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Synopsis

Weighted inequalities for certain Hardy-type averaging operators in R™ are shown
to be equivalent to weighted inequalities for one-dimensional operators. Known re-
sults for the one-dimensional operators are applied to give weight characterisations,
with best constants in some cases, in the higher dimensional setting. Operators
considered include averages over all dilations of very general starshaped regions as
well as averages over all balls touching the origin. As a consequence, simple weight
conditions are given which imply weighted norm inequalities for a class of integral
operators with monotone kernels.

1. Introduction

The one-dimensional theory of Hardy-type inequalities is progressing well. More
and more often, new problems that arise can be solved using known results or by
established techniques. The theory in higher dimensions is perceived to be much
more difficult and indeed there are significant problems in higher dimensions for
which the one-dimensional techniques are not adequate. It is important to recog-
nize, however, that many higher dimensional problems are really one-dimensional in

1991 Mathematics Subject Classification. Primary 26D15; Secondary 26A33.

Key words and phrases. Hardy inequality, Weight, Averaging operator.

Support from the Natural Sciences and Engineering Research Council of Canada is gratefully
acknowledged.

Typeset by ApS-TEX



2 GORD SINNAMON

nature and may be successfully analysed using the one-dimensional theory. We give
weight characterisations for two such problems, and apply the results to establish
best constants in inequalities involving weighted averages over starshaped domains.
The higher dimensional results also provide an elegant approach to studying one-

dimensional integral operators with monotone kernels.

For the first class of problems we look at the operator that averages functions
over regions which are dilations of a fixed region, starshaped with respect to the
origin. (A subset of R™ is starshaped with respect to the origin provided that for
each point in the set, the closed segment joining that point to the origin lies entirely
within the set.) This is a one-parameter family of regions so it is not surprising
that weighted inequalities for the associated averaging operator can be reduced to
one-dimensional inequalities. It is somewhat surprising that averages over such
families are as easily treated as averages over balls centered at the origin. (The
result for averages over balls was given in [4].) The main result is in Theorem 2.1
and Theorem 2.4 gives the best constants in these inequalities for a certain class of

weight functions.

The second class of weighted inequalities involves averaging a function over a
genuinely n-dimensional collection of regions—all the balls with the origin on their
boundary. This time, the reduction to one-dimension depends on showing that it
is sufficient to test the inequality over the class of radial functions. This is why we
restrict ourselves in Theorem 3.2 to radial weight functions. Christ and Grafakos

in [3] have given unweighted inequalities for this operator.

In the last section we look at inequalities for more general integral operators and
derive sufficient conditions for weighted inequalities in one-dimension by considering

them as restrictions of higher-dimensional ones.
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If u is a radial function on R", ie., if u(x) = u(y) whenever |z| = |y|, then we
will abuse notation by sometimes writing u(s) instead of u(z) when s = |z|.

We denote the unit sphere by Q = {x € R" : |z| = 1}.

The notation A ~ B means that there exist positive constants ¢; and ¢y such

that ¢c;A < B < ¢y A.

2. Averages over starshaped regions

We will call a region S € R™ smoothly starshaped provided there exists a
piecewise-C! function 1 defined on the unit sphere in R™ and having real non-
negative values, with S = {x € R™\ {0} : |z| < ¥(z/|z|)}.

If S is smoothly starshaped, let B = {x € R™ \ {0} : |z| = ¢ (x/|z|)} and note
that B is contained in the boundary of S. Since v is not assumed to be continuous,
B may not be the whole boundary of S. The family of regions we average over is
the collection of dilations of S.

Let E be the union of all dilations of S, E = U,>oa.S, and note that £ = R"
whenever 0 is in the interior of S. For non-zero x € F, since S is starshaped, there
is a least positive dilation o, S which contains x. We write S, = «,.5 and note that
x /oy € B so that x is on the boundary of S.

The n-dimensional weighted inequality that we characterise in this section in-

volves averages over the regions S,.

THEOREM 2.1. Suppose 0 < ¢ < o0, 1 < p < 00, and u and v are non-negative

weight functions on E. Then there exists a constant C' > 0 such that

(/E /Szf(y)dy

for all locally integrable functions f if and only if either

qv(m)dx)l/qsc( [ i@ dy>1/p (1)
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p<q and

1/p’ 1/q
K= sup (/ u(y)=" dy) / v(x) dx < 00,

orq<p,1/r=1/q—1/p, and

D= /E (/Sz u(y) =7 dy) . (/E\SZ v(z) dw) r/pv(z) dz " < 0.

Moreover, the smallest constant C for which (2.1) holds satisfies

K<C<pip)Y'""K ifp<gq, and
)P g (1 - q/p)D < C < (r/g)"p PP D if g <p.
We will establish Theorem 2.1 as a corollary of our reduction of the n-dimensional
inequality to a one-dimensional one. To prove the reduction we make the changes

of variable

r=s0 and y=tr (2.2)

where z,y € E '\ {0}, s,t € (0,00), and 0,7 € B. Since B is piecewise smooth we

can integrate over it and we have, for any x € E and any measurable f

/S ) dy = /0 s /B F(tr)n=t dr dt.

THEOREM 2.2. Suppose 0 < ¢ < o0, 1 < p < 00, u and v are non-negative weight

functions on E and C > 0. Set

Vi(s) = /B v(s0)s"Vdo, and U(t) = ( /B u@T)lp’tnldT)l_p.

Then (2.1) holds for all locally integrable functions f : E — R if and only if

(/Ooo /OS F(t)dt ' V(s) ds) v <C (/OOO |F(t)[PU(t) dt>1/p (2.3)
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holds for all locally integrable functions F : (0,00) — R. In particular, the best

constants in inequalities (2.1) and (2.3) coincide.

Proof. Suppose (2.3) holds and fix a locally integrable function f: E — R. Set

:/ ftr)tntdr. (2.4)
B
Make the changes of variable (2.2) in the left hand side of (2.1) and notice that for

o € B, as, = s.

q 1/q
)y ol >dx)

ftT " 1d7'dt

v(z) d:c) .

1/q
v(sa) " 1d0d5>

(LI
“(1
(

/ fr)t"tdrdt
F

[ /
/0 h /0 S qV(s)ds)l/q
< ( /0 NOI0 dt) 1/,).

The last inequality is the hypothesis (2.3). Use Holder’s inequality in the integral

(t) dt

defining F' to estimate the last line above as follows.

C ( /0 O dt) v

=C (/Ooo /Bf(tT)tn_l dr ’ U(t) dt) v
<C ( /O h ( /B | f(t7)|pu(t7)t”_1dT> «

( /B u(tr) Pt d7> o U(t) dt) "
e ( /O b /B | f(t7)|pu(tr)t”_1d7dt>l/p
o ([ 1wt i) "
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Thus (2.1) holds.
To prove the converse, suppose that (2.1) holds and fix a locally integrable

function F': (0,00) — R. Define f : E — R by

/

f(tr) = FOU®)P ~ u(tr) '

and use the definition of U to see that the relationship (2.4) is still valid. As in the

first part of the proof we have

</OOO /OSF(t)dt V(s)ds)l/q:< )

Now the inequality (2.1) becomes

(7| rora] vious) Ve ([ wpruw dy)l/p.

Using the definitions of f and U we recognize the right hand side above as the right

q

' () dw) v .

y) dy

hand side of (2.3), that is

C(/ () Pu(y) dy)l/p
(J( / |F () [Pultr)t™ 1det>1/p
(f
(f

C

1/p
&) [PU ()P / u(tr)P )p“t”_ldet)
B

C

R )1/19.

This establishes (2.3) and completes the proof.

Necessary and sufficient conditions on indices p and ¢ and weights U and V for
the weighted Hardy inequality (2.3) to hold are well known. They can now be
applied to characterise the equivalent inequality (2.1) and complete the proof of

Theorem 2.1.
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Proof of Theorem 2.1. In the case p < ¢, (2.3) holds if and only if, [2] or [8],

p ) 1/p’ oo 1/q
sup (/ Ut)t=r dt) (/ V(s) ds) < 0.
p>0 0 P

Use the definitions of U and V' from Theorem 2.2 to get the equivalent statement

p , 1/p’ ) 1/q
sup (/ / u(tr) Pl dr dt) (/ / v(so)s" 1 do ds) < 0.
p>0 0 B P B

Now replace p by a,, make the changes of variable (2.2), and notice that y € S, if

and only if t < p and x ¢ S, if and only if s > p. The condition becomes

1/p’ 1/q
sup (/ u(y)t =" dy) (/ v(x) dx) < 0.
ZGE\{O} Sz E\Sz

This condition on p, ¢, u and v is necessary and sufficient for the inequality (2.3)
and, in view of Theorem 2.2, also necessary and sufficient for the inequality (2.1)
as required.

In the case ¢ < p we define r by 1/r = 1/q — 1/p. The inequality (2.3) holds if

and only if, [9] or [8],

(o) () o) <

Proceeding as in the first case we use the definitions of U and V' from Theorem 2.2

to get the equivalent condition

o P , r/p
/ </ / u(tr) Pl dr dt) X
0 0o JB
00 T/p 1/7”
</ / v(so)t"tdo ds) / v(pw)p" " dw dp < 00.
P B B

The changes of variable (2.2) as well as z = pw reduce this to

1/r

L (/ uw'™ dy>’““" </E\ v(@) dl‘) " o(z)dz | < oo
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as required. The estimates for the best constant C are exactly the estimates for

the one-dimensional case established in [2] and [9].

It is important to notice that Theorem 2.2 shows that the n-dimensional inequal-
ity is equivalent to a one-dimensional one with the identical constant. Thus the
problem of finding the best constant in (2.1) is also reduced to a one-dimensional
problem.

Suppose now that 1 < p < ¢ < oo and define B), ; by

{ﬂ pP=q
Bp q — N 1/4a 1/ r 1/r
: r (r)
(%) O (coitom) e
Here 1/r = |1/p —1/q|.
In 1930, Hardy and Littlewood [5] and Bliss [1] proved that B, , is the smallest

constant C' for which the inequality

(Aw.AsﬂﬂdtarLﬂMQk)Uqg(j(Aw“ﬂwwdalm (2.5)

holds for all g. We require a slight extension of this result suggested by the work

of Manakov [6].

PROPOSITION 2.3. Suppose 1 < p < g < oo and let a > 0. The smallest constant

C' for which

(Amiéxf@ﬁw

holds for all f is C' = B, ,.

q ) 1/q ) 0o 1/p
p—1—aq/p dm) <q Va-1/P' ¢ (/ | f(y)[Pyle—DE=P) dy)
0

(2.6)

Proof. Make the substitutions ¢t = y%, s = 2%, and g(t) = f(y)/(ay®~!) in (2.5) to

get the equivalent inequality (2.6).

As a corollary to Theorem 2.2 we can extend the above Proposition to higher

dimensions.
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THEOREM 2.4. Suppose 1 < p < q < o0 and let a > 0. The smallest constant C

for which

([E /Smf(y)dy

q ) 1/q
|Sx|—1—aq/p dw)

1/p
oo [iwrs e a) " e
E

holds for all f is C = By, 4.

Proof. Inequality (2.7) is a special case of (2.1) with v(z) = [Sy|~1=%/?" u(y) =
]Sy\("'*l)(lfp), and C replaced by a~1/771/P"C. According to Theorem 2.2, there-

fore, (2.7) is equivalent, with identical constants C' to

(/OOO /OSF(t)dt

with U and V depending on v and v as in Theorem 2.2. To calculate U and V

1/p

' V(s) ds) v <qg ViUr'o ( /O h |F(t)|PU(t) dt) (2.8)

recall that as, = s so |Sse| = s™|5|.

t t
/ V(S)S”(1+CLQ/P/) ds :/ / U(SO’)Sn_l do_sn(l—l—aq/p/) ds
0 0 B

t
- / / (s"|S]) "1/ gt dggn(taale) g
0 JB

¢
:]S|_1_“q/p// /sn_ldads
o JB

=[S S| = |5 e i
Differentiate to get V (¢)t"(1+aa/p') = |§|=aa/P' pgn—1 and conclude that
V(t) = n|5|faq/p’tflfnaq/p"
A similar argument shows that

Ut)'? = n|S|*tmeb,
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With these expressions for U and V, inequality (2.8) becomes

[e%e) s q , 1/q
(/ / F(t)dt| s~1—naa/p ds)
0 0

< (na)~Ye- /Y ¢ (/ |F(t)|Pe(re—D0=p) dt)
0

1/p

By Proposition 2.3, with a replaced by na, the smallest constant C' for which this

holds is C = B, 4. This completes the proof.

Remarks.

1. By these methods it is easy to see that Theorem 2.4 gives all the inequalities with
“power” weights. More precisely, if inequality (2.1) holds for v(x) = |S,|® and
u(y) = |Sy|” for some § and y thenp < ¢, 5 = —1—aq/p’, and v = (a—1)(1—p)
for some a > 0.

2. If S, is taken to be the ball of radius |z| centred at the origin then the case p < ¢
of Theorem 2.1 reduces to Theorem 2.1 of [4]. The case ¢ < p of Theorem 2.1
essentially extends Theorem 2.2 of [4] by allowing ¢ to be in (0,1). Although
the weight condition (2.9) of [4] is different in form than the one given here,
integration by parts shows that they coincide (up to a constant) in the case
1 <qg<np.

3. If S, is taken to be the ball of radius |z| centred at the origin, p = ¢, and a = 1
then Theorem 2.4 reduces to Theorem 1 of [3].

4. The condition that S be smoothly starshaped can be considerably weakened. All
that is required of a starshaped region S for these arguments to be valid is that
integration on R™ can be transformed to a kind of “polar” coordinates where

instead of spherical shells we use the boundaries of dilations of S.

3. Averages over balls

In this section we consider averages over the family of all balls in R™ having the
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origin on their boundary.

DEFINITION 3.1. For each x € R™ set
B, ={yeR": |y —z| < |z}.

The inequality that we will concern ourselves with is the following.

(/Rn /B o)y (o) dx) "o (/ A @lPuy) dy)l/p, (3.1)

for radial weights u and v.

THEOREM 3.2. Suppose 1 < ¢ < p, 1 < p < o0, and u and v are radial weight

functions on R™. The inequality (3.1) holds for all locally integrable functions f if

and only either

p=q and

1/p
sup (/ (p — [y))P "D 2y (y) dy) </ |z 7D 2y (2) dw) :
p>0 ly|<p [2z|>p

1/p’ 1/p
sup (/ u(y)' ™" dy) (/ (1= p/[2] )P =D 20 (2) dw)
>0 \ Jiy1<p 122[>p

are both finite, or

1/p’

q<p, 1/7":1/(]—1/]), and

/7

r/q
(o)
n ly|<|z|
1/r

r/q
(/ (1= |z|/[2z]) 9D 2 () dx) u(z)' 77 dz ,
[22|> 2]

/

r/p
/(/ <|z|—|y|>p’<”—1>/2u<y>1—p’dy) <
n ly|<|z]|

r/p
(/ || 79D 2y (1) da:) 2|9 =D/2y(2) dz
|2z|>|z]

1/r
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are both finite.

The proof relies on the reduction of this problem to a known one-dimensional
weighted norm inequality, although this time the one-dimensional inequality is not
simply a Hardy inequality. To identify the one-dimensional operator that arises

we must investigate the following integral which represents the n — 1 dimensional

surface area of a generalized arc, the intersection of a sphere and ball in R"™.

DEFINITION 3.3. Let o € ().

A(t) = /Q Xp. (2t7) dr.

Note that A does not depend on the choice of o € 2 and that A(t) =0 for ¢t > 1.

LEMMA 3.4. For any o,7 € €,

/ Xp,, (tT)dr = A(t/2s) = / Xp,, (tT)do.
)

Q

Proof. By Definition 3.1, t7 € B, means |tT — so| < s. Dividing by s this becomes
|(t/s)T — o| < 1 which is just (¢/s)T € B,. Thus

/XBW(tT> dr = / Xp, ((t/s)T)dr = A(t/2s),
Q

Q
the first part of the lemma.
Using Definition 3.1 again we have t7 € B,, if and only if t? — 2ts7 -0 + 5% < s2.
Interchanging 7 and o has no effect on this condition so it is also equivalent to
to € Bs,. Therefore

/ Xp,, (tT)do = / Xp, (to)do = A(t/2s).
Q

Q

where the last equality is just the first part of the lemma with ¢ and 7 interchanged.
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The first step in showing that an n-dimensional inequality is essentially one-
dimensional is to identify a small class of functions over which it is sufficient to
test the inequality. In the next theorem we reduce the inequality (3.1) to a one-
dimensional inequality and the key observation is that it holds for all functions f
if and only if it holds when f is radial.

We will regularly pass to and from polar coordinates with the changes of variable
xr=s0, y=tr, and z= pw, (3.2)

x,y,z € R\ {0}, s,t,p € (0,00), and o, 7,w € Q.

THEOREM 3.5. Suppose that 1 < ¢ < p, 1 < p < o0, and u and v are radial
weight functions. Then inequality (3.1) holds for all locally integrable functions

f:R"™ — R if and only if the inequality

0o q 1/q
</ v(s)s" ! ds)
0
1/p

< cloft/r-1/a ( /0 TRt dt) (3.3)

/28 A(t/2s)F(t)t" L dt
0

holds for all locally integrable functions F' : (0,00) — R. In particular the best

constants C' in inequalities (3.1) and (3.3) coincide.

Proof. Suppose that (3.1) holds and fix F': (0,00) — R. Introduce an integral over

(2 into the left hand side of (3.3) and use the fact that v is radial to get

/0 - () ds) "
_ /OOO|Q|1/9/028A(t/25)F(t)t”1dtq

0o 2s
= / \Q|—1/ / /sto(tr) drF(t)t" ' dt
0 Q1J0 Q

/ At /20 F () dt

1/q
v(so) dos™ ! ds)

q

1/q
v(so)dos™ ! ds)
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where the second equality uses Lemma 3.4. Continue by changing variables via

o (][ rwa )

Now (3.1) with f(y) replaced by F(]y|) shows that the last expression is no greater

(3.2) to get

than

copve ([ ) = cioren ([T repae @)

where the last equality is a change of variable again. This establishes (3.3)

1/p

Conversely, suppose that (3.3) holds. Fix a function f and set

Ft) = (/Q |f(t7)|qd7>1/q.

Make the substitutions (3.2) in the left hand side of (3.1) and use Minkowski’s

integral inequality to get

< /Rn /B ] f(y) dy
) </OOO/“ /028 /Q Jm)Xp., (tr) dri" ™" di q dov(s)s" ! ds) :

00 2s q 1/q q 1/q
< / / (/ da) t"~tdt| wv(s)s" lds .
o |Jo Q

Use Holder’s inequality and Lemma 3.4 to estimate the innermost integral.

"< ([ xoteryar ) " [ 15619,

—A(t/25)9/9 /Q |F(t7)|9X .. (t7) dr.

' v(z) dac) v

/ F(t1) X (t7) d
Q

/ fir)Xp,, (tT)dr
Q

This estimate, and another application of Lemma 3.4, yield

J

' do < /Q A(t)2s)4/ /Q |f(t7)|"X g, (t7) dT do

/Qf(tT)XBSU(tT)dT
=A(t/25)19 /Q |f(tT)|? /Q Xp.. (t7)do dr
:A(t/2s)q/Q|f(t¢)|qd7:A(t/23)qF(t)q.
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Using this inequality and the hypothesis (3.3), deduce the inequality (3.1) to com-

plete the proof.

(L.
00 q 1/q
< ( /0 v(s)s" ! ds>
<c|Q|/r-1/e (/OOO |F(t)|Pu(t)t™ ! dt)l/p
—_C|q[V/r-1/a (/Ooo </Q |f(t7)]qd7)p/qu(t)t”_1dt)

<C|Q|V/r=1/a (/0” (/Q P dT) (/Q dT) (p—q)/qu(t)tn_ldt> 1/p
=C (/ N @)FPuly) dy) v

The last inequality here is Holder’s inequality with indices p/q and p/(p — q)

/B S)a ") da:)l/q

/ A(t/2s)F(t)t"t dt

0

1/p

The reduction of inequality (3.1) to a one-dimensional inequality is complete.
We now use known results to give a weight characterisation for (3.3) which will
finish the proof of Theorem 3.2. The following lemma examines the kernel of the
integral operator in (3.3), showing that it is bounded above and below by a certain
power function. This will enable us to reduce (3.3) to a weighted inequality for a

Riemann-Liouville fractional integral operator.

LEMMA 3.6. Let o denote the n—2 dimensional volume of the unit sphere in R"~1.
Then

1
A(t) = a/ (1-— 52)("_3)/2 ds ~ (1 — t)(n—l)/?
t

Proof. Let € denote the unit sphere in R®~! and recall the induction step in the

development of spherical polar coordinates.

A(t):/XBU(QtT) dT:/ / Xp, (2t(cos 6, wsin 6)) sin™ 2 0 df dw.
Q »Jo
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Because A(t) is independent of o in 2, we may take o = (1,0,...,0) € . The
characteristic function above is 1 provided |2¢(cosf,wsinf) — o| < 1, that is, when
(2t cos @ — 1) +4t% sin® §|w|? < 1. Since w € €, |w| = 1 so this condition simplifies

to @ < cos—!t. Therefore

cosT 1t cosT1t
A(t) = / / sin” 20 df dw = a/ sin" 26 df.
7Jo 0

Making the substitution s = cos # we have
1
At) = a/ (1—s2)n=3)/2 s,
t

giving the first part of the lemma. Since 0 < s < 1,1 <14+s5<2s01—3s%=

(I1+5s)(1—s)~1—s. Therefore
1
A(t) ~ a/ (1 — 8)(7‘*3)/2 ds = (2@/(71 . 1))(1 . t)(nfl)/Q7
t

which yields the second part of the lemma.

Proof of Theorem 3.2. Our object, in view of Theorem 3.5, is to show that the
weight conditions of Theorem 3.2 are necessary and sufficient for the inequality
(3.3). In order to cast (3.3) in the form of a Riemann-Liouville operator we first

replace s by s/2 and then apply Lemma 3.6 to show that (3.3) is equivalent to

U

q AN
ols/2)(s/2 G )

/ (1—t/s)"=D2Rp@)t" "t dt
0
o 1/p
< clof/r-1/a ( / |F(t)|pu(t)t”_1dt) |
0

Now, multiply and divide by s(»~1/2 on the left hand side and replace F(t) by

G(t)/t"~1. The inequality becomes the weighted Riemann-Liouville inequality

U

q 1/q
§20=1)/2y (5 /9) (s/2)7 d—)

/ (s — )™= D2G(t) dt 5

0

S 1/p
< Q[ /r—1/a (/O |G(t)|pu(t)(t”_1)1_pdt) .
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Apply the results of Stepanov [10] to show that this last inequality holds for all

locally integrable G if and only if

p =q, and
p , , 1/p 0o 1/p
sup (/ (p—t)P (n—l)/QU(t)l—p 1 dt) (/ S(l—p/2)(n—1)v(3/2)2—n ds> ’
p>0 0 o
p ) 1/p' /oo 1/p
sup (/ u(t)=P ¢t dt) (/ (s — p)P(=D/25(=p/2)(n=1) (5 /9)2 7" ds>
p>0 \Jo p

are both finite, or, ¢ < p and

</OOO (/Op () dt)r/q/ x

1/r
o n— —g(n— n— ds r/a n— 7
([ o= oz oy s/2r =t ) ! Pdp> ,
p

/

o0 P ’ ’ T‘/p
/ / (p —t)P (P 1/ 2Ly ()P dt) X
0 0

(
(oot d?)/ P 20 (p2) (p2)" %> /7"

are both finite.

To complete the proof we replace s by 2s in the two conditions and introduce
integrals over (2 in all integrals to return the variables z, y, and z. It is a straightfor-
ward matter to reduce the expressions above to (multiples of)) those in the statement

of Theorem 3.2.

Remark. The analogue of Theorem 3.2 in the case ¢ > p remains an open question.

4. Back to One Dimension

We have reduced n-dimensional inequalities to one-dimensional ones in order to

give weight characterisations for them. In this section we look at special cases of our
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n-dimensional inequalities and interpret them as new one-dimensional inequalities.
In this process something is gained and something is lost. We gain inequalities for
integral operators with a wide range of kernels but because we are specializing, the
weight conditions we give are sufficient but probably not necessary.

The inequalities are deduced from Theorem 2.1 with n = 2 and specially chosen
regions S, by restricting our attention to functions on R? which depend only on
the first variable. The regions S, will depend on the function ¢ as in the following

definition.

DEFINITION 4.1. Suppose ¢ : [0,1] — R is a decreasing, continuously differentiable

function with ¢(0) =1 and (1) = 0. Define

S={(z1,22) :0< 21 <1,0 <29 < z100(x1)}

LEMMA 4.2. S is smoothly starshaped and E, the union of all dilations of S, is

equal to

{(xl,xg) 0< 21,0 2o <(L’1}. (41)

For x = (x1,22) € E, Sy, the least dilation of S that contains x, is oS, where ay

satisfies vo = x10(x1/ay).

Proof. Let 9(z1,22) = ¢ Yxa/x1)(1 + (22/21)?)*/? when z; and zy are positive
and let (21, 72) = 0 otherwise. It is easily checked that S = {z € R?\ {0} : |z| <
Y(x/|z|)} so S is smoothly starshaped.

If (z1,22) € aS with @ > 0 then 0 < z7/a and hence 0 < z7. Also 0 <
zo/a < (z1/a)p(z1/a) so 0 < zo < x19(x1/00) < £190(0) = 1. Thus (x1,x2) is in
(4.1). Conversely, if (z1,22) is in (4.1) then for sufficiently large a we have both

0<zi/a<land 0 <zy/a < (z1/)p(z1/0) so (x1,x2) € E.
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The least dilation of S that contains the point (z1,x2) is the unique « for which

(x1/a, x9/) is on the graph of x1¢(xz1). Thus zo = x1¢(x1/ay). This completes
the proof.

THEOREM 4.3. Suppose 0 < ¢ < 00, 1 < p < oo and let ¢ be as in Definition 4.1.

There exists a constant C' such that the inequality

([ ([ ) o) <o [ wmma)

holds for all f, provided either

sup (/Ot p(y/tuly)' dy)l/p/ (/too v() dw) a < o0,

orq<p,1/r=1/q—1/p, and

p<q and

1/r

(/OOO (/Otw(y/t)U(y)l‘p/ dy) " (/too v(z) dx)r/p v(t) dt) < oo.

Proof. We wish to apply Theorem 2.1 with S as in Definition 4.1 and weights U
and V defined by U(y1,y2) = ¥ "u(yr) and V(zy,22) = v(z1)d(x2) where &y is
the measure on R consisting of a single atom of weight 1 at 0. Because the constant
C'in Theorem 2.1 is controlled by the value of K or D it is straightforward to show
that the theorem holds for this V' by applying it to weights V,,(x1, x2) = v(x1)&,(z2)
for some approximate identity {&,}. We omit the details.

The weight condition of Theorem 2.1 in the case p < ¢ is

1/p’ 1/q
K= sup (/ Uy)—" dy) / V(z)dx < 0.
z€E\{0} \Js, E\S.

With a = a,, and applying Lemma 4.2, we have

o ryie(yi/a) ) - /v o0 1/q
K =sup / / vy u(y1) P dyadys (/ U(:Jcl)d:cl)
a>0 0 0 a
a , 1/p’ 00 1/q
=sup (/ oy /a)u(y)' P dyl) (/ v(z1) de1> :
« 0 «
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The weight condition in the case ¢ < p is
1/r

D= /E (/Sz Uy)' " dy> " (/E\Sz V(x) dx) B V(z)dz < 0.

D becomes

oo 2 pneln/z) , T, r/p
/ / / y1 u(yn)' P dyadin (/ U(l’l)dl’l) v(z1) dz
0 o Jo 2
© s 2 ) v/’ s oo r/p 1r
= (/ (/ o(y1/z1)uly) P dyl) (/ v(x1)dx1) v(z1)dz
0 0 -

Thus the conditions of Theorem 2.1 reduce to the hypotheses of the present theorem.

1/r

The inequality guaranteed by Theorem 2.1 is

(/E /sxf(y)dy

which, if we restrict f to depend only on the first variable, becomes

(/ooo (/0 o1 /o)y f () dyl)q o(an) da:1> v
<C </0 /Oyl !f(yl)|pyf_lu(y1)dy1)l/p

e ( / g f ) Putyn) dyl)l/ .

Replacing y1 f(y1) by f(y1) completes the proof.

1/p

V) dw) Mec ( [ 1rwrve dy)

Remark. A weight characterisation in the case p < ¢ has been given in [7] for
the inequality of Theorem 4.3 without the endpoint conditions on ¢ but under
the additional assumption that for some D > 0, p(ab) < D(p(a) + ¢(b)) for all

a,be (0,1).

Applying the above theorem with ¢(s) = (1 — 5)¥~! gives a sufficient condition

for the Riemann-Liouville fractional integral operators since for this ¢,

/ "oy f(y) dy = / “(@ - y)F S () dy.
0 0
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COROLLARY 4.4. Suppose 0 < ¢ < 00, 1 < p < oo and let k be a real number
greater than 1. There exists a constant C' such that the weighted Riemann-Liouville

inequality

(U ([ emotsmm) v Veo ([ 1swrwa)”

holds for all f provided either

p<gq and

t , 1/p’ 0 1/q
sup (/ (1-— y/t)k_lu(y)l_p dy) (/ mq(k_l)v(m) dm)
t>0 \Jo t

18 finite, or

q<Dp, 1/7":1/(]—1/]), and

( /O ) ( /O t(l —y/t)FLu(y) dy)r/p( /t h 21~V (z) da;y/iq(k—nv(t) dt)

is finite.

1/r

Ezxamples. Example 10.13 in [8] is easily adapted to show that the sufficient con-
dition given in Corollary 4.4 is not necessary.

A simple estimate shows that the condition of Corollary 4.4 is easier to satisfy
than the similar condition given in Theorem 10.11 of [8]. Also, one can check that

Corollary 4.4 implies the inequality

| 1] et

but Theorem 10.11 of [8] does not.

2 dx

e / F)Pe v dy,
0

T

Remark. In the case 0 < ¢ < 1 necessary and sufficient conditions are not available
for the Riemann-Liouville operators but our sufficient conditions have a different

form than those in [8, Theorem 10.11] or those that follow from [10, Theorem 3].

If we imitate the proof of Theorem 4.3, replacing the interval (0,1) with the
smoothly starshaped subset S of R™ we get the following result. The details of

proof are omitted.
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THEOREM 4.5. Let S be a smoothly starshaped subset of R™ and let B and o, be
as in Section 2. Suppose 0 < ¢ < 00, 1 <p < oo and let ¢ : S — [0,1] be radially
decreasing, continuously differentiable, and satisfy ©(0) =1, p(o) =0 for o € B.

Then there exists a constant C such that the inequality

p(y/ax)f(y)dy ‘qv(x)dx " <C{ [ [fPuly)dy "
5 \Us, :

holds for all f provided either

p<q and

1/p’ 1/q
sup ( [ ezt dy) ( / v(w)d:c) <
z€E\{0} \JS; E\S.

orq<p,1/r=1/q—1/p, and

1/r

/E (/Sz ‘P(?J/Ozz)U(y)l—p/ dy) o (/E\Sz v(z) dac) T/pv(z) dz < .

Remark. The appearance of a, in the above theorem is unfortunate since it may
be difficult to calculate for some regions S. On the other hand, it is often a simple

function of x. If S is the unit ball, for example, then o, = |z|.
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