exists a constant Cy such that

(4.6) IT*glly < Callgllx-

for all non-negative, non-increasing g € X'.

Proof. Since ax < 1, Theorem 4.4 shows that there exists a positive constant C'
such that
C7HIPyllx < llelixy < CllPellx

for all ¢ € X|.
If a C exists satisfying (4.5) then for any f € Y and any non-negative, non-
increasing g € X’ we have

/Mf(T*g) dyu = /R (TH)gdr < ITf 1. lgllx
< CIPTflxlglxr < COrlfliv gl

Taking the supremum over all f with || f|ly <1 yields (4.6) with Cy = CC4.
Conversely, if there exists a Co satisfying (4.6) then for any f € Y and any
non-negative, non-increasing g € X’ we have

/ (Tf)gdr = / ST g) dp < | F v 1T gllye < Collflly gl
R M

Taking the supremum over all non-negative, non-increasing g € X’ with ||g||x» <1
we have ||T'f|x; < Ca|f|ly and hence

IPTfllx < CIT fllxy < CClflly

and so (4.5) holds with C; = CCs.

The Boyd indices are known for many classes of rearrangement invariant spaces.
The simplest is the class of Lebesgue spaces. For 1 < p < oo let LY denote the
collection of A-measurable functions f such that || f||» < co where

1/p
1fllzz = (/R]f\pd)\> for p < oo and || f|[zs = esssupy |f(z)].

zeR

It is well known that the upper Boyd index of L% is 1/p. Theorem 4.4 reduces to
the following.

Proposition 4.6. Suppose A satisfies (2.1) and 1 < p < oo. Then P : LY — L if
and only if 1 < p < oo if and only if

sup {/ fgdX: g >0,g non-increasing, ||g||L,;/ < 1} = (| fllzey = I1Pfllze.
R
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Note that since A may be counting measure on the set of positive integers this
includes the case L} = IP.

If 1 < p < oo and v is a non-negative weight defined on (0,00) then we may
define A by d A(z) = X(0,00)()v() dz and replace f by f/v to obtain

sup {/ fg:g>0,g non-increasing, HgHLgl < 1}
0

([ ([2) o)

o) 00 -1/p’
U )
0 0
which was proved in [12, Theorem 1].

Considerable progress has been made on determining the Boyd indices of Orlicz
spaces in [3, 4, 5, 10] and others but only a small portion of this theory is required
for our purposes. We refer to [11] for the definitions of a Young’s function @, its
complementary Young’s function ¥, and the Orlicz space L}I\’. We say a Young’s
function satisfies the A, condition and write ® € Ay provided there exists a con-
stant C' > 1 such that ®(2z) < C®(x) for all x > 0. We say that ® satisfies the

5¢ condition and write ® € AS° provided there exist constants N > 0 and C > 1
such that ®(2z) < C®(z) for all x > N.

Proposition 4.7. Suppose \ satisfies (2.1), ® is a Young’s function, and V is its
complementary Young’s function. Then P : Lf — Li’ if and only if ¥ € AS® if
and only if

47) s [ fgar: g 0.g nomwinereasing lollg <1} = sz, = 1PSlsy
R

Proof. The associate space of L is L} with equivalent norms so all that is needed
to deduce this result from Theorem 4.4 is to verify that the upper Boyd index of
L% is less than one if and only if ¥ € A$°. Since the upper Boyd index of L is
one minus the lower Boyd index of LY we wish to show that the lower Boyd index
of W is greater than zero if and only if ¥ € AS°. This follows from [10, Theorem
3.2b and Theorem 4.2].

When A is weighted Lebesgue measure on the half line, or A is counting measure
on the positive integers (4.7) was established in [8, Theorem 2.2 and Theorem 3.2]
under the assumption that both ® and ¥ satisfy the As condition. For sequence
spaces Heinig and Kufner give somewhat more. Their Theorem 3.2 includes a
weighted version of the down norm which suggests the following problem.

Problem 4.8. Suppose X\ satisfies (2.1), X is a rearrangement invariant space over
(R, A), and v is a non-negative, A\-measurable function. Characterize the norm

1£ll: = sup { / flgdX: g = 0,9 non-increasing, | gvl|x- < 1} .
Y R
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5. COMPLETENESS AND DUALITY

We have seen that X| is a normed vector space. In this section we show that X|
is a Banach space of functions which is not, in general, a Banach function space.
We also characterize the dual space of X|. To begin we show that the map f — f°
preserves increasing limits.

Proposition 5.1. Suppose that \ satisfies (2.1) and f € B. If 0 < f,, T |f| then
fa 1 f°

Proof. Since f € B, f, € B for all n and hence f, f, € L3 C L3] for all n. By
[13, Theorem 5.4] f° is the unique 2-level function of f and f° is the unique 2-level

function of f,,. Now [13, Lemma 5.3] with h,, = f° shows that lim,,_,~ f° is also a
2-level function of f. We conclude that lim,,_,~ fo = f° as required.

Theorem 5.2. Suppose that \ satisfies (2.1) and X is a rearrangement invariant
space over (R, A). If 0 < fo T [f] then f3 1 f* and || fullxy T {1 fllx1-

Proof. First note that Proposition 2.1(c) easily extends to arbitrary functions and
therefore f, <|f| implies f2 < f° and we have lim,,_,, f < f°.
To prove the other inequality let h = |f], set h,, = min(h,n)x(—cc,n] and define

My, = min( fy,, hy).

Since f,, T h > hy for all k, we have lim,,_,o m,, 1, = hs, for all k. Since hy € B,
Proposition 5.1 shows that lim,, mfb r = hy for all k. Now by Definition 2.3

fO= lim hy = lim lim my, < lim lim f7 = lim f;.
k—o0 k—00 n—00 k—o00 n—00 n—00

Thus we have f° T f°. Now we apply Corollary 2.4 and the Fatou property in X
to get

i (| falls = T £ = 17°]x = [1f]1x
This completes the proof.

Theorem 5.3. If A\ satisfies (2.1) and X is a rearrangement invariant space over
(R, \) then X| is a Banach space.

Proof. We have already shown that X| is a normed linear space, it remains to prove
completeness. To do this we show that every absolutely summable sequence in X|
is summable in X|. Suppose that f,, € X| for all n and Y -, || fnllx; < co. Then
|fn] € X| and so Sy = ij:l |fn| € X| for each N. Let S be the pointwise limit
of the non-decreasing sequence Sy, that is, S = > |f,|. Since Sy T S and

N e'e)
Jim ISy ]xy < D lfalixy <) I fallxy < o0
n=1 n=1
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we have ||S||x; < oo by Theorem 5.2 and hence S € X|. In particular this implies
that S is finite A-almost everywhere because for any M € R, X(—oo,p] IS nOD-
increasing so

M

| san<USlxl-sanlxr < .

— o0
(Since A(—o0, M] is finite, X(—oo,ar) € X'.) Thus, S is finite A-almost everywhere
on (—oo, M| but since M was arbitrary, S is finite A\-almost everywhere on R.

We have shown that >~ | |f,| converges pointwise A-almost everywhere and it

follows that >~ | f, converges pointwise A-almost everywhere. Let Fiy = 22]21 In
and F = 22021 fn. Fix K, set Iy = infnzN |Fn — FK| < |FN — FK| for N > K

and note that Iy € X| with [[In]x; < 300 [1fallxs < Xoliy [ fallxi- The
sequence Iy is non-decreasing and converges pointwise to |F' — Fx|. Thus, applying
Theorem 5.2 again,

oo

Inlxr < Y0 Iallx

n=K+1

||F_FK||XL = lim
N—o0
and so ||F' — Fg|| x| tends to zero as K — oo. That is, Fx — F in X| as K — oo.
This completes the proof.

Although X| is a Banach space, it is not a Banach function space in general as
the following example shows: Take A\ to be Lebesgue measure on the half line. We
show that condition [1, Definition 1.1.1(P5)] fails for the space L3|. To do this we
exhibit a set E of finite measure and a sequence of functions {f,} in L3] such that
Jg fa/llfallLz, is unbounded. Set

E = [j[n—Q_”,n]
n=1

and note that A\(E) =377, 27" < oco. If f, = 2"X[,—2-n ,,) We compute [, fn =1
and f3 = (1/m)xpo- Thus [fullzzy = I£30z2 = n Y2 and so [y fu/llfullsz, is
unbounded for large n.

For the remainder of this section we investigate the dual space of X|.

Definition 5.4. Suppose that g is a A-measurable function. Define g by g(x) =
esssupys, |9(t)], set [|gllxyr = [|gllx/, and let X|" be the collection of functions g for
which ||g||xy < 0.

Note that g is non-negative and non-increasing and that, by a standard measure
theory argument, g > |g| A-almost everywhere. The space X|’ is a subspace of X’
since we have ||g||x/ < ||g]|x)’. It is easy to see that || - || x- is a norm.

Although the notation X |’ suggests the associate space of X| this is not asserted
here. In fact, since X| is not necessarily a Banach function space, it is not clear that
it has a well-defined associate space. The space X|’ does behave like an associate
space, however, as we see in Theorems 5.6 and 5.7 below. Theorem 5.9 shows that
the dual space of X| often coincides with X|’. To prepare for these three theorems
we need another result from [13].
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Proposition 5.5. Suppose A satisfies (2.1), a € (0,1), and f,g are \-measurable
functions such that f° and g are finite A-almost everywhere. Then there exists a
non-negative A-measurable function h such that

[ tlslarz e [ \igar ana [ npar< [ 170
R R R R

for all non-negative, non-increasing, A-measurable functions p.

Proof. This is proved in [13, Lemma 6.5] under the assumption that f© € L% and

g e Lil for some p € (1,00]. Only the weaker assumption that f© and g are finite
A-almost everywhere is used in the proof. It remains valid in this more general
situation without alteration.

Theorem 5.6. Suppose \ satisfies (2.1), X is a rearrangement invariant space
over (R, \), and f € X|. Then

(5.1) ufHXlzzau>{LA;fgdA]:ngxy < 1}-

Proof. Since g is non-increasing and g > |g| A-almost everywhere we have
(5.2)

Ufwﬂg/mmwg/umwg/#muwmmwxzwmmmw
R R R R

This proves that the left side of (5.1) is no less than the right side. To prove the
other inequality note that if g is non-negative and non-increasing with ||g||x: <1

then | sgn(f)gllx;s < 1 and [g|flgdr = |[g fsgn(f)gdA| so by (1.1)

HNMF*@{/LWMAWZOynmﬂm%$%WNMS1}
R

<swp{| [ g9 lale <1}

This completes the proof.

Theorem 5.7. Suppose \ satisfies (2.1), X is a rearrangement invariant space
over (R, \), and g € X|'. Then

(53) ol = s {| [ aar|: 151 <1}

Proof. The calculation in (5.2) shows that the left hand side of (5.3) is no less than
the right hand side. To prove the other inequality we require Proposition 5.5. Fix
g € X|'. Then g € X so g is finite A\-almost everywhere. Fix o € (0,1) and choose
a non-negative function f with ||f||x < 1 such that

_ 1 B
Mhyﬂmmé—/fmx
a Jr
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Since || f|lx <1, f € X C X| so f° is finite A-almost everywhere by Corollary 2.4.
The function A of Proposition 5.6 satisfies

Ihllx, = sup / hp d\ < sup / Flodh < | fllx <1
R R

where the suprema are taken over all non-negative, non-increasing functions ¢ with
ol xs < 1. Therefore

ol < [ gaans [ glar<s{| [ soar|: sl <1
R R R

Since this holds for all @ € (0,1) we may let a — 1 to obtain the remaining
inequality in (5.3).

Definition 5.8. Suppose that A is a Banach space of functions. We say the space A
has absolutely continuous norm provided every non-increasing sequence of functions
in A which converges to zero pointwise, converges to zero in A.

In view of [1, Proposition 1.3.5] this definition agrees with [1, Definition 1.3.1]
when A is a Banach Function Space.

Theorem 5.9. Suppose X\ satisfies (2.1), X is a rearrangement invariant space
over (R, \) and both X and X| have absolutely continuous norm. Then the dual
space of X| is X|'. More precisely, each function g € X|' gives rise to a continuous
linear functional Ly on X| given by Ly(f) = [g fgdX. The norm of Ly is ||g||x)/
and every continuous linear functional on X| is L, for some g € X|’.

Proof. By [1, Corollary 1.4.3] X’ = X*. If g € X[’ then L, is a clearly linear and
Theorem 5.7 shows that L, is continuous on X|, having norm ||g|| x|/. Suppose now
that L is a continuous, linear functional on X|. We wish to show that L = L, for
some g € X|'.

Since X is a subspace of X| (with || - ||x; < || - |lx) we may consider L as a
continuous linear functional on X. The hypothesis that X* = X’ shows that there
is a function g € X’ such that Lf = fR fgdX for all f € X. To complete the proof
we show that Lf = [ fgdX for all f € X| and that g € X|'.

To do the first we fix f € X|, set f,, = min(n, max(—n, f))X(—cc,z], and consider
the sequence {|f,g|}. This increases pointwise to | fg|. The Monotone Convergence
Theorem yields

[ 1gslax=tim [ [f.gldh= lim L(17.|s0()
R n—oo R n—oo

< Llx—r lim [ fallx) < [Llx—rI[fllx < oo
Thus fg € L. Now consider {f,,} as a sequence in X|. Since {|f— f,,|} decreases to

zero pointwise and X| has absolutely continuous norm we see that {f,} converges
to f in X|. Since L is continuous,

Lf = lim L(f,) = lim fngd)\:/ Fgdx
n—oo n—oo R R
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where the last inequality follows from the Dominated Convergence Theorem using
our observation that fg € L}.

The second task is to show that g € X|'. Set g,(xz) = min(n,[g()])X (oo,n]
and note that g, € X|’ and {g,,} increases pointwise to |g|. Thus {g,} increases
pointwise to g. The Fatou property of the Banach function space X’ implies that

Jim ([gn[lx1 = lim |[gnllx = [lg]x = llgllx-

But

lgnllx) = sup

/R fn dA\ < sup /R Fllgl A = sup L(If| sgn(9)) < IL]x)—z.

Here the suprema are taken over all functions f with || f||x; < 1. The conclusion is
that ||g||x;s < ||L]|x;—r so that g € X|" as required.

Corollary 5.10. If A satisfies (2.1), X is a rearrangement invariant space over
(R, \) and both X and X| have absolutely continuous norm then X|' is complete.

Proof. The dual space of any normed linear space is complete.

See [13, Example 6.9] for an example to show that X| need not be reflexive even
when both X and X| have absolutely continuous norm.

It may be that if X has absolutely continuous norm then so does X| but we have
no proof or counterexample. In very many cases, however, it is true. We leave the
following as a (non-trivial) exercise: Suppose A satisfies (2.1), A(z) = [*__ dX, and
har(x) = min(M,1/A(x)) for M > 0. If X has absolutely continuous norm and
har € X' for all M > 0 then X| has absolutely continuous norm.
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